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PREFACE. 


The  object  in  writing  the  present  treatise,  has  been 
to  provide  a  suitable  text  book  for  the  use  of  the  stu- 
dents of  Colleges  and  the  higher  Academies,  and  at  the 
same  time  to  furnish  the  practical  astronomer  with  rules 
or  formulae,  and  accurate  tables  for  performing  the  more 
important  astronomical  calculations. 

The  work  is  divided  into  four  Parts.  The  first  three 
Parts  contain  the  theory:  the  First  Part  treating  of  the 
determination  of  the  places  and  motions  of  the  hea- 
venly bodies ;  the  Second,  of  the  phenomena  result- 
ing from  the  motions  of  these  bodies,  and  of  their  ap- 
pearances, dimensions,  and  physical  constitution;  and 
the  Third,  of  the  theory  of  Universal  Gravitation. 
The  Fourth  Part  consists  of  practical  problems,  which 
are  solved  with  the  aid  of  the  tables  appended  to  the 
work.  An  Appendix  is  added,  containing  a  large  col- 
lection of  useful  trigonometrical  formulae,  and  such 
investigations  of  astronomical  formulae  as,  from  their 
length,  could  not,  consistently  with  the  plan  of  the 
work,  be  admitted  into  the  text,  and  which  it  was  stiQ 
deemed  advisable  to  retain  for  the  benefit  of  the  few 
who  might  wish  to  pursue  them. 


IV  PREFACE. 


The  chief  peculiarities  of  the  present  treatise  are, 
1.  The  adoption  of  the  Copernican  System  as  an  hy- 
pothesis at  the  outset,  leaving  it  to  be  established  by 
the  agreement  between  the  conclusions  to  which  it 
leads  and  the  results  of  observation.  2.  A  connected 
exposition  of  the  principles  and  methods  of  astronomi- 
cal observation,  embracing  the  doctrine  of  the  sphere, 
the  construction  and  use  of  the  principal  astronomical 
instruments,  and  the  theory  of  the  corrections  for  re- 
fraction, parallax,  aberration,  precession,  and  nutation. 
3.  The  exhibition  of  the  methods  of  determining  the 
motions  and  places  of  the  different  classes  of  the  hea- 
venly bodies  in  one  connection.  4.  The  explanation  of 
the  principles  of  the  construction  of  astronomical  tables. 
5.  The  addition  of  a  chapter  on  the  measurement  of 
time,  embracing  the  explanation  of  the  different  kinds 
of  time,  the  processes  by  which  one  is  converted  into 
another,  the  methods  of  determining  the  time  from  as- 
tronomical observations  with  the  transit  instrument  and 
sextant,  and  the  calendar.  6.  The  contemplation  of 
the  phenomena  of  the  aspect  and  apparent  motions  of 
the  heavenly  bodies  as  consequences  of  their  motions  in 
space,  and  the  deduction  of  the  various  circumstances 
of  these  phenomena  from  the  theory  of  the  orbitual 
motions  previously  established.  7.  A  comprehensive 
view  of  the  theory  of  Universal  Gravitation,  followed 
out  into  its  various  consequences.  8.  An  exposition  of 
the  operations  of  the  disturbing  forces  in  producing 
the  perturbations  of  the  motions  of  the  Solar  System. 
9,  The  solution  of  practical  problems  by  means  of  loga- 
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rithmic  fonnulse  instead  of  rules.  10.  The  addition  of 
lunar,  solar,  and  other  astronomical  tables  of  peculiar 
accuracy  and  improved  arrangement. 

It  may  further  be  mentioned,  that  many  of  the  inves- 
tigations have  been  materially  simplified,  and  that  the 
aim  has  been  to  introduce  into  all  of  them  as  much  sim- 
plicity and  uniformity  of  method  as  possible.  Particu- 
lar attention  has  also  been  paid  to  the  diagrams,  it  being 
of  great  importance  that  they  should  convey  correct 
notions  to  the  mind  of  the  student. 

The  problems  in  the  Fourth  Part  are  principally  for 
making  calculations  relative  to  the  Sun,  Moon,  and  Fixed 
Stars.  The  tables  of  the  Sun  and  Moon,  used  in  finding 
the  places  of  these  bodies,  have,  for  the  most  part,  been 
abridged  and  computed  from  the  tables  of  Delambre, 
as  corrected  by  Bessel,  and  those  of  Burckhardt ;  and 
the  tables  of  epochs  have  all  been  reduced  to  the  meri- 
dian of  Greenwich.  These  tables  will  give  the  places 
and  motions  of  the  Sun  and  Moon  within  a  fraction  of  a 
second  of  the  tables  from  which  they  were  derived. 
But  as  this  degree  of  accuracy  will  not  generally  be 
required,  rules  are  also  given  in  the  Fourth  Part  for 
obtaining  approximate  results.  The  entire  set  of  tables 
has  been  stereotyped,  and  great  pains  has  been  taken, 
by  repeated  revisions  and  verifications,  to  render  them 
accurate. 

The  principal  astronomical  works  which  have  been 
consulted  in  writing  the  present  treatise,  are  those  of 
Vtnce^  Gregory,  Wogdhouse,  Delambre,  Biot,  Laplace, 
Herschelj  and  Gummere;  also  FranccBur^s  Uranogra- 
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ON  THE  DETERMINATION  OF  THE  PLACES  AND 
MOTIONS  OF  THE  HEAVENLY  BODIES. 


CHAPTER    I. 

INTRODUCTORY    REMARKS.  —  GENERAL    PHENOMENA    OP 

THE     HEAVENS. 

1.  Astronomy  is  a  mixed  mathematical  science,  which  treats 
of  the  motions,  positions,  distances,  appearances,  magnitudes, 
and  physical  constitution  of  the  heavenly  bodies.     That  part  of 
the  science,  which  has  for  its  object  the  determination  of  these 
several  particulars  from  observation,  is  called  Plane  Astronomy; 
and  that,  in  which  the  physical  causes  of  the  motions  and  con- 
stitution of  the  heavenly  bodies  are  investigated,  is  denominated 
Physical  Astronomy. 

2.  To  be  able  to  form  correct  notions  o!*  the  phenomena  of 
the  heavens,  it  is  necessary  to  know  the  form  of  the  earth.  We 
learn  from  the  followinsr  circumstances,  that  the  earth  is  a  body 
of  a  globular  form,  insulated  in  space.  Ut.  When  a  vessel  is 
receding  from  the  land,  an  observer,  stationed  upon  the  coast, 
first  loses  sight  of  the  hull,  then  of  the  lower  parts  of  the  sai^s, 
and  lastly,  of  the  top-sails.  This  is  the  cose,  whatever  is  the 
direction  of  the  course  of  the  vessel,  and  at  whatever  part  of 
the  earth  it  is  observed.  2d.  At  sea,  the  visible  horizon,  or  the 
line  bounding  the  visible  portion  of  the  earth's  surface,  is  every 
where  a  circle,  of  a  greater  or  less  extent,  according  to  the 
altitude  of  the  point  of  observation,  and  is,  on  all  sides,  equally 
depressed*    3d«  Navigators  have  sailed  around  the  earth,  and, 

1 


2  ASTROVOHT. 

by  steering  their  course  continually  in  one  direction,  arrived,  at 
length,  at  the  place  from  which  they  departed.  These  ftcts 
prove  the  surface  of  the  sea  to  be  convex,  and  the  surface  of 
the  land  conforms  very  nearly  to  that  of  the  sea ;  for,  the  eleva- 
tions of  the  highest  mountains  above  the  level  of  the  ocean  bear 
an  exceedingly  small  proportion  to  the  dimensions  of  the  whole 
earth. 

3.  If,  on  a  clear  night,  we  observe  the  heavens,  we  shall  find 
that  the  stars,^ while  they  retain  the  same  situations  with  respect  to 
each  other,  undergo  a  continual  change  of  position  with  respect 
to  the  earth.  Some  will  be  seen  to  ascend  from  a  quarter  called 
the  Efzst,  being  replaced  by  others  that  come  into  view,  or  rise  ; 
others,  to  descend  towards  the  opposite  quarter,  the  West,  and  to 
go  out  of  view,  or  set.  And,  if  our  observations  be  continued 
throughout  the  night,  with  the  east  on  our  left  and  the  west  on 
our  right,  the  stars  which  rise  in  the  east  will  be  seen  to  move 
in  parallel  circles  entirely  across  the  visible  heavens,  and  finally 
to  set  in  the  west.  Each  star  will  ascend  in  the  heavens  during 
the  first  half  of  its  course,  and  descend  during  the  remaining 
half.  The  greatest  heights  of  the  several  stlir9  will  be  diflfer- 
ent,  but  they  will  all  be  attained  towards  that  part  of  the  heavens 
which  lies  directly  in  front,  called  the  South.  If  we  now  turn 
our  backs  to  the  south,  and  direct  our  attention  to  the  oppositi 
quarter,  the  North,  new  phenomena  will  present  themselves. 
Some  stars  will  appear,  as  before,  ascending,  reaching  their 
greatest  heights,  and  descending ;  but  other  stars  will  be  seen, 
farther  to  the  north,  that  never  set,  and  which  appear  to  revolve 
in  circles,  from  east  to  west,  about  a  certain  star,  that  seems  to 
remain  stationary.  This  seemingly  stationary  star  is  called  the 
Polar  Star  ;  and  those  stars  that  revolve  about  it,  and  never  set, 
are  called  Circumpalar  Stars.  It  should  be  remarked,  how- 
ever, that  the  polar  star,  when  accurately  observed  by  means  of 
instruments,  is  found  not  to  be  strictly  stationary,  but  to  describe 
a  small  circle  about  a  point  at  a  little  distance  from  it,  as  a  fixed 
centre.  This  point  is  called  the  North  Pole.  It  is,  in  r^lity, 
about  the  north  pole,  as  thus  defined,  and  not  the  polar  star, 
that  the  apparent  revolutions  of  the  stars  at  the  north  are  per- 
formed. At  the  corresponding  hours  of  the  following  night, 
die  aspect  of  the  heavens  will  be  the  same,  from  which  il 
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ippean  that  the  stars  return  to  the  same  position  once  iii  about 
H  hours.  It  would  seem,  then,  that  the  stars  all  appear  to 
move,  from  east  to  west,  exactly  as  if  attached  to  the  concave 
surface  of  a  hollow  sphere,  which  rotates  in  this  direction  about 
an  axis  passing  through  the  station  of  the  observer  and  the  north 
pole  of  the  heavens,  in  a  space  of  time  nearly  equal  to  24  hours. 
This  naotion,  common  to  all  the  heavenly  bodies,  is  called  their 
Diurnal  Motion. 

4.  It  is  ascertained  by  certain  accurate  methods  of  observation 
and  computation,  hereafter  to  be  exhibited,  that  the  diurnal  mo- 
tion of  the  stars  is  strictly  uniform  and  circular. 

&.  A  circle  cut  out  of  the  heavens  by  a  plane  passing  through 
the  axis  of  rotatiou,  has  a  north  and  south  direction ;  and  a  cir- 
cle cut  out  by  a  plane  perpendicular  to  the  axis,  has  an  east  and 
west  direction. 

6.  The  greater  number  of  the  stars  preserve  constantly  the 
aattie  relative  position  with  respect  to  each  other ;  and  they  are 
therefore  callfxl  Fixed  Stars.  There  are,  however,  a  few  stars^ 
caUed  Planets^  which  are  perpetually  changing  theit  places  in 
the  heaTens.  The  number  of  the  planets  is  ten.  Each  has  a 
distinctive  naine,  as  follows:  Mercury,  Venus,  Mars,  Jupiter^ 
SatuiB,  Ul^mus,  Ceres^  P&llas,  Juno,  and  Vesta.  Mercury, 
y^mS)  Mars,  Jupiter  and  Saturn,  are  visible  to  the  naked  eye, 
and  have  been  known  from  the  most  ancient  times.  The  other 
fife,  namely,  Uranus,  Ceres,  Pallas,  Juno,  and  Vesta,  cannot  be 
seen  without  the  assistance  of  the  telescope,  and  were  discovered 
by  modem  observers.* 

7.  The  planets  are  distinguishable  from  each  other,  either  by 
a  diffisrence  of  aspect,  or  by  a  difference  of  apparent  motion  with 
respect  to  the  sun.  Venus  and  Jupiter  ate  the  two  moM  brilliant 
planets :  they  are  quite  similar  in  a^^arance,  but  their  ap(Mb- 
rent  motions,  with  respect  to  the  sun,  are  very  diflferent.  Venus 
never  recedes  beyond  40^  or  60^  from  the  sun,  white  Jupiter  is 


*  The  planet  Uranus  was  discoverod  in  1781  by  Dr.  Herschel,  whe  fave  H  the 
name  of  the  Oeorgium  Sidu9.  By  the  European  astronomers  it  was  called 
Bersekel.  It  is  now  generally  known  by  the  name  griven  in  the  text.  Ceres, 
MDas,  Jano,  and  Vesta,  have  been  discorerod  since  1800 ;  the  first  by  Piaisi,  the 
ttd  imrtk  by  t)lhefft,  and  tto  thifd  tgr  flanUdg. 
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setn  at  erery  variety  of  angular  distance  from  him.  Man  is 
known  by  the  ruddy  color  of  his  light  Saturn  has  a  pale,  dull 
aspect 

8.  The  apparent  motion  of  the  planets  is  generally  directed 
towards  the  east ;  occasionally,  however,  they  are  seen  moving 
towards  the  west.  As  their  easterly  prevails  over  their  westerly 
motion,  they  all,  in  process  of  time,  accomplish  a  revolution 
around  the  earth.  The  periods  of  revolution  are  different  for 
each  planet. 

9.  The  Sun  and  Moon  are  also  continually  changing  their 
places  among  the  fixed  stars. 

10.  From  repeated  examinations  of  the  situation  of  the  moon 
amonor  the  stars,  it  is  found,  that  she  has  with  respect  to  them  a 
progressive  circular  motion,  froTi  west  to  etist,  and  completes  a 
revo'ution  around  the  earth  in  about  27  days. 

11.  The  motion  of  the  sun  is  also  constantly  progressive,  and 
directed  from  icest  to  east.  This  will  appear,  on  observing  for 
a  number  of  successive  evenings,  the  stars  which  first  become 
visible  in  that  part  of  the  heavens  where  the  sun  sets.  It  will 
be  found,  that  those  stars,  which  in  the  first  instance  were  ob- 
served to  set  just  after  the  sim,  soon  cease  to  be  visible,  and  are 
replaced  by  others  that  were  seen  inunediately  to  the  east  of 
them ;  and  that  these,  in  their  turn,  give  place  to  others  situated 
still  farther  to  the  cast.  The  sun,  then,  is  continually  approach- 
ing the  stars  that  lie  on  the  eastern  side  of  him.  The  period  of 
time,  in  which  he  accomplishes  a  revolution  in  the  heavens,  is 
about  365  days. 

It  is  to  be  observed  that  the  sun  does  not  advance  directly 
towards  the  east  He  has  also  some  motion  from  south  to 
north,  and  north  to  south.  It  is  a  matter  of  conmion  observa- 
tion, that  the  sun  is  moving  towards  the  north  from  winter  to 
summer,  and  towards  the  south  from  summer  to  winter. 

12.  When  the  place  of  the  sun  in  the  heavens  is  accurately 
found  from  day  to  day  by  certain  methods  of  observation, 
hereafter  to  be  explained,  it  appears  that  his  path  is  an 
exact  circle,  inclined  about  23^  to  a  circle  running  due  east 
and  west    (Art  5.) 

13.  The  motions  of  the  sun,  moon,  and  planets,  are  for  the 
most  part  confined  to  a  certain  zone,  of  about  18^  in  breadth, 
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extending  around  the  heavens  from  vesC  to  east,  which  has 
jeceived  Che  name  of  Che  Zaduic. 

14.  There  is  yeC  another  class  of  bodies,  called  Comets^  that 
have  a  motion  among  the  fixed  stars.  They  appear  only  occa- 
nonally  in  the  heavens,  and  continue  visible  only  for  a  few 
weeks,  or  months.  They  shine  with  a  diffusive,  nebulous  light, 
and  are  commonly  accompanied  by  a  faint  divergent  stream  of 
similar  light,  called  a  tail. 

15.  The  motions  of  the  comets  are  not  restricted  to  the  zodiac. 
These  bodies  are  seen  in  all  parts  of  the  heavens,  and  moving 
in  every  variety  of  direction. 

16.  By  inspecting  the  planets  with  telescopes,  it  has  been 
discovered  that  some  of  them  are  constantly  attended  by  a 
greater  or  less  number  of  small  stars,  whose  positions  are 
continually  varying.  These  attendant  stars  are  called  Said-' 
lites.  The  planets  which  have  satellites  are  Jupiter,  Saturn, 
and  Uranus.  The  satellites  are  sometimes  called  Secondary 
Planets ;  the  planets  upon  which  they  attend  being  denomi- 
nated Primary  Planets. 

17.  The  sun  and  moon,  the  planets,  (including  the  earth,) 
together  with  their  satellites,  and  the  comets,  compose  the  Solar 
System. 

18.  From  the  consideration  of  the  apparent  motions  and 
other  phenomena  of  the  Solar  System,  several  theories  have 
been  formed  in  relation  to  the  arrangement  and  actual  motions 
in  space  of  the  bodies  that  compose  it.  The  theory,  or  system^ 
now  universally  received,  is  (in  its  most  prominent  features) 
that  which  was  taught  by  Copernicus  in  the  sixteenth  century, 
and  which  is  known  by  the  name  of  the  Copeimican  System, 
It  is  as  follows : 

19.  Hie  sun  occupies  a  fixed  centre,  about  which  the  planets 
(including  the  earth)  revolve  from  west  to  east,*  in  planes  that  are 
but  slightly  inclined  to  each  other,  and  in  the  following  order: 
Mercury,  Venus,  the  Earth,  Mars,  Vesta,  Juno,  Ceres,  Pallas, 
Jupiter,  Saturn,  and  Uranus.  The  earth  rotates  from  west  to 
east  about  an  axis,  inclined  to  the  plane  of  its  orbit,  under  an 


*  A  motion  in  ipaoe  from  We9i  to  £a«f,  is  a  motion  from  right  to  Uft,  to  % 
rifeutod  witliin  tho  ocbit  dewsrilMd,  ind  on  the  north  nde  of  iU  plane. 
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ingle  of  about  66^^,  and  which  remains  continually  parallel  to 
itself  as  the  earth  revolves  around  the  sun.  The  moon  revolves 
from  west  to  east  around  the  earth  as  a  centre ;  and,  in  like  man- 
n  3r,  the  satellites  circulate  from  west  to  east  around  their  piima- 
ries.  Without  the  Solar  System,  and  at  immense  distances  from 
i^,  are  the  fixed  stars.  (See  Plate  1,  which  is  a  diagram  of 
the  Solar  System  in  projection.) 

20.  We  shall  here,  at  the  outset,  adopt  this  system  as  an 
hypotheinSj  and  shall  rely  upon  the  simple  and  complete  expla- 
nations it  affords  of  the  celestial  phenomena,  as  they  come  to  be 
investigated,  together  with  the  evidence  furnished  by  Physical 
Astronomy,  to  produce  entire  conviction  of  its  truth  in  the  mind 
of  the  student. 

21.  The  following  are  the  characters  or  symbols  employed  by 
astronomers  for  denoting  the  several  planets,  and  the  sun  and 
moon: — 

The  Sun,    .    .    .    .  O 

Mercury, '9 

Venus, 9 

The  Earth,  ....  © 

Mers, S 

Vesta, fi 

Juno, 0 

22.  The  angular  distance  between  any  two  fixed  stats  is 
found  to  be  the  same,  from  whatever  point  on  the  earth's  surfieioe 
it  is  measured.  It  follows,  therefore,  that  the  diameter  of  the 
earth  is  insensible,  when  compared  with  the  distance  of  the  fixed 
Stan ;  and  that,  with  respect  to  the  region  of  space  which  sepsr 
rates  us  firom  these  bodies,  the  whole  earth  is  a  mere  point 
Moreover,  the  angular  distance  between  any  two  fixed  staA  ik 
the  same,  at  whatever  period  of  the  year  it  is  measured.  Whence, 
if  the  earth  revolves  around  the  sun,  its  entire  orbit  must  be 
insensible,  in  comparison  with  the  distance  of  the  stars. 

83.  On  the  h3rpothesis  of  the  eaith's  roUtion,  the  diumal 
motion  of  die  heavens  is  a  mere  illusion,  occasioned  by  (he 
rotation  of  the  earth.  To  explain  this,  suppose  the  axis  of  the 
earth  prolonged  on  till  it  intersects  the  heavens,  considered  as 
concentric  with  the  earth.  Conceive  a  great  circle  to  be  traced 
through  the  two  points  of  intersection  and  the  point  directly 


Ceres, ...... 

? 

Pallas, 

« 

Jupiter, 

% 

Saturn, 

'  h 

Uranus, 

W 

The  Moon,  .    .    . 

.  > 
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orer  head,  and  let  the  position  of  the  stars  be  referred  to  this 
circle.  It  will  be  readily  perceived,  that  the  re'ative  rriotio  i  of 
this  circle  and  the  stars  will  be  the  same,  whether  the  circle 
rotates  with  the  earth  from  west  to  east,  or,  the  earth  being  sta- 
tionary, the  whole  heavens  rotate  about  the  same  axis  and  at 
the  same  rate  in  the  opposite  direction.  Now,  as  the  motion  of 
the  earth  is  perfectly  equable,  we  are  insensible  of  it,  and,  there- 
fore, attribute  the  changes  in  the  situations  of  the  stars,  with 
respect  to  the  earth,  to  an  actual  motion  of  these  bodies.  It 
follows,  then,  that  we  must  conceive  the  heavens  to  rotate  at 
above  mentioned,  since,  as  we  have  seen,  such  a  motion  would 
give  rise  to  the  same  changes  of  situation  as  the  supposed  rota- 
tion of  the  earth.  It  was  stated  (Art.  3)  that  the  sphere  of  the 
heavens  appears  to  rotate  about  a  line  passing  through  the  north 
pole  and  the  station  'of  the  observer ;  but,  as  the  radius  of  the 
earth  is  insensible  in  comparison  with  the  distance  of  the  stars, 
an  axis  passing  through  the  centre  of  the  earth  will,  in  appear- 
ance, pass  throu^  the  station  of  the  observer,  wherever  it  may 
be  upon  the  earth's  surface. 

24.  We  in  like  manner  infer,  that  the  observed  motion  of  the 
sun  in  the  heavens  is  only  an  apparent  motion,  occasioned  by  the 
orbitual  motion  of  the  earth.  Let  E  E'  (Fig.  1)  represent  two  po- 
rtions of  the  earth  in  its  orbit  E  E'  E"  about  the  sun  S.  When 
the  earth  is  at  E!,  the  observer  will  refer  the  sun  to  that  part  of 
the  heavens  marked  s ;  but  when  the  earth  is  arrived  at  E',  he 
will  refer  it  to  the  part  marked  ^ ;  and  being  in  the  mean  time 
insensible  of  his  own  motion,  the  sun  will  appear  to  him  to  have 
described  in  the  heavens  the  arc  ss',  just  the  same  as  if  it  had 
actually  passed  over  the  arc  S  S'  in  space,  and  the  earth  had, 
during  that  time,  remained  quiescent  at  E.  The  motion  of  the 
sun  firom  s  towards  s'  will  be  from  west  to  east,  since  the  motion 
of  the  earth  from  E  towards  E'  is  in  this  direction.  Moreover, 
as  the  axis  of  the  earth  is  inclined  to  the  plane  of  its  orbit  under 
an  angle  of  66|^,  (Art  19,)  the  plane  of  the  sun's  apparent  path, 
whioh  is  the  same  as  that  of  the  earth's  orbit,  will  be  inclined 
23^^  to  a  circle  perpendicular  to  the  earth's  axis,  or  to  a  circle 
dfaeeted  due  east  and  west 
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CHAPTER     II. 

ON  THE   CELESTIAL   AND  TERRESTRIAL   SPHERES. 

26.  In  determining  from  observation  the  apparent  positions 
and  motions  of  the  heavenly  bodies,  and  in  general,  in  all  investi- 
gations that  have  relation  to  their  apparent  positions  and  motions, 
Astronomers  conceive  all  these  bodies,  whatever  may  be  their 
actual  distance  from  the  earth,  to  be  referred  to  a  spherical  surface 
of  an  indefinitely  great  radius,  having  the  station  of  the  observer, 
or  what  comes  to  the  very  same  thing,  the  centre  of  the  earth, 
for  its  centre.  This  imaginary  spherical  surface  is  called  the 
Sphere  of  the  Heavens^  or,  the  Celestial  Sphere.  It  is  important 
to  observe,  that  by  reason  of  its  great  dimensions,  if  two  lines 
be  drawn  through  any  two  points  of  the  earth,  and  parallel  to 
each  other,  they  will,  when  prolonged  on,  meet  it  sensibly  in  the 
same  point ;  and  that,  if  two  parallel  planes  be  passed  through 
any  two  points  of  the  earth,  they  will  intersect  it  sensibly  in 
the  same  great  circle. 

26.  For  the  purposes  of  observation  and  computation,  certain 
imaginary  points,  lines,  and  circles,  appertaining  to  the  celestial 
sphere,  are  employed,  which  we  shall  now  proceed  to  explain. 

1.  The  Vertical  Line^  at  any  place  on  the  earth's  surface,  is 
the  line  of  descent  of  a  falling  body,  or  the  position  assumed  by 
a  plumb  line,  when  the  plummet  is  freely  suspended  and  at  rest 

Every  plane  that  passes  through  the  vertical  line  is  called  a 
Vertical  Plane,  Every  plane  that  is  perpendicular  to  the  vertical 
line,  is  called  a  Horizontal  Plane. 

2.  The  Sensible  Horizon  of  a  place  on  the  earth's  surface,  is 
the  circle  in  which  a  horizontal  plane,  drawn  through  the 
place,  cuts  the  celestial  sphere.  As  its  plane  is  tangent  to  the 
earth,  it  separates  the  visible  from  the  invisible  portion  of  the 
heavens. 

3.  The  Rational  Horizon  is  a  circle  parallel  to  the  former, 
the  plane  of  which  passes  through  the  centre  of  the  earth.  The 
zone  of  the  heavens  comprehended  between  the  sensible  and 
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rational  horizon  is  imperceptible,  or  the  two  circles  appear  as 
one  and  the  same,  at  the  distance  of  the  earth. 

4.  The  Zenith  of  a  place  is  the  point  in  which  the  vertical 
prolonged  upwards  pierces  the  celestial  sphere.  The  point  in 
which  the  vertical,  when  produced  downwards,  intersects  the 
celestial  sphere,  is  called  the  Nadir. 

Hie  zenith  and  nadir  are  the  poles  of  the  horizon. 

5.  The  Asns  of  the  Heavens  is  an  imaginary  right  line,  pass- 
ing through  the  north  pole  (Art  3)  and  the  centre  of  the  earth, 
it  is  the  line  about  which  the  apparent  rotation  of  the  heavens 
is  performed.  It  is,  also,  on  the  hypothesis  of  the  earth's 
rotation,  the  axis  of  rotation  of  the  earth  prolonged  on  to  the 
heavens. 

6.  The  South  Pole  of  the  heavens'  is  the  point  in  which  the 
axis  of  the  heavens  meets  the  southern  part  of  the  celestial 
sphere. 

To  illustrate  the  preceding  definitions,  let  the  circle  N  E  S 
ft  (Fig.  2.)  represent  the  earth,  and  O  Z  the  vertical  of  a  point 
0  on  its  surfieu^e.  Then,  H  O  R  will  be  the  plane  of  the  sensibh 
horizon^  H'  C  R'  the  plane  of  the  rational  horizon,  O  Z  the  di- 
rection of  the  zenith,  and  O  C  that  of  the  nadir.  And,  if  O  P 
represent  the  direction  in  which  an  observer  at  O  will  see  the 
north  pole,  C  P,  parallel  to  O  P,  will  be  the  axis  of  the  heavens. 

Now,  neglecting  the  size  of  the  earth,  or  conceiving  the  ob- 
server to  be  stationed  at  its  centre,  let  C  (Fig.  3)  be  the  place  of 
ohservatioD,  C  Z  the  vertical  corresponding  to  O  Z  in  Fig.  2, 
and  P  the  north  pole ;  then  will  Z  be  the  zenith  and  N  the 
nadir  ;  the  great  circle  H  A  R  a,  the  poles  of  which  are  Z,  N,  the 
horizon  ;  P  C  F  the  axis  of  the  heavens ;  and  F  the  soiUh  pole. 

7.  Vertical  Circles  are  great  circles  passing  through  the  ze- 
nith and  nadir.  They  cut  the  horizon  at  right  angles,  and  their 
planes  are  vertical.  Thus,  Z  S  M  represents  a  vertical  circle 
passing  through  the  star  S,  called  the  Vertical  Circle  of  the  Star. 

8.  The  Meridian  of  a  place  is  that  vertical  circle  which  con- 
tains the  north  and  south  poles  of  the  heavens.  The  plane  of 
the  meridian  is  called  the  Meridian  Plane. 

Thus,  P  Z  R  P'  is  the  meridian  of  the  station  C.  The  half  H 
ZR,  above  the  horizon,  is  termed  the  Superior  Meridian,  and 
the  other  half  R  N  H|  below  the  hOTizon,  is  termed  the  Inferior 

2 


10  ASTRONOMY. 

Meridian.  The  two  points,  as  H  and  B^  in  which  the  noeridian 
cuts  the  horizon,  are  called  the  North  and  South  Points  of 
the  horizon ;  and  the  line  of  intersection,  as  H  C  R,  of  the 
meridian  plane  with  the  plane  of  the  horizon,  is  called  the  Me- 
ridian LinCf  or  the  North  and  South  lAne. 

9.  The  Prime  Vertical  is  the  vertical  circle  which  crosses  the 
meridian  at  right  angles.  It  cuts  the  horizon  in  two  poini%>«s^ 
e,  IT,  called  the  East  and  West  Points  of  the  Horizon. 

10.  The  Altitude  of  any  heavenly  body  is  the  arc  of  a  verti- 
cal circle,  intercepted  between  the  centre  of  the  body  and  thr 
horizon,  or  the  angle  at  the  centre  of  the  sphere,  measured  by 
this  arc.    Thus,  S  M  is  the  altitude  of  the  star  S. 

11.  The  Zenith  Distance  of  a-  heavenly  body  is  the  arc  of  a 
vertical  circle,  intercepted  between  its  centre  and  the  zenith ;  or 
the  distance  of  the  centre  of  the  body  from  the  zenith,  as  mea- 
sured by  the  arc  of  a  great  circle.  Thus,  Z  S  is  the  zenith  dis- 
tance of  the  star  S. 

It  is  obvious  that  the  zenith  distance  and  altitude  of  a  body 
are  compliments  of  each  other,  and,  therefore,  when  either  one 
is  known,  that  the  other  may  be  found. 

\Sk.  The  Azimuth  of  a  heavenly  body  is  the  arc  of  the  hori- 
zon, intercepted  between  the  meridian  and  tlie  vertical  circle, 
passing  through  the  centre  of  the  body ;  or  the  angle  compre- 
hended between  the  meridian  plane  and  the  vertical  plane  con- 
taining the  centre  of  the  body.  It  is  reckoned  either  from  the 
north  or  from  the  south  point,  and  each  way  from  the  meridian. 
H  M  represents  the  azimuth  of  the  star  S. 

The  Azimuth  and  Altitude,  or  azimuth  and  zenith  distance 
of  a  heavenly  body,  ascertain  its  position  with  respect  to  the 
horizon  and  meridian,  and,  therefore,  its  place  in  the  visible 
hemisphere.  Thus,  the  azimuth  H  M  determines  the  position  of 
the  vertical  circle  Z  S  M  of  the  star  S,  with  respect  to  the  meri- 
dian Z  P  H,  and  the  altitude  M  S,  or  the  zenith  distance  Z  S, 
the  position  of  the  star  in  this  circle. 

13.  The  Amplittide  of  a  heavenly  body  at  its  rising,  is  the 
arc  of  the  horizon  intercepted  between  the  point  where  the  body 
rises  and  the  east  point.  Its  amplitude  at  setting  is  the  arc  of 
the  horizon,  intercepted  between  the  point  where  the  body  sets 
and  the  west  point.    It  is  reckoned  towards  the  north,  or  towards 
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(he  soath,  according  as  the  point  of  rising  or  setting  is  north  or 
foach  of  the  east  or  west  point.  Thus,  if  a  B  S  A  represents 
the  circle  described  by  the  star  S  in  its  diurnal  motion,  s  a  will 
be  its  amplitude  at.  rising,  and  ir  A  its  amplitude  at  setting. 

14.  The  Celesiial  EqiuUor,  or  the  Equinoctial^  is  a  vertical  of 
the  celestial  sphere,  the  plane  of  which  is  perpendicular  to  the 
axis  of  the  heavens.  The  north  and  south  poles  of  the  heavens 
are  therefore  its  geometrical  poles.  The  celestial  equator  is  re- 
presented in  Fig.  3,  by  E  IT  Q,  e.  This  circle  is  also  frequently 
called  the  Eqwitor^  simply. 

15.  Parallels  of  Declination  are  small  circles,  parallel  to  the 
celestial  equator,  a  B  S  A  represents  the  parallel  of  declina^ 
lion  of  the  star  S. 

The  parallels  of  declination  passing  through  the  stars,  are 
the  circles  described  by  the  stars,  in  their  apparent  diurnal 
motion.  These,  by  way  of  abbreviation,  we  shall  call  Dittmal 
Circles. 

16.  Celestial  Meridians,  Hour  Circles,  and  Declination  Or' 
des,  are  different  names  given  to  all  great  circles,  which  pass 
through  the  poles  of  the  heavens,  cutting  the  equator  at  right 
angles.  P  S  F  is  a  celestial  meridiaq.  The  angles  compre- 
hended between  the  hour  circleilB  {md  the  median,  reckoning 
from  the  Diendian<owai^*'the^'#bstf^  called  £bur  Angles  or 
Hbrarff  Angles.  ^^ 

17:  The  Ecliptic  is  that  great  circle  of  the  heav0ns  which 
the  sun  appears  to  describe  in  the  course  of  'the  yea^:, 

,18.  The  Obliquity  of  the  Ecliptic^ur ihe  angle  undei^  which 
the  ecliptic  is  inclined  to  thfCSquator. 

19.  The  ^Equinoctial  Jnints-  are  the  two  points  m  which 
the  ecliptic  interiitects  the  equator.  That  one  of  these  points, 
which  the  sun  passes  in  the  spriqg,  is  called  the  Vernal 
JBfMWMx^  and  the  other,  which  is  passed  in  the  autumn,  is 
called  the  Autumnal  Equinox,  Theie  term?  are  also  applied 
to  the  epochs  when  the  sun  is  at  the  one  or  the  other  of 
these  points. 

510.  The  Solstitial  Points  are  the  two  points  of  the  ecliptic 
90O  distant  from  the  vernal,  and  autumnal  equinox.  The  one 
that  lies  to  the  north  of  the  equator  is  called  the  Summer  Solr 
eHoBj  and  the  other  the  Winter  Solstice.    The  epochs  of  the 
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sun's  uriTal  at  these  points  aie  also  designated  by  the  same 
tenns. 

91.  The  Equinoctial  Colure  is  the  celestial  meridian  passing 
through  the  equinoctial  points ;  and  the  Solstitial  Colure,  is 
the  celestial  meridian  passing  through  the  solstitial  points. 

89.  The  Polar  Circles  are  parallels  of  declination  at  a  dis- 
tance from  the  poles  e  [ual  to  the  obliquity  of  the  ec'iptic.  The 
one  about  the  north  pole  is  called  the  Arctic  Circle  ;  the  other, 
about  the  south  pole,  is  called  the  Antarctic  Circle, 

The  polar  circles  contain  the  poles  of  the  ecliptic. 

93.  The  Tropics  are  parallels  of  declination  at  a  distance 
from  the  equator  equal  to  the  obliquity  of  the  ecliptic.  That 
which  is  on  the  north  side  of  the  equator,  is  called  the  Tropic  of 
Cancer  J  and  the  other,  the  Tropic  of  Capricorn 

The  tropics  touch  the  ecliptic  at  the  solstitial  points. 

Let  C  (Fig.  4)  represent  the  centre  of  the  earth  and  sphere, 
C  P  the  axis  of  the  heavens,  E  V  Q,  A  the  equator,  W  V  L  A  the 
ecliptic,  and  K,  K',  its  poles.  Then  will  Y  be  the  vernal  and  A 
the  autumnal  equinox ;  W  the  winter,  and  T  the  sufn/mer  sol- 
stice ;  V  Y  F  A  the  equinoctial  colure ;  FKW  K'T  the  solsti- 
tial colure  ;  the  angle  T  C  d,  or  its  measure  the  arc  T  Q,,  the 
obliquity  of  the  ecliptic  ;  K  m  U,  K'  m!  U',  the  polar  circles  ; 
and  T  n  Z,  W  n'  Z',  the  tropics. 

94.  The  Zodiac  (Art.  13)  extends  about  9^  on  each  side  of 
the  ecliptic. 

95.  The  ecliptic  and  zodiac  are  divided  into  twelve  equal 
parts,  called  Sigrts.  Each  sign  contains  30^.  The  division 
commences  at  the  vernal  equinox.  Setting  out  from  this  point, 
and  following  around  from  west  to  east,  the  Signs  of  the  2kh 
diac,  with  the  respective  characters  by  which  they  are  desig- 
nated, are  as  follows  :  Aries  T,  Taurus  y,  Ge  Jni  n,  Cancer  a, 
Leo  SI,  Virgo  tft,  Libra  ^,  Scorpio  m,  Sagittarius  /,  Capricor- 
nus  V),  Aquarius  ss,  Pisces  k. 

A  motion  in  the  heavens  in  the  order  of  the  signs,  or  from 
west  to  east,  is  called  a  direct  motion,  and  a  motion  contrary 
to  the  order  of  the  signs,  or  from  east  to  west,  is  called  a 
retrograde  motion. 

96.  The  Right  Ascension  of  a  heavenly  body  is  the  arc  of  the 
equator,  intercepted  between  the  vernal  equinox  and  the  declina- 
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tioD  circle  which  passes  through  the  centre  of  the  body,  as 
reckoned  from  the  vernal  equinox  towards  the  east.  It  measures 
the  inclination  of  the  declination  circle  of  the  body  to  the  equi- 
noctial colure.  Thus,  P  S  R  being  the  declination  circle  of 
the  star  S,  and  V  the  place  of  the  vernal  equinox,  V  R  is  the 
riirhc  ascension  of  the  star. 

27.  The  DediruUion  of  a  heavenly  body  is  the  arc  of  a  cir- 
de  of  declination,  intercepted  between  the  centre  of  the  body 
and  the  equator.  It  therefore  expresses  the  distance  of  the  body 
fxom  the  equator.     Thus,  R  S  is  the  declination  of  the  star  S. 

Declination  is  Narthj  or  Skmih,  according  as  the  body  is 
north,  or  south  of  the  equator. 

TTu  right  ascension  and  declination  of  a  heavenly  body  are 
two  coordinates^  which,  taken  together,  fix  its  position  in  the 
sphere  of  the  heavens :  for,  they  make  known  its  situation  with 
reject  to  two  circles,  the  equinoctial  colure,  and  the  equator. 
Thus,  y  R  and  R  S  ascertain  the  position  of  the  star  S  with  re- 
spect to  the  circles  P  V,  and  V  Q  A  E. 

^.  The  Polar  Distance  of  a  heavenly  body  is  the  arc  of 
a  decUnation  circle,  intercepted  between  the  centre  of  the  body 
and  the  elevated  pole.  The  polar  distance  is  the  compliment 
of  Che  declination,  and,  therefore,  when  either  is  known,  the 
other  may  be  found. 

99.  Circles  of  Latitude  are  great  circles  of  the  celestial 
sphere,  which  pass  through  the  poles  of  the  ecliptic,  and  there- 
fore cut  this  circle  at  right  angles.  Thus,  K  S  L  represents 
a  part  of  the  circle  of  latitude  of  the  star  S. 

30.  The  Longitude  of  a  heavenly  body  is  the  arc  of  the 
ecliptic,  intercepted  between  the  vernal  equinox  and  the  circle 
of  latitude,  which  passes  through  the  centre  of  the  body,  as 
reckoned  from  the  vernal  equinox  towards  the  east,  or  in  the 
order  of  the  signs.  It  measures  the  inclination  of  the  circle 
ci  latitude  of  the  body  to  the  circle  of  latitude  passing 
thioogh  the  vernal  equinox.  Thus,  y  L  is  the  longitude  of 
the  star  8. 

SI.  The  Latitude  of  a  heavenly  body  is  the  arc  of  a  circle 
of  latitude,  intercepted  between  the  centre  of  the  body  and  the 
ecliptic.  It  therefore  expresses  the  distance  of  the  body  from 
the  ecliptic.    Thus,  L  S  is  the  latitude  of  the  star  S. 
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Latitude  is  Norths  or  Swihj  according  as  the  body  is  north,  or 
south  of  the  ecliptic. 

The  longitude  and  latiiude  of  a  heavefdy  body  are  another 
set  of  Ohordinates,  which  serve  to  fix  its  position  in  the  hea^ 
vens.  They  ascertain  its  situation  with  respect  to  the  circle 
of  latitude  passing  through  the  vernal  equinox  and  the  eclip- 
tic. Thus,  y  L  and  L  S  fix  the  position  of  the  star  S,  making 
known  its  situation  with  respect  to  the  circles  K  Y  and  Y  T 
AW. 

33.  The  Angle  of  Position  of  a  star  is  the  angle  included 
at  the  star  between  the  circles  of  latitude  and  declination 
passing  through  it.  P  S  K  is  the  angle  of  position  of  the 
star  S. 

33.  The  Astronomical  Latitudej  or  the  Latitude  of  a  place, 
is  the  arc  of  the  meridian  intercepted  between  the  zenith  atid 
the  celestial  equator.  It  is  Norths  or  Souths  according  as  the 
zenith  is  north,  or  south  of  the  equator.  Z  E  (Fig.  6)  re- 
presents the  latitude  of  the  station  o. 

27.  The  earth's  surface,  considered  as  spherical  (which  "^ac- 
curate admeasurement,  upon  principles  that  will  be  explained 
in  the  sequel,  proves  it  to  be,  very  nearly,)  is  -called  the 
Terrestrial  Sphere.  The  following  geometrical  constructions 
appertain  to  the  terrestrial  sphere,  as  it  is  employed  for  the 
purposes  of  astronomy.  It  will  be  observed  that  they  corre- 
spond to  those  of  the  celestial  sphere  above  described,  and 
are  used  for  similar  objects. 

1.  The  North  and  Shuth  Poles  of  the  Earth  are  the  two 
points  in  which  the  axis  of  the  heavens  intersects  the  tSBr- 
lestrial  sphere.  They  are  also  the  extremities  of  the  earth's 
axis  of  rotaticm. 

S.  The  Terrestrial  Equator  is  the  great  circle,  in  which  a 
plane  passing  through  the  centre  of  the  earth,  and  perpendicular 
to  the  axis  of  the  heavens  and  earth;  ciits  the  terrestrial  sphere. 
"The  terrestrial  and  the  celestial  equator^  then,  lie  in  the  same 
plane.  The  poles  of  the  earth  are  the  geometrical  poles  of  the 
terrestrial  equator.  The  two  hexniq>heres  into  which  the  ter- 
lestrial  equator  divides  the  earth,  axe  called,  respectively,  the 
Northern  Hemisphere  and  the  Southern  Hemisphere. 

3.  Terrestrial  Meridiiatu  are  great  circles  of  the  terrestrial 
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aphere,  passing  through  the  north  and  south  poles  of  the  earth, 
and  cutting  the  equator  at  jight  angles.  Every  plane  that  passes 
thioogfa  the  axis  of  thi^lkavens,  cuts  the  celestial  sphere  in  a 
ed^fial  meridian^  and  tha  terrestrial  sphere  in  a  terrestrial 
nt/eflMan.  ,, 

'"ijet^-P'  (Fig.^^ri^T4enMhe  axis  of  the  heavens,  O  the 
cdtfft  of  the  earth,  and  p  and  p'  its  poles.  Then,  e  r  q  will 
Apresent  the  terrestrial  equcUar  (E  R  Q  representing  the  celes- 
tial equator,)  and  jfe  p'  emdrp  s  p'  terr/if^al  meridians  (PEP 
and  P  S  JE^  representing  celestial  ffteridians.) 
•^;^  4^e  Reduced  LaiitM^  of  a  place  on  the  earth's  surface  is 
tl»B  arc'  of  the  terrestrial  meridian,  intercepted  between  the  place 
and  the  equator,  or  the  angle  at  the  centre  of  the  earth  measured 
by  this  arc.  Thus,  o  6,  or  the  angle  o  O  e,  is  the  reduced  lati- 
tude of  the  place  o.  Latitude  is  North,  or  South,  according  as 
the  place  is  north,  or  south  of  the  equator.  The  reduced  lati- 
tude difleis  somgjiHiat  firom  the  astronomical  latitude,  by  reason 
of  the  slight  deviation  of  the  earth  from  a  spherical  form.  Their 
diffeience  is  called  the  BUtuction  of  Latitude. 

5.  Parallels  of,  jJuUude  are  small  circles  of  the  terrestrial 
i|diere  parallel  to  the  equator.  Every  point  of  a  parallel  of 
latitude  has  the  same  latitude. 

The  parallels  of  latitude  which  correspond  in  situation  with 
the  polar  circles  and  tropics  in  the  heavens,  have  received  the 
same  appellations  as  these  circles.    (See  Defs.  22,  23,  p.  12.) 

6.  The  Longitude  of  a  place  on  the  earth's  surface,  is  the 
inclination  of  its  meridian  to  that  of  some  particular  station, 
fixed  upon  as  a  circle  to  reckon  from,  and  called  the  First  Meri- 
dian, It  is  measured  by  the  arc  of  the  equator,  intercepted 
between  the  first  meridian  and  the  meridian  passing  through  the 
place,  and  is  called  Ea^t,  ox  West,  according  as  the  latter  meri- 
dian is  to  the  east,  or  to  the  west  of  the  first  meridian.  Thus, 
if  p  9  p'  be  supposed  to  represent  the  first  meridian,  the  angle 
sp  q^or  the  arc  g  2,  will  be  the  longitude  of  the  place  s, 

Diffisrent  nations  have,  for  the  most  part,  adopted  different 
first  meridians.  The  ESnglish  use  the  meridian  which  passes 
through  the  observatory  at  Greenwich,  near  London ;  and  the 
French,  the  meridian  of  the  observatory  of  Paris.  In  the 
United  States,  as  we  have  no  public  observatory,  the  longitude 
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is,  for  astronomical  purposes,   reckoned  from  the  meridian  of 
Greenwich,  or  Paris,  (generally  the  former.) 

The  longitude  and  IcUUtide  of  a  plfice  designate  its  situation 
on  the  eartKs  surface.  They  are  precisely  analc^ous  tn^  the 
right  ascension  and  declination  of  a  s^  in  the  heavens.       *  " 

28*  The  diagram  (see  Fig#2)  whidb  wik  made  us^j^^ 
Art.  26,  in  illustrating  our  description  of  the  circles  m  the 
celestial  sphere,  represents  the  aspect  of  this  sphere  at  a  plade 
at  which  the  north  poie  of  the  heavens  is  somewhere  between 
the  zenith  and  horizom  *Sirch  is  the  position  of  die  north  pole 
at  all  places  situated  between  the  equator  and  the  north  Jpl#  ^ 
the  earth.  For,  let  O  (Fig.  6)  represent  a  place  on  the  earth's 
surface,  H  O  R  the  horizon,  O  Z  the  vertical,  H  Z  R  the  meri- 
dian, and  Z  E  the  latitude.  Q  O  E  will  then  represent  the  equi- 
noctial, and  P,  P',  90^  distant  from  E  and  (Hi  the  meridian,  the 
poles.    Now,  we  have, 

HP  =  ZH  — ZP=9(P  — ZP;  ZB«*.E  — ZP-  90° 

—  ZP.    Whence HP-ZE. 

Thus,  the  altitude  of  the  pole  is  ^verv-ichere  equal  to  the 
latitude  of  the  place.  It  follows,  therefore,  that  in  proceeding 
from  the  equator  to  the  north  pole,  the  altitude  of  the  north 
pole  of  the  heavens  will  gradually  increase  from  0°  to  90^. 

If  the  spectator  is  in  the  southern  hemisphere,  the  elevated 
pole,  as  it  is  always  on  the  opposite  side  of  the  zenith,  from  the 
equator,  will  be  the  south  pole.  At  corresponding  situations  of 
the  spectator,  it  will  obviously  have  the  same  altitude  as  the 
north  pole  in  the  northern  hemisphere. 

29.  Let  us  now  inquire  into  the  principal  circumstances  of 
the  diurnal  motion  of  the  stars,  as  it  is  seen  by  a  spectator  situ- 
ated somewhere  between  the  equator  and  the  north  pole.  And, 
in  the  first  place,  it  is  a  simple  corollary  from  the  proposition 
just  established,  that  the  parallel  of  declination  to  the  north, 
whose  polar  distance  is  equal  to  the  latitude  of  the  place,  will 
lie  entirely  above  the  horizon,  and  just  touch  it  at  the  north 
point.  This  circle  is  called  the  circle  of  perpetual  apparition  ; 
the  line  a  H  (Fig.  7)  represents  its  projection  on  the  meridian 
plane.  The  stars  comprehended  between  it  and  the  north  pole 
will  never  set.  As  the  depression  of  the  south  pole  is  equal  to 
the  altitude  of  the  north  pole,  the  parallel  of  declinatioii  a  R, 
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at  a  distance  from  the  south  pole  equal  to  the  latitude  of  the 
place,  will  lie  entirely  below  the  horizon,  and  just  touch  it  at 
the  south  point  The  parallel  thus  situated,  is  called  the  circle 
nf  perpetual  occultatian.  The  stars  comprehended  betwen  it 
and  the  south  pole  will  never  rise. 

The  celestial  equator  (which  passes  through  the  east  and  west 
points)  will  intersect  the  meridian  at  a  point  E,  whose  zenith 
distance,  Z  E,  is  equal  to  the  latitude  of  the  place  (Def  33, 
Art  26,)  and  consequently,  whose  (zltUude,  R'E,  is  equal  to 
the  cfhlaHiude  of  the  place.  Therefore,  in  the  situation  of  the 
oiMenrer  above  supposed,  the  equator  Q  O  E,  passing  to  the 
south  of  the  zenith,  will,  together  with  the  diurnal  circles  n  r, 
9  tj  &c^  which  are  all  parallel  to  it,  be  obliquely  inclined  to  the 
horizon,  making  with  it  an  angle  equal  to  the  co^latitude  of  the 
place.  As  the  centres  c,  d,  &c.,  of  the  diurnal  circles  lie  on  the 
axis  of  the  heayens,  which  is  inclined  to  the  horizon,  all  diurnal 
circles  situated  between  the  two  circles  of  perpetual  apparition 
and  occultation,  a  H  and  o  R,  with  the  exception  of  the  equator, 
will  be  divided  unequally  by  the  horizon.  The  greater  parts 
of  the  circles  n  r,  n'  r',  &c.,  to  the  north  of  the  equator, 
will  be  above  the  horizon  ;  and  the  greater  parts  of  the  circles 
9tj  s^  tj  &c.,  to  the  south  of  the  equator,  will  be  below'the  hori- 
zon. Therefore,  while  the  stars  situated  in  the  equator  will 
remain  an  equal  length  of  time  above  and  below  the  horizon, 
those  to  the  north  of  die  equator  will  remain  a  longer  time 
above  the  horizon  than  below  it ;  and  those  to  the  south  of  the 
equator,  on  the  contrary,  a  longer  time  below  the  horizon  than 
above  it  It  is  also  obvious,  from  the  manner  in  which  the 
horizon  cuts  the  difierent  diurnal  circles,  that  the  disparity 
between  the  intervals  of  time  that  a  star  remains  above  and 
below  Ae  horizon,  will  be  the  greater  the  more  distant  it  is 
from  the  equator.  Again,  the  stars  will  all  culminate,  or  attain 
to  their  greatest  altitude,  in  the  meridian :  for,  since  the  meridian 
crosses  the  diurnal  circles  at  right  angles,  they  will  have  the 
least  zenith  distance  when  in  this  circle.  Moreover,  as  the  meri- 
dian bisects  the  portions  of  the  diurnal  circles  which  lie  above 
the  horizon,  the  stars  will  all  employ  the  same  length  of  time  in 
paaang  from  the  eastern  horizon  to  the  meridian,  as  in  passing 
from  die  meridian  to  the  western  horizon.    The  circiunpolar 
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Stars  will  pass  the  meridian  ttaice  in  24  hours ;  once  abovej 
and  once  below  the  pole.  These  meridian  passages  are  called 
respectively  Upper  and  Lower  Culminatums,  or  Inferior 
and  Superior  Transits. 

It  is  evident  from  what  is  stated  in  Art.  28,  that  the  circum- 
stances of  the  diurnal  motion  will  be  the  same  at  any  place  in 
the  southern  hemisphere,  as  at  the  place  which  has  the  same 
latitude  in  the  northern. 

The  celestial  sphere  in  the  position  relative  to  the  horizon 
which  we  have  now  been  considering,  which  obtains  at  all  places 
situated  between  the  equator  and  either  pole,  is  called  an  Oblique 
Sphere,  because  all  bodies  rise  and  set  obliquely  to  the  horizon. 

30.  When  the  spectator  is  situated  on  the  equator,  both  the 
celestial  poles  will  be  in  his  horizon,  (Art.  28,)  and,  therefore, 
the  celestial  equator  and  the  diurnal  circles  in  general  will  be 
perpendicular  to  the  horizon.  This  situation  of  the  sphere  is 
called  a  Right  Sphere,  for  the  reason  that  all  bodies  rise  and  set 
at  right  angles  with  the  horizon.  It  is  represented  in  Pig.  8. 
As  itie  diurnal  circles  are  bisected  by  the  horizon,  the  stars 
will  all  remain  the  same  length  of  time  above,  and  below  the 
horizon. 

31.  If  the  observer  be  at  either  of  the  poles,  the  elevated  pole 
of  the  heavens  will  be  in  his  zenith,  (Art.  28,)  and,  consequently, 
the  celestial  equator  will  be  in  his  horizon.  The  stars  will  move 
in  circles  parallel  to  the  horizon,  and  the  whole  hemisphere,  on 
the  side  of  the  elevated  pole,  will  be  continually  visible,  while 
the  other  hemisphere  will  be  continually  invisible.  This  is 
called  a  Parallel  Sphere,    It  is  represented  in  Fig.  9. 
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CHAPTER    III. 

ON  THE   CONSTRUCTION   AND   USE   OP   THE    PRINCIPAL 

ASTRONOMICAL    INSTRUMENTS. 

32.  Astronomical  Instruments  are,  for  the  most  part,  used  for 
the  admeasurement  of  arcs  of  the  celestial  sphere,  or  of  angles 
corresponding  to  such  arcs  at  the  earth's  surface.  They  consist, 
essentially,  of  a  telescope  turning  upon  a  horizontal  axis,  and  of 
a  Tcrtical  graduated  limb,  (or,  in  some  cases,  of  both  a  vertical 
and  a  horizontal  graduated  limb,)  to  indicate  the  angle  passed 
over  by  the  telescope.  At  the  common  focus  of  the  object-glass 
and  eye-glass  of  the  telescope  is  a  diaphragm,  or  circular  plate, 
attached  to  which  are  two  very  fine  wires,  or  threads,  crossing 
each  other  at  right  angles  in  its  centre.  The  place  of  this  dia- 
phragm may  be  altered  by  adjusting  screws ;  it  is  by  this  means 
brought  into  such  a  position,  that  the  cross  of  the  wires  will  lie 
on  the  axis  of  the  telescope,  (that  is,  the  line  joining  the  centre  of 
the  object-glass  and  eye-glass.)  The  line  joining  the  centre  of 
the  object-glass  and  the  cross  of  the  wires,  is  technically  termed 
the  Line  of  CoUimatum.  Bringing  the  cross  of  the  wires  upon 
the  axis  of  the  telescope,  is  called  Adjusting  the  Line  of  Colli- 
fnaiian,  A  star  is  known  to  be  on  the  line  of  collimation  when 
it  is  bisected  by  the  cross-wires. 

The  telescope  either  turns  around  the  centre  of  the  graduated 
limb,  or,  which  is  more  common,  the  limb  and  telescope  are 
firmly  attached  to  each  other,  and  turn  together.  In  the  first 
arrangement,  a  small  steel  plate  firmly  connected  with  the  tele- 
scope, slides  along  the  limb.  Upon  this  plate  a  small  mark  is 
drawn,  which  is  called  the  Index.  The  required  angle  is  re€ui 
off^  by  noting  the  angle  upon  the  limb  which  is  pointed  out  by 
the  index ;  the  aero  on  the  limb  being  generally,  in  practice,  the 
point  from  which  the  angle  is  reckoned.  When  the  telescope 
and  graduated  limb  are  firmly  connected,  the  limb  slides  past 
the  index,  which  is  now  stationary.  The  limbs  of  even  the 
laigest  instruments  are  not  divided  into  smaller  parts  than  about 
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6',  but,  by  means  of  certain  subsidiary  contrivances,  the  angle 
may,  with  some  instruments,  be  read  off  to  within  a  fraction  of 
a  second. 

33.  The  principal  contrivances  for  increasing  the  accuracy  of 
the  reading  off  of  angles,  are  the  Vernier,  the  Micrometer 
ScreWy  and  the  Microscope  Micrometer.  The  Vernier  is  only 
the  index  plate,  so  graduated  that  a  certain  number  of  its  divi- 
sions occupy  the  same  space  as  a  number  one  less  on  the  limb. 
Fig.  10  represents  a  vernier,  and  a  portion  of  the  limb  of  the  in- 
strument, 15  divisions  on  the  vernier  corresponding  to  14  on  the 
limb.  If  we  suppose  the  smallest  divisions  of  the  limb  to  be  15', 
and  call  x  the  number  of  minutes  in  one  division  of  the  vernier, 

then, 

15a:  =  U  X  15',  and:r  =  14'. 

Thus,  the  difference  between  a  division  on  the  vernier  and 
one  on  the  limb,  will  be  1'.  Accordingly,  if  the  index,  which  is 
the  first  mark  on  the  vernier,  should  be  little  past  the  mark  40^ 
on  the  limb,  and  the  second  mark  of  the  vernier  should  coincide 
with  the  next  point  of  division,  marked  40^  15',  the  angle  would 
be  40°  1'.  K  the  third  mark  on  the  vernier  were  coincident 
with  the  next  division  of  the  limb,  the  angle  would  be  40°  2*. 
If  the  fourth  with  the  next  division  to  this,  40°  3' ;  and  so  on. 

By  making  the  divisions  on  the  vernier  more  numerous,  the 
angle  can  be  read  off  with  greater  precision ;  but  a  better  expe- 
dient is  provided  in  the  Micrometer  Screw.  This  piece  of  me- 
chanism is  represented  in  Fig.  10.  The  part  E  can  be  fastened 
to  the  limb  of  the  instrument  by  means  of  a  screw.  F  G  is  a 
screw,  with  a  milled  head  at  F,  working  in  a  collar  fixed  in  the 
under  part  of  E,  and  in  a  nut  fixed  in  the  under  part 
of  the  telescope  T  t.  YiThen  the  part  E  is  fixed  or  clamped^ 
and  the  screw  is  turned  around  by  its  milled  head  at  F,  it 
must  communicate  a  direct  motion  to  the  nut,  and,  conse- 
quently, to  the  telescope  and  vernier  in  the  direction  of  F  G. 
Attached  to  the  screw,  or  to  the  small  cylinder  on  which  it  is 
formed,  is  an  index  D,  moveable  together  with  the  screw,  and  on 
a  thin  graduated  immoveable  plate,  the  profile  only  of  which  is 
shown  in  the  figure.  Suppose  now  that  the  screw  is  of  such 
fineness,  that  while,  together  with  the  index  D,  it  makes  a  com- 
plete revolution,  the  vernier  moves  through  an  arc  of  1'.    Then, 
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if  the  plate  be  divided  into  60  equal  parts,  a  motion  of  the  index 
over  one  of  these  parts  would  answer  to  a  motion  of  1"  on  the 
limb.  This  being  understood,  to  show  the  use  of  the  microme- 
ter screw,  suppose  that  no  two  marks  on  the  vernier  and  limb 
are  coincident :  bring  the  two  nearest  into  coincidence  by  turn- 
ing the  screw,  and  the  number  of  divisions  passed  over  by  the  in- 
dex D  will  be  the  seconds  to  be  added  to,  or  subtracted  from,  the 
angle  read  off  with  the  vernier.  In  observing  the  coincidence 
of  the  divisions  of  the  limb  and  vernier,  the  eye  is  assisted  by  a 
microscope. 

34.  The  Microscope  Micrometer  is  a  compound  microscope 
firmly  fixed  opposite  to  the  limb,  and  furnished  with  cross- 
wires  in  the  focus  of  the  eye-glass,  or  conjugate  focus  of  the 
object-^lass,  moveable  by  a  fine  threaded  screw.  The  observer 
looks  through  it  at  the  limb.  By  turning  its  screw,  the  cross- 
wire  is  brought  into  exact  coincidence  with  the  nearest  of  the 
divisions  of  the  limb,  and,  as  with  the  micrometer  screw,  the 
distance  through  which  the  screw  is  turned  makes  known  the 
distance  firom  this  division  of  the  fixed  centre  of  the  microscope, 
which  corresponds  to  the  index  of  a  fixed  vernier  plate. 

35.  It  is  obvious,  that,  other  things  being  the  same,  instru- 
ments are  accurate  in  proportion  to  the  power  of  the  telescope, 
and  the  size  of  the  limb.  The  large  instruments  now  in  use  in 
astronomical  observatories,  are  relied  upon  as  furnishing  angles 
to  within  1"  of  the  truth. 

36.  Time  is  an  essential  element  in  astronomical  observa- 
tion. Three  different  kinds  of  time  are  employed  by  astrono- 
mers: Sidereal,  Apparent  or  True  Solar,  and  Mean  Solar 
Time. 

37.  Sidereal  Time  is  time  as  measured  by  the  diurnal  motion 
of  the  stars,  or,  more  properly,  of  the  vernal  equinox.  A  Side- 
real Day  is  the  interval  between  two  successive  meridian 
transits  of  a  star,  or,  (as  it  is  now  most  generally  considered,) 
the  interval  between  two  successive  transits  of  the  vernal 
equinox.  It  commences  at  the  instant  when  the  vernal  equinox 
is  on  the  superior  meridian,  and  is  divided  into  24  Sidereal 
Hours. 

38.  Apparent,  or  True  Solar  Time,  is  deduced  from  obser- 
Tations  upon  the  sun.    An  Apparent  Solar  Day  is  the  interval 
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between  two  successive  meridian  passages  of  the  sun's  centre ; 
commencing  when  the  sun  is  on  the  superior  meridian.  It 
appears  from  observation,  that  it  is  a  little  longer  than  a  sidereal 
day,  and  that  its  length  is  variable  during  the  jrear.  It  is 
divided  into  24  Apparent  Solar  Hours, 

39.  Mean  Solar  Time  is  measured  by  the  diurnal  motion 
of  an  imaginary  sun,  called  the  Mean  Sim,  conceived  to  move 
uniformly  from  west  to  east  in  the  equator,  with  the  real  sun's 
mean  motion  in  the  ecliptic,  and  to  have  at  all  times  a  right 
ascension  equal  to  the  sun's  mean  longitude.  A  Mean  Stdar 
Day  commences  when  the  mean  sim  is  on  the  superior  me- 
ridian, and  is  divided  into  24  Mean  Solar  Hours, 

Since  the  mean  sun  moves  uniformly  and  directly  towards 
the  east,  the  length  of  the  mean  solar  day  must  be  invariable. 

40.  The  Astronamwal  Day  commences  at  noon,  and  is  di- 
vided into  24  hours;  but  the  Calendar  Day  commences  at 
midnight,  and  is  divided  into  two  portions  of  12  hours  each. 

41.  Astronomical  observations  are,  for  the  most  part,  made 
in  the  plane  of  the  meridian.  But  some  of  minor  importance 
are  made  out  of  this  plane.  The  chief  instruments  employed 
for  meridian  observations,  are  the  Astronomical  Quadrant,  and 
the  Transit  Instrument,  in  connection  with  the  Astronomical 
Clock,  These  are  the  capital  instruments  of  an  observatory, 
inasmuch  as  they  serve  (as  will  soon  be  explained)  for  the  de- 
termination of  the  places  of  the  heavenly  bodies,  which  are  the 
fundamental  data  of  astronomical  science.  The  principal  in- 
struments used  for  observation  at  different  azimuths,  are  the 
Altitude  and  Azimuth  Instrument,  the  Equatorial,  and  the 
Sextant. 

Transit  Instrument, 

42.  The  Transit  Instrument  is  a  meridional  instrument,  em- 
ployed in  conjunction  with  a  clock  or  chronometer  for  observing 
the  passage  of  celestial  objects  across  the  meridian,  either  for 
the  purpose  of  determining  their  difference  of  right  ascension, 
or  of  obtaining  the  correct  time.  Fig.  11  represents  a  fixed 
transit  instrument.  A  D  is  a  telescope,  fixed,  as  it  is  represented 
in  the  figure,  to  an  horizontal  axis  formed  of  two  cones.  The 
two  small  ends  of  these  cones  are  ground  into  two  perfectly 
equal   cylinders;    which  cylindrical  ends  are  called  Pivots. 
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These  pivots  rest  on  two  angular  bearings,  in  form  like  the 
upper  part  of  a  Y,  and  denominated  Y's.  The  ys  are  placed 
in  two  dove-tailed  brass  grooves  fastened  in  two  stone  pillars 
E  and  W,  so  erected  as  to  be  perfectly  steady.  One  of  the 
grooves  is  horizontal,  the  other  vertical,  so  that,  by  means  of 
screws,  one  end  of  the  axis  may  be  pushed  a  little  forwards  or 
backwards,  and  the  other  end  may  be  either  slightly  depressed 
or  elevated :  which  two  small  movements  are  necessary,  as  it 
will  be  soon  explained,  for  two  adjustments  of  the  telescope. 

Let  E  be  called  the  eastern  pillar,  W  the  western.  On  the 
eastern  end  of  the  axis  is  fixed  (so  that  it  revolves  with  the  axis) 
an  index  n,  the  upper  part  of  which,  when  the  telescope  re- 
volves, nearly  slides  along  the  graduated  face  of  a  circle,  at- 
tached, as  it  is  shown  in  the  figure,  to  the  eastern  pillar.  The 
use  of  this  part  of  the  apparatus  is  to  adjust  the  telescope  to  the 
altitude  or  zenith  distance  of  a  star  the  transit  of  which  is  to  be 
observed.  Thus,  suppose  the  index  n  to  be  at  o,  in  the  upper 
part  of  the  circle,  when  the  telescope  is  horizontal :  then,  by 
elevating  the  telescope,  the  index  is  moved  downwards.  Sup- 
pose  the  position  to  be  that  represented  in  the  figure,  then  the 
number  of  degrees  between  o  and  the  index  is  the  altitude. 

The  wire  plate  placed  in  the  focus  of  the  transit  telescope  has 
attached  to  it  five  vertical  wires,  together  with  one  horizontal 
wire.  In  order  to  be  seen  at  night,  these  wires  require  to  be 
illuminated  by  artificial  light.  Their  illumination  is  effected 
by  making  one  of  the  cones  hollow,  and  admitting  the  light  of 
a  lamp  placed  in  the  pillar  opposite  the  orifice ;  which  light  is 
directed  to  the  wires  by  a  reflector  placed  diagonally  in  the 
telescope.  The  reflector,  having  a  large  hole  in  its  centre,  does 
not  interfere  with  the  rays  passing  down  the  telescope  from 
the  object 

43.  We  will  now  explain  the  principal  adjustments  of  the 
transit  Upon  setting  the  instrument  up,  it  should  be  so  placed, 
that  the  telescope,  when  turned  down  to  the  horizon,  should 
prait  north  and  south,  as  near  as  can  possibly  be  ascertained. 
This  being  done,  then — 

1.  7b  adjust  the  line  of  cMimation. 

This  adjustment  consists  in  bringing  the  central  vertical  wire, 
withm  the  telescope,  to  intersect  the  optical  axis,  which  is  sup- 
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posed  to  be  fixed  by  the  maker  of  the  instrament  perpendicn- 
larly  to  the  axis  of  rotation.  There  is  no  occasion  with  this 
instrument,  to  have  the  horizontal  wire  intersect  the  optical 
axis  with  exactness.  Direct  the  telescope  to  some  small,  dis- 
tant, well  defined  object,  (the  more  distant  the  better,)  and  bisect 
it  with  the  middle  of  the  central  vertical  wire ;  then  lift  the 
telescope  out  of  its  angular  bearings,  or  Y's,  and  replace  it,  with 
the  axis  reversed.  Point  the  telescope  again  to  the  same  object, 
and  if  it  be  still  bisected,  the  coUimation  adjustment  is  correct ; 
if  not,  move  the  wires  one  half  the  angle  of  deviation,  by  turn- 
ing the  small  screws  that  hold  the  wire  plate,  near  the  eye  end 
of  the  telescope,  and  the  adjustment  will  be  accomplished  ;  but, 
as  half  the  deviation  may  not  be  correctly  estimated  in  moving 
the  wires,  it  becomes  necessary  to  verify  the  adjustment,  by 
moving  the  telescope  the  other  half,  which  is  done  by  turning 
the  screw  that  gives  the  small  azimuth  motion  to  the  Y  before 
spoken  of,  and  consequently,  to  the  pivot  of  the  axis  which  it 
carries.  Having  thus  again  bisected  the  object,  reverse  the  axis 
as  before,  and  if  half  the  error  was  correctly  estimated,  the 
object  will  be  bisected  upon  the  telescope  being  directed  to  it 
If  it  should  not  be  bisected,  the  operation  of  reversing  and  cor- 
recting half  the  error  must  be  gone  through  again,  and,  until  af- 
ter successive  approximations  the  object  is  found  to  be  bisected 
in  both  positions  of  the  axis ;  the  adjustment  will  then  be 
perfect. 

It  is  desirable  that  the  central  wire  should  be  truly  vertical, 
as  we  should  then  have  the  power  of  observing  the  transit  of  a 
star  on  any  part  of  it,  as  well  as  the  centre.  It  may  be  ascer- 
tained whether  it  is  so,  by  elevating  and  depressing  the  telescope, 
when  directed  to  a  distant  object ;  if  it  is  bisected  by  every  part 
of  the  wire,  the  wire  is  vertical ;  if  it  is  not  bisected,  the  wire 
should  be  adjusted,  by  turning  the  inner  tube  carrying  the  wire 
plate  until  the  above  test  of  its  verticality  be  obtained. 

9.  To  set  the  axis  of  rotation  of  the  telescope  horizontal. 

44.  This  adjustment  may  be  efiected  by  means  of  a  spirit-level, 
attached  to  two  upright  arms  bent  at  their  upper  extremities,  by 
which  it  is  hung  on  the  two  pivots  of  the  axis.  At  one  end  of 
the  level  is  a  vertical  adjusting  screw,  by  which  that  end  may 
be  elevated  or  depressed.    Put  the  telescope  in  its  place,  and 
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observe  to  which  end  of  the  level  the  bubble  runs,  which  will 
always  be  the  more  elevated  end  ;  bring  it  back  to  the  middle 
by  the  Y  screw  for  vertical  motion,  and  take  off  the  level,  and 
hang  it  on  again  with  the  ends  reversed.  Then,  if  the  bubble  is 
again  found  in  the  middle,  the  level  is  already  parallel  to  the 
axis,  and  the  axis  horizontal  ;  but  if  not,  adjust  one  half  the 
error  by  the  adjusting  screw  of  the  level,  and  the  other  half  by 
the  Y  screw ;  and  let  the  operation  of  reversing,  and  adjusting 
by  halves,  be  repeated  until  the  bubble  will  remain  stationary 
in  either  position  of  the  level,  in  which  case,  both  the  level  and 
axis  will  be  horizontal. 

3.   To  adjust  the  line  of  collimation  to  the  plane  of  the 
meridian. 

45.  We  have  said,  that  upon  setting  the  instrument  up,  the 
telescope  is  to  be  brought  into  the  meridian  plane,  as  near  as 
can  be  ascertained.     One  mode  of  establishing  it,  is  to  direct  the 
telescope  to  the  pole  star,  and  by  repeated  obsenrations  find  the 
position  corresponding  to  its  greatest  or  least  altitude.     At  the 
present  time,  we  may,  instead,  compute  by  means  of  existing 
tables  founded  on  observation,  the  time  of  the  meridian  transit 
of  the  pole  star,  and  at  that  computed  time  bisect  the  star  by 
the  middle  vertical  wire.    Afterwards,  the  line  of  collimation 
may  be  placed  still  more  exactly  in  the  plane  of  the  meridian,  in 
the  following  manner :     Note  the  times  of  two  successive  supe- 
rior transits  of  the  pole  star  across  the  central  vertical  wire,  and 
the  time  of  the  intervening  inferior  transit.    If  the  line  of  colli- 
mation were  exactly  in  the  plane  of  the  meridian,  as  the  diurnal 
circles  are  bisected  by  this  plane,  the  interval  between  the  supe- 
rior and  next  inferior  transit,  would  be  precisely  equal  to  the 
interval  between  the  inferior  and  next  superior  transit.    Accord- 
ingly, if  these  intervals  are  not  in  fact  equal,  find  by  repeated 
trials,  the  position  of  the  telescope  and  vertical  wire  for  which 
they  are  equal,  and  the  line  of  collimation  will  then  be  in  the 
plane  of  the  meridian.    The  method  of  regulating  the  clock, 
lequired  in  making  this  adjustment,  will  be  explained  when  we 
come  to  treat  of  the  astronomical  clock. 

46.  When  the  transit  telescope  has  once  been  placed  accu- 
rately in  the  meridian  plane,  in  order  to  avoid  the  repetition  of 
troubloeome  verifications  of  its  position,  a  meridian  mark  should 
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be  set  up,  and  permanently  established,  at  a  distance  from  the 
instrument ;  its  place  being  determined  by  means  of  the  middle 
or  meridional  wire.  At  Greenwich,  two  such  marks,  one  to  the 
north  and  another  to  the  south,  are  used ;  they  are  vertical 
stripes  of  white  paint  upon  a  black  ground,  on  buildings  about 
two  miles  distant  from  the  observatory.  The  position  of  the 
telescope  is  verified,  by  sighting  at  the  meridian  mark,  when  it 
is  once  established. 

47.  The  times  of  the  transits  of  the  heavenly  bodies  are 
ascertained  as  follows :  In  the  case  of  a  star,  the  moments  of 
its  crossing  each  of  the  five  vertical  wires  are  noted ;  as  the 
wires  are  equally  distant  from  each  other,  the  mean  of  these 
times  (or  their  sum  divided  by  5)  will  be  the  time  of  the  stars 
crossing  the  middle  wire,  or  of  its  meridian  transit.  The  utility 
of  having  five  wires,  instead  of  the  central  one  only,  will  be 
readily  understood,  from  the  consideration  that  a  mean  result 
of  several  observations  is  deservins:  of  more  confidence  than  a 
single  one  ;  since  the  chances  are,  that  an  error  which  may  have 
been  made  at  one  wire,  will  be  compensated  by  an  opposite  error 
at  an  other.  If  the  body  observed  has  a  disc  of  perceptible  mag- 
nitude, as  in  the  cases  of  the  sun,  moon,  and  planets,  the  times 
of  the  passage  of  both  the  western  and  eastern  limb  across  each 
of  the  five  wires  are  noted,  and  the  mean  of  the  whole  taken, 
which  will  be  the  instant  of  the  meridian  transit  of  the  centre  of 
the  body. 

The  time  of  the  transit  of  a  body,  may,  in  this  manner,  be 
ascertained  within  a  few  tenths  of  a  second. 

48.  In  iho  interval  between  the  transits  of  any  two  stars,  the 
arc  of  tile  e(]aator  which  expresses  their  diflference  of  right 
ascension,  will  pass  across  the  meridian,  the  rate  of  the  motion 
being  that  of  15°  to  a  sidereal  hour :  hence  the  difference  of 
the  times  of  transit  of  two  stars,  as  observed  with  a  sidereal 
clock,  when  converted  into  degrees,  by  allowing  15°  to  the 
hour,  will  be  the  difference  between  the  right  ascensions  of  the 
two  stars.  We  may  then,  in  this  manner,  by  means  of  a  transit 
instrument  and  sidereal  clock,  find  the  differences  between  the 
right  ascension  of  any  one  star  and  the  right  ascensions  of  all 
the  others.  This  being  done,  as  soon  as  the  position  of  the  ver- 
nal equinox  with  respect  to  the  same  star  becomes  known,  (and 
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we  shall  show  how  to  find  it  in  the  sequel,)  the  ahsoluUe  right 
ascensions  of  all  the  stars  will  also  become  known.  In  the  ac- 
tually existing  state  of  astronomical  science,  the  right  ascensions 
of  all  the  stars  are  more  or  less  accurately  known,  and  a  right 
ascension  sought  is  now  obtained  directly^  by  noting  the  time  of 
the  transit  of  the  body,  with  a  sidereal  clock  regulated  so  as  to 
indicate  Oh.  Om.  Os.,  when  the  vernal  equinox  is  on  the  meri- 
dian, and  converting  it  into  degrees. 

Astrotwmical  Clock. 

49.  The  astronomical  clock  is  very  similar  to  the  common 
clock.  It  has  a  compensation  pendulum ;  that  is,  a  pendulum 
so  constructed,  that  its  length  is  unaffected  by  changes  of  tem- 
perature.    The  hours  on  the  face  are  marked  from  1  to  24. 

50.  Astronomers  make  use  of  sidereal  time  (as  already  stated) 
in  determining  the  right  ascensions  of  the  heavenly  bodies,  but 
for  all  other  purposes,  they  generally  use  mean  solar  time. 

51.  To  regulate  a  sidereal  clock.  When  a  clock  is  ussd 
for  determining  differences  of  right  ascension,  (Art.  48,)  it  is 
adjusted  to  sidereal  time,  if  it  goes  equally  ami  iii(irk'<  rut 
24  hours  in  a  sidereal  day ;  it  being  altogether  iimnater.al 
at  what  time  it  indicates  Oh.  Om.  Os.  To  ascertain  the  daily 
rate  of  going  of  a  clock  which  is  to  be  adjusted  to  sidereal 
time  for  the  purpose  just  mentioned,  note  by  the  clock  the 
times  of  two  successive  meridian  transits  of  the  same  stir. 
The  difference  between  the  interval  of  the  transits  and  21 
hours,  will  be  the  daily  gain  or  loss  (as  the  case  may  be)  of 
the  clock  with  respect  to  a  perfectly  accurate  sidereal  clock.* 
If  the  gain  or  loss,  when  found  after  this  manner,  proves  to  be 
the  same  each  day,  then  the  mean  rate  of  going  is  the  same 
each  day. 

Next,  to  be  able  to  discover  the  rate  from  hour  to  hour  during 
the  day,  it  is  necessary  to  have  obtained  beforehand,  at  various 
times,  and  under  various  states  of  the  circumstances  likely  to 
influence  the  rate  of  going  of  the  clock,  the  differences  between 
the  times  of  the  transits  of  a  number  of  different  stars,  (correct- 


*  It  is  not  necessary,  in  order  to  obtain  the  daily  rate  of  a  sidereal  clock,  that 
the  tnnsit  instrument  should  be  adjusted  to  the  plane  of  the  meridian.  It  is  only 
reqoinfce  that  it  should  be  kept  fixed  in  some  one  vertical  plane. 
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ing  proportionally  for  the  daily  rate,)  and  to  take  the  mean  of 
the  several  differences  found  for  eacli  pair  of  stars  for  the  exact 
difference  of  their  transits.  When  this  has  been  done,  the  rate 
of  the  clock  may  be  found  at  all  hours  during  the  day,  by  noting* 
by  the  clock  the  differences  between  the  times  of  the  transits 
of  these  stars,  and  comparing  these  with  the  exact  differences 
already  found.  At  the  present  tifne,  the  right  ascensions  of  the 
stars  being  known,  we  have  only,  in  order  to  ascertain  the  rate 
from  hour  to  hour,  to  compare  the  intervals  of  time  given  by 
the  clock  between  the  transits  of  different  stars  taken  in  the 
order  of  their  right  ascension,  with  their  differences  of  right 
ascetision. 

52.  The  sidereal  clocks  now  in  use,  are  made  to  indicate 
Oh.  Om.  Os.  when  the  vernal  c(|uinox  is  on  the  superior  meri- 
dian. For  the  regulation  of  such  clocks,  it  is  necessary  to 
know  not  only  their  rate,  but  also  their  error.  This  is  found 
by  noting  the  time  of  the  transit  of  a  star,  and  comparing  it 
Ir.th  its  right  ascension  expressed  in  time.  If  the  two  arc  eciual, 
the  clock  is  right,  otherwise  their  difference  will  1x3  its  error. 

If  the  error  of  the  rate  of  a  clock  be  considerable,  it  should 
be  diminished  by  altering  the  length  of  the  pendulum  ;  other- 
wise, it  may  be  allowed  for.  The  stars  best  adapted  to  the 
regulation  of  clocks,  are  those  in  the  vicinity  of  the  equator ; 
for,  as  their  motion  is  more  rapid  than  that  of  the  stars  more 
distant  from  the  equator,  there  is  less  liability  to  error  in  noting 
their  transits. 

53.  A  mean  solar  clock  is  usually  regulated  by  observations 
upon  the  sujq.  The  method  of  regulating  it  cannot  be  ade- 
quately explained  until  we  have  treated  of  the  apparent  motions 
of  the  sun.  It  will  liere  suffice  to  state,  that  with  the  instru- 
ments we  have  now  described  the  sun's  motions  can  be  ascer- 
tained ;  and  that,  therefore,  as  a  knowledge  of  these  is  all  tliat 
is  necessary,  in  order  that  we  may  be  able  to  obtain  the  mean 
solar  time  at  any  instant,  it  is  possible  to  express  all  intervals 
of  time  in  mean  solar  time. 

Astrono7nical   Quadrant. 

54.  An  Astronomical  Quadrant  is  an  instrument  designed  for 
the  measurement  of  the  meridian  zenith  distances  or  altitudes 
of  the  heavenly  bodies,  of  which  the  essential  parts  are  a  grad- 
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uated  quadrantal  limb,  a  telescope  turning  upon  an  axis  which 
passes  through  the  centre  of  the  limb,  and  a  plumb  line  or 
level,  to  ascertain  the  vertical  or  horizontal  line.  (See  Fig.  12.) 
Astronomical  quadrants  may  be  either  portable  or  fixed.  Port- 
able quadrants  are  mounted  upon  an  upright  stem  resting  upon 
a  tripod,  and  can  be  turned  around  in  azimuth.  Fixed  quad- 
rants have  their  axis  firmly  fastened  in  a  wall,  in  a  horizontal 
position,  and  perpendicularly  to  the  plane  of  the  meridian. 
They  are  hence  called  Mural  Quadrants,  The  larijc  mural 
quadrants  of  the  Greenwich  Observatory  are  of  8  feet  radius. 

55.  The  same  adjustments  are  necessary  for  the  (juadnmt  as 
for  the  transit  instrument ;  and  in  addition,  the  horizontal  wire 
must  be  brought  to  intersect  the  axis,  and  the  vertical,  or  hori- 
zontal point  on  the  limb,  must  be  found.  The  methods  of  ef- 
fecting the  adjustments  are  also  the  same  with  the  fixed  (|uad- 
rant,  except  in  the  case  of  the  coUimation  adjustment.  This 
cannot  be  effected  without  the  intervention  of  a  portable  quad- 
rant or  similar  instniment.  The  horizontal  wire  of  the  tele- 
scope of  a  portable  ([uadrant  may  be  brought  to  intersect  the 
optical  axis,  by  directing  the  telescope  to  some  star  near  the 
zenith,  bisecting  it  with  the  horizontal  wire,  then  turning  the 
instrument  180°  in  azimuth,  and  moving  the  wire  over  half  its 
angular  distance  from  the  star  in  the  new  position  of  the  tele- 
scope, and  repeating  the  process  until  the  star  is  bisected  in  both 
positions  of  the  instrument.  This  adjustment  may  be  avoided 
altogether,  by  taking  the  half  difference  of  the  zenith  distances 
of  the  star  in  the  two  positions  of  the  instrument  for  the  con- 
stant index  error.  The  horizontal  point  (technically  so  called) 
is  the  place  of  the  index  answering  to  the  horizontal  position 
of  the  telescope.  It  may  be  found  by  means  of  a  level  or 
plumb  line. 

56.  In  place  of  mural  quadrants.  Mural  Circles  are  often 
used.  For  greater  accuracy,  the  angle  is  road  off  at  six  differ- 
ent points  of  the  limb,  which  is  an  entire  circle,  by  means  of 
six  stationary  microscope  micrometers,  (Art.  34,)  and  the  mean 
of  the  different  readings  taken  for  the  angle  required. 

57.  There  is  another  modification  of  the  quadrant,  called  the 
Zemih  Sedcr^  which  is  used  to  measure  the  meridian  zenith 
distances  of  stars  that  cross  the  meridian  within  a  few  degrees 


3U  ASTRONOMY. 

of  the  zenith.  The  limb  extends  only  about  10^  on  each  side 
of  the  lowest  point.  The  zenith  sector  in  the  observatory  at 
Greenwich  has  a  radius  of  12  feet. 

68.  The  meridian  altitude  of  a  star  is  obtained  by  bringing 
the  telescope  into  such  a  position,  that  the  star  will  be  bisected 
by  the  horizontal  wire  as  it  passes  through  the  field  of  view,  and 
observing  the  angle  upon  the  limb.  That  of  the  sun,  moon,  or 
any  planet,  may  be  ascertained  by  measuring  the  altitudes  of 
the  upper  and  lower  limbs,  and  taking  their  half  sum  for  the 
altitude  of  the  centre :  or,  if  the  apparent  semidiameter  be 
known,  by  adding  this  to  the  altitude  of  the  lower  limb,  or 
subtracting  it  from  the  altitude  of  the  upper  limb. 

59.  The  meridian  altitude  or  zenith  distance  of  a  heavenly 
body  having  been  measured  with  an  astronomical  quadrant,  or 
otlier  similar  instrument,  at  a  place  the  latitude  of  which  is 
knou'n,  its  declination  may  easily  be  foimd.  For,  let  s,  s'y  s" 
(Fi*::.  r».)  represent  the  points  of  meridian  passage  of  three  differ- 
ent stars ;  one  to  the  north  of  the  zenith  (Z,)  one  between  the 
zenith  and  the  equator  (E,)  and  a  third  to  the  south  of  the 
equator,  and  we  shall  have — 

E  5  =  Z  E  -f  Z  5,  E  5'  =  Z  E  —  Z  5,  E  5"  =  Z  5"  —  Z  E  = 

— (ZE  — Z5"); 
or,  in  general. 

Declination  =^  latitude  +  zenith  distance  .  .  .  (1) ; 
the  latitude  being  taken  always  positive,  the  zenith  distance 
being  also  taken  positive  when  of  the  same  name  with  the  lati- 
tude, but  negative  when  of  a  contrary  name  ;  and  the  declina- 
tion being  north,  if  it  comes  out  positive,  and  south,  if  it  comes 
out  negative. 

The  latitude,  which  is  here  supposed  to  be  known,  may\)e 
found  by  measuring  the  meridian  altitudes  of  a  circumpolar 
star  at  its  inferior  and  superior  transits,  and  taking  their  half 
suHL  For,  as  the  pole  lies  midway  between  the  points  at  which 
the  transits  take  place,  its  altitude  will  be  the  arithmetical  mean, 
or  the  half  sum  of  the  altitudes  of  these  points,  and  the  altitude 
of  the  pole  is  equal  to  the  latitude  of  the  place  (Art.  28.) 

60.  When  the  right  ascension  and  declination  of  a  heavenly 
body  have  been  obtained  from  observation,  with  a  transit  instru- 
ment and  quadrant,  (Arts.  48, 69,)  its  longitude  and  latitude  may 
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be  computed.  For,  Let  S  (Fig.  4)  represent  the  place  of  the 
body,  V  R  a  E  the  equator,  V  L  T  W  the  ecliptic,  and  P,  K,  the 
poles  of  the  equator  and  ecliptic.  In  the  triangle  P  K  S  we 
shall  know,  P  S  the  compliment  of  S  R  the  declination,  and  the 
angle  KPS=i3R  =  EV  +  VR=90o  +  right  ascension  ;  and, 
if  we  suppose  the  obliquity  of  the  ecliptic  to  be  known,  we  shall 
know  P  K.  We  may  therefore  compute  K  S,  and  the  angle  P 
K  S.  But  K  S  is  the  compliment  of  S  L,  which  is  the  latitude 
ofthebodyS;  and  P  K  S  =  180O  — E  K  S  =180°— (W  V  + 
V  L)  =  180°  —  (9(F  +  longitude)  =  90°  —  longitude. 

The  obliquity  of  the  ecliptic,  which  we  have  here  supposed  to 
be  known,  is,  in  practice,  easily  found ;  for,  it  is  equal  to  S  d  the 
sun's  greatest  declination. 

Altitude  and  Azimuth  Instrument. 

61.  The  Altitude  and  Azimuth  Instrument  consists,  essentially, 
of  a  telescope  with  two  graduated  limbs,  the  one  horizontal,  and 
the  other  vertical.  The  telescope  turns  about  the  centre  of  the 
vertical  limb,  or  turns  with  the  limb  about  its  centre ;  and  the 
vertical  limb  turns,  with  the  telescope,  about  the  vertical  axis  of 
the  horizontal  limb. 

If  the  telescope  be  brought  into  the  meridian  plane,  and  after- 
wards directed  upon  a  star  out  of  this  plane,  the  arc  of  the  hori- 
zontal limb  passed  over  by  the  index  will  be  the  azimuth  of  the 
star.     The  vertical  limb  will  serve  to  measure  its  altitude. 

62.  The  Meridian  Line  at  a  place  may  easily  be  determined 
with  the  altitude  and  azimuth  instrument,  by  a  method  called 
the  Method  of  Equal  Altitudes.  Let.  O  (Fig.  13)  represent  the 
place  of  observation,  N  P  Z  the  meridian,  and  S,  S'  two  posi- 
tions of  the  same  star,  at  which  the  altitude  is  the  same.  Now, 
the  triangles  Z  P  S  and  Z  P  S'  have  the  side  Z  P  conmion,  Z 
S  =  Z  S',  and  (allowing  that  the  stars  move  in  circles)  P  S  --^  P 
S'.  Hence,  they  are  equal,  and  consequently  the  angle  P  Z  S  --  P 
Z  S' ;  that  is,  equal  altitudes  of  a  star  correspond  to  equal  azi- 
muths. Therefore,  by  bisecting  the  arc  of  the  horizontal  limb, 
eomprehended  between  two  positions  of  the  vertical  limb  for 
which  the  observed  altitude  of  a  star  is  the  same,  we  shall  obtain 
die  meridian  line. 

EqtuUorial. 

63.  The  Equatorial  is  very  similar,  in  its  construction,  to  the 
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altitude  and  azimuth  instrument.  It  is  so  called,  from  the  cir- 
cumstance of  one  of  the  limbs  being  placed  in  a  position  parallel 
to  the  plane  of  the  equator.  The  axis  of  this  limb  is  then  pa- 
rallel to  the  axis  of  the  heavens  ;  and  the  limb,  to  the  centre  of 
which  the  telescope  is  attached,  is  parallel  in  every  one  of  its 
positions  to  the  plane  of  some  one  celestial  meridian.  This  in- 
strument is  particularly  useful  in  the  measurement  of  apparent 
diameters,  and  in  all  observations  that  require  the  telescope  to 
be  directed  upon  a  body  for  a  considerable  period  of  time  ;  as, 
by  giving  the  limb  to  which  the  telescope  is  attached  a  slow 
motion  from  east  to  west,  the  body  may  be  followed  in  its  diur- 
nal motion,  and  kept  continually  within  the  field  of  view. 

Sextant. 
64.  The  Sextant  serves  for  the  direct  admeasurement  of  the 
angular  distance  between  any  two  objects.  Its  essential  parts 
are  a  graduated  limb  B  C  (Fig.  14),  comprising  about  60  de- 
grees of  the  entire  circle,  which  is  attached  to  a  triangular 
frame  BAG;  two  mirrors,  of  which  one  (A),  called  the  Index 
Glass,  is  moveable  in  connection  with  an  index  G  about  A,  the 
centre  of  the  limb,  and  the  other  (D),  called  the  Horizon- GlasSj 
is  permanently  fixed  parallel  to  the  radius  A  C  drawn  to  the 
zero  point  of  the  limb,  and  is  only  half-silvered,  (the  upper  half 
being  transparent ;)  and  an  immoveable  telescope  at  E,  directed 
towards  the  horizon-glass.  The  principle  of  the  construction 
and  use  of  the  sextant  may  be  understood  from  what  follows. 
A  ray  of  light  S  A  from  a  celestial  object  S,  which  impinges 
against  the  index-glass,  is  reflected  oflf  at  an  equal  angle,  and 
striking  the  horizon-glass  (D),  is  again  reflected  to  E,  where  the 
eye  likewise  receives  through  the  transparent  part  of  that  glass, 
a  direct  ray  from  another  point  or  object  S'.  Now,  if  A  S'  be 
drawn,  directed  to  the  object  S',  S  A  S',  the  angular  distance  be- 
tween the  two  objects  S  and  S'  is  equal  to  double  the  angle  C  A 
G,  measured  upon  the  limb  of  the  instrument  (A  C  being  parallel 
to  the  horizon-glass.)  For,  when  the  index-glass  is  parallel  to 
the  horizon-glass  and  the  angle  on  the  limb  is  zero,  A  D,  the 
course  of  the  first  reflected  ray,  will  make  equal  angles  with  the 
two  glasses,  and  therefore  the  angle  SAD  will  become  the  angle 
S' AD(==  AD  E);  and  the  observer,  lookins:  through  the  tele- 
scope, will  see  the  same  object  S'  both  by  direct  and  reflected 
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light.     Now,  if  the  index-glass  be  moved  from  this  position 
through  any  angle  C  A  G,    the  angle  made  by  the  reflected 
ray  A  D  with  this  glass,  will  be  diminished  by  an  amount  equal 
to  thLs  angle ;  for,  we  have  DAG-DAC  —  CAG.     There- 
fore, the  angle  made  by  the  incident  ray  with  the  index-glass, 
as  it  is  always  equal  to  that  made  by  the  reflected  ray,  will  be 
diminished  by  this  amount.    Consequently,  the  incident  ray  will, 
on  the  whole,  that  is,  by  the  diminution  of  its  inclination  to 
the  mirror  by  the  angle  GAG,  and  by  the  motion  of  the  mirror 
through  the  same  angle,  be  displaced  towards  the  right  an  angle 
S  A  S',  equal  to  2  G  A  C.     Thus,  the  angular  distance  S  A  S' 
of  two  objects  S,  S',  seen  in  contact,  the  one  (S')  directly,  and 
the  other  (S)  by  reflection  from  the  two  mirrors,  is  equal  to  twice 
the  angle  C  A  G  that  the  index-glass  is  moved  fh)m  the  position 
(A  C)  of  parallelism  to  the  horizon-glass. 

Hence  the  limb  is  divided  into  120  equal  parts,  which  are 
called  degrees ;  and  to  obtain  the  angular  distance  between 
two  points,  it  is  only  necessary  to  sight  directly  at  one  of  them, 
and  then  move  the  index  until  the  reflected  image  of  the  other 
is  brought  into  contact  with  it ;  the  angle  read  off*  on  the  limb 
will  be  the  angle  sought. 

65.  To  obtain  the  angular  distance  between  two  bodies 
which  have  a  sensible  diameter,  bring  the  nearest  limbs  into 
contact,  and  to  the  angle  read  off*  on  the  limb  ctdd  the  sum  of 
the  apparent  semi-diameters  of  the  two  bodies,  or  bring  the 
farthest  limbs  into  contact,  and  subtract  this  sum. 

66.  The  sextant  is  also  employed  to  take  the  altitude  of  a 
heavenly  body.  A  horizontal  reflector,  called  an  Artificial  Hori- 
zouj  is  placed  in  fh)nt  of  the  observer :  the  angle  between  the 
body  and  its  reflected  image  is  then  measured,  as  if  this  image 
were  a  real  object ;  the  half  of  which  will  be  the  altitude  of  the 
body. 

A  shallow  vessel  of  mercury  forms  a  very  good  artificial 
horizon. 

67.  In  obtaining  the  altitude  of  a  body,  at  sea^  its  altitude 
above  the  visible  horizon  is  measured,  by  bringing  the  lower 
limb  into  contact  with  the  horizon.  To  this  angle  is  added  the 
apparent  semi-diameter  of  the  body,  and  from  the  result  is  sub- 
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tracted  the  depression  of  the  visible  horizon  below  the  horizcm- 
tal  line,  called  the  Dip  of  the  Horizon. 

Micrometer. — Errors  of  Instrumental  Admeasurement. 

68.  The  Apparent  IHameter  of  a  heavenly  body  may  be  mea- 
sured with  great  precision  by  means  of  a  piece  of  appaiatus  a^ 
tached  to  telescopes,  called  a  Micrometer^  which  is  designed  for 
the  admeasurement  of  small  angles. 

69.  Whatever  precautions  may  be  taken,  the  results  of  instru- 
mental admeasurement  will  never  be  wholly  free  from  errors. 
Errors  that  arise  from  inaccuracy  in  the  workmanship  or  adjust- 
ment of  the  instrument  may  be  detected  and  allowed  for.  But, 
errors  of  observation  are  obviously  undiscoverable.  Since  how- 
ever the  chances  are,  that  an  error  committed  at  one  observation 
will  be  compensated  by  an  opposite  error  at  another,  it  is  to  be 
expected  that  a  more  accurate  result  will  be  obtained,  if  a  great 
number  of  observations,  under  varied  circumstances,  be  made, 
instead  of  one,  and  the  mean  of  the  whole  taken  for  the  element 
sought.  And  accordingly,  it  is  the  uniform  practice  of  astro- 
nomical observers  to  multiply  observations  as  much  as  is  prac- 
ticable. 


CHAPTER    IV- 

THEORY    OP   CORRECTIONS. — REFRACTION. — PARALLAX^ — 
ABERRATION. — PRECESSION. — NUTATION. 

70.  Angles  measured  at  the  earth's  surface  with  astronomical 
instruments,  answer  to  the  Apparent  Place  of  a  heavenly  body, 
and  are  termed  Apparent  elements.  In  astronomical  language, 
the  True  Place  of  a  heavenly  body  is  its  real  \  lace  i:i  the  hear 
vens,  as  it  would  be  seen  from  the  centre  of  the  earth.  An^^es 
which  relat3  to  the  true  place,  are  denominated  True  elementa 
The  i4)parent  co-ordinates  of  a  star  are  reduced  to  the  true,  by 
the  application  of  certain  corrections,  called  Refraction^  Parol- 
lax^  and  Aberration. 
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71.  Befraction,  and  aberration,  are  corrections  for  errors  com- 
mitted in  the  estimation  of  a  star's  place,  while  parallax  serves 
to  transfer  the  co-ordinates  from  the  earth's  surface  to  its  centre. 
The  object  of  the  reduction  of  observations  from  the  surface  to 
the  centre  of  the  earth,  is  to  render  observations  made  at  dif- 
ferent places  on  the  earth's  surface  directly  comparable  with 
each  other.  Observers  occupying  different  stations  upon  the 
earth,  refer  the  same  body  (unless  it  be  a  fixed  star)  to  different 
points  of  the  celestial  sphere.  Their  observations  cannot,  there- 
fore, be  compared  together,  imless  they  be  reduced  to  the  same 
point,  and  the  centre  of  the  earth  is  the  most  convenient  point 
of  reference  that  can  be  chosen. 

72.  The  co-ordinate  planes  or  circles,  to  which  the  place  of  a 
star  is  referred  (p.  13),  are  not  strictly  stationary,  but,  on  the 
contrary,  have  a  continual  slow  motion  with  respect  to  the 
stars.  Hence,  the  true  co-ordinates  of  a  star's  place,  which 
have  been  found  for  any  one  epoch,  will  not  answer,  without 
correction,  for  any  other  epoch.  The  reduction  fVom  one  epoch 
to  another,  is  effected  by  apjdying  two  corrections,  called  Pre- 
cession  and  NtUation. 

Refraction, 

73.  We  learn  from  the  principles  of  Pneumatics,  as  well  as 
by  experiments  with  the  barometer,  that  the  atmosphere  gradu- 
ally decreases  in  density  from  the  earth's  surface  upwards.  We 
learn  also  from  the  same  sources,  that  it  may  be  conceived  to 
be  made  up  of  an  infinite  number  of  strata,  of  decreasing 
density,  concentric  with  the  earth's  surface.  From  the  known 
pressure  and  density  of  the  atmosphere  at  the  surface  of  the 
earth,  it  is  computed,  that  by  the  laws  of  the  equilibrium  of 
fluids,  if  its  density  were  throughout  the  same  as  immediately 
in  contact  with  the  earth,  its  altitude  would  be  about  5  miles. 
Certain  &cts,  hereafter  to  be  mentioned,  show  that  its  actual 
altitude  is  not  far  from  60  miles.  Now,  it  is  an  established 
principle  of  Optics,  that  light  in  passing  from  a  vacuum  into  a 
transparent  medium,  or  from  a  rarer  into  a  denser  medium,  is 
beat,  or  re/rticted^  towards  the  perpendicular  to  the  surface  at 
i»  point  of  incidence.  It  follows,  therefore,  that  the  light 
whidi  comes  from  a  star,  in  passing  into  the  earth's  atmosphere, 
or  in  passing  from  one  stratum  of  atmosphere  into  another^  is 
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refracted  towards  the  radius  drawn  fit>m  the  centre  of  the 
earth  to  the  point  of  incidence. 

74.  Let  MmnN,  NnoO,  Ooyd  (Fig.  15)  represent  suc- 
cessive strata  of  the  atmosphere.  Any  ray  S  p  will  then,  instead 
of  pursuing  a  straight  course  S  p  t,  follow  the  broken  line 
p  a  b  Cf  being  bent  downwards  at  the  points  p,  a,  by  c,  &c., 
where  it  enters  the  different  strata.  But,  since  the  number  of 
strata  is  infinite,  and  the  density  increases  by  infinitely  small 
degrees,  the  deflections  ap  x,  b  a  y,  d^.,  as  well  as  the  lengths 
of  the  lines  p  a^  a  b,  &c.,  are  infinitely  small ;  and  therefore, 
p  ab  c  the  path  of  the  ray,  is  a  broken  line  of  an  infinite  num- 
ber of  parts,  or  a  curved  line  concave  towards  the  earth's  sur- 
face, as  it  is  represented  in  Fig.  16.  Moreover,  it  lies  in  the 
vertical  plane  containing  the  original  direction  of  the  ray  ;  for, 
this  plane  is  perpendicular  to  all  the  strata  of  the  atmosphere, 
and  therefore  the  ray  will  continue  in  it  in  passing  from  one 
to  the  other. 

75.  The  line  O  S'  (Fig.  16),  drawn  tangent  to  p  ab  the  cur- 
vilinear path  of  the  light,  at  its  lowest  point,  will  represent  the 
direction  in  which  the  light  enters  the  eye,  and  therefore  the 
apparent  line  of  direction  of  the  star.  If,  then,  O  S  be  the  true 
direction  of  the  star,  the  angle  SOS'  will  be  the  displacement  of 
the  star  produced  by  Atmospherical  Refraction.  This  angle  is 
called  the  Astronomical  Refraction^  or  simply  the  Refraction. 

Since;?  a  6  is  concave  towards  the  earth,  O  S'  will  lie  above 
O  S ;  consequently,  refraction  m^es  the  apparent  altitude  of  a 
star  greater  than  its  true  altitude,  and  the  apparent  zenith 
distance  of  a  star  less  than  its  true  zenith  distance.  (We  here 
speak  of  the  true  altitude  and  true  zenith  distance,  as  estimated 
from  the  station  of  the  observer  upon  the  earth's  surface.) 
Thus,  to  obtain  the  true  attitude  from  the  apparent,  we  must 
subtract  the  refraction ;  and  to  obtain  the  true  zenith  distance 
from  the  apparent,  we  must  culd  the  refraction.  As  refraction 
takes  efiect  wholly  in  a  vertical  plane  (Art.  74),  it  does  not 
alter  the  azimuth  of  a  star. 

76.  The  amount  of  the  refraction  varies  with  the  apparent 
zenith  distance.  In  the  zenith  it  is  zero,  since  the  light  passes 
perpendicularly  through  all  the  strata  of  the  atmosphere ;  and 
it  is  the  greater,  the  greater  is  the  zenith  distance ;  for,  the 
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greater  the  angle  Z  O  a  (Fig.  17),  the  greater  will  be  the  angle  of 
refraction  O  a  C,  and  consequently  the  greater  the  refraction. 

To  fifid  the  amount  of  the  refraction  for  a  given  zenith  dis- 
tance or  aUitude. 

77.  Let  us  first  show  a  method  of  resolving  this  problem  by 
the  general  theory  of  refraction.  According  to  this  theory,  the 
amount  of  the  refraction,  except  so  far  as  the  convexity  of  the 
strata  of  the  atmosphere  may  have  an  effect,  depends  wholly 
upon  the  absolute  density  of  the  air  immediately  in  contact  with 
the  earth,  and  not  at  all  upon  the  law  of  variation  of  the  density 
of  the  different  strata ;  that  is,  the  actual  refraction  is  the  same 
that  would  take  place,  if  the  light  passed  from  a  vacuum  imme- 
diately into  a  stratum  of  air  of  the  density  which  obtains  at  the 
earth's  surface.  Let  us  suppose  then,  that  the  whole  atmosphere 
is  brought  to  the  same  density  as  that  portion  of  it  which  is  in 
contact  with  the  earth,  and  let  6  a  A  (Fig.  17)  represent  its  sur- 
face, also  let  O  represent  the  station  of  the  observer  upon  the 
earth's  surface,  and  S  a  a  ray  incident  upon  the  atmosphere  at  a. 
Denote  the  angle  of  refraction  O  a  C  by  p,  and  the  refraction  O  a 
ar  by  r.    The  angle  of  incidence, 

Z'aS=Z'aS'+S'aS  =  OaC  +  Oaa:=p  +  r. 
Now  if  we  represent  the  index  of  refraction  of  the  atmosphere 
by  m,  we  have  by  the  laws  of  refraction, 

sin  Z'  a  S  =  m  sin  O  a  C,  or  sin  (pj+  r)  =  m  sinp ; 
developing  (App.  For.  15,) 

sinp  cos  r  +  cos  p  sin  r  =  m  sin p ; 
or  dividing  by  sinp, 

cos  r  -f  cot  p  sin  r  =  wi. 
But  as  r  is  small,  we  may  take  cos  r  =  1,  and  sin  r  =  r  sin  1". 

(App.  47.) 

^yj- 1        -I 

Whence,  1  +  cot  or  sin  l"  =  m,  or  r  =    .    ,..  x =  A  tang 

'  ^  '  sml"      cotp  ^ 

p ;  putting  A  = -^^Z^jl.      LetZCa  =  C;andZOa  =  Z.    O 

aC=ZOa  —  ZCa,  or,p  =  Z  —  C.     Substituting,  we  have, 

r  =  A  tang  (Z  —  C)  .  .  .  .  (2). 

When  the  zenith  distance  is  not  great,  C  is  very  small  with 

respect  to  Z.     If  we  neglect  it,  we  have, 

r  =  A  tang  Z (3) ; 
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which  is  the  expression  for  the  refraction,  answering  to  the 
supposition  that  the  surface  of  the  earth  is  a  plane,  and  that  the 
light  is  transmitted  through  a  stratum  of  uniformly  dense  air, 
parallel  to  its  surface.  We  perceive,  therefore,  that  the  refrac- 
tion^ except  in  the  vicinity  of  the  horizon^  varies  nearly  as  the 
tangent  of  the  apparent  zenith  distance. 

78.  It  has  been  ascertained  by  experiment,  that  tn  the  index 
of  refraction,  (the  barometer  being  =  29.6  inches,  and  the  ther- 
mometer =  60O)  =  1.0002803.  Substituting  in  equation  (3),  after 
having  restored  the  value  of  A,  and  reducing,  there  results, 

r  =  57".8  tang  Z (4). 

79.  Dr.  Bradley  determined  the  constant  A  of  formula  (3)  by 
means  of  astronomical  observations,  and  made  it  67".0,  which 
gives  the  formula, 

r  =  57".0  tang  Z (6). 

80.  Farther  investigations  conducted  Dr.  Bradley  to  a  more 
accurate  formula  for  the  refraction,  which  is, 

r  =  57".0  tang  (Z  —  3r)  .  .  .  .  (6) : 
as  in  the  preceding  formula,  57"  is  here  the  refraction  at  45° 
apparent  zenith  distance.  The  value  of  r  is  obtained  by  suc- 
cessive approximations.  In  the  first  place,  r  is  considered  as 
zero,  or  3r  is  neglected  in  the  second  member ;  the  resulting  value 
found  for  the  refraction,  is  then  substituted  in  the  place  of  r  in 
the  second  member,  and  a  second  more  exact  value  computed. 

81.  Other  astronomers,  by  a  combination  of  observation  with 
theory,  have  obtained  still  more  accurate  formulae.  But  the  in- 
vestigation, as  well  as  the  explanation  of  these,  must  be  omitted 
in  an  elementary  treatise  like  the  present. 

82.  When  the  latitude  or  co-latitude  of  a  place,  and  the  polar 
distance  of  a  star  which  passes  the  meridian  near  the  zenith, 
have  been  determined,  the  refraction  may  be  found  for  all  alti- 
tudes from  observation  simply,  without  the  aid  of  theory.  For, 
let  P  (Fig.  18)  be  the  elevated  pole,  Z  the  zenith,  P  Z  E  the  me- 
ridian, H  O  R  the  horizon,  S  the  true  place  of  a  star,  and  S'  its 
apparent  place.  Suppose  the  apparent  zenith  distance  Z  S'  to 
have  been  measured.  Now,  in  the  triangle  Z  P  S,  Z  P  the  co- 
latitude,  and  P  S  the  polar  distance,  are  known  by  hypothesis, 
and  the  angle  P  is  the  sidereal  time  which  has  elapsed  since  the 
star's  last  meridian  transit,  (or,  if  the  star  be  to  the  east  of  the 
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meridian,  the  difference  between  this  interval  and  24  sidereal 
hours,)  converted  into  degrees  by  allowing  16^  to  the  hour. 
Therefore  we  may  compute  the  true  zenith  distance  Z  S,  and 
sabtracting  from  it  the  apparent  zenith  distance  Z  S',  we  shall 
have  the  refraction.  For  the  solution  of  this  problem,  the  polar 
distance  may  be  found  by  taking  the  complement  of  the  declina- 
tion computed  from  an  observed  meridian  zenith  distance  (Art. 
59) ;  and,  since  the  upper  and  lower  transits  of  a  circumpolar 
star  take  place  at  equal  distances  from  the  pole,  the  co-latitude 
may  be  found  by  taking  the  half  sum  of  the  greatest  and  least 
zenith  distances  of  the  pole  star.  But  it  is  obvious,  that  neither 
of  these  quantities  can  be  accurately  determined,  unless  the 
measured  zenith  distances  be  corrected  for  refraction.  When, 
however,  the  zenith  distances  in  question  differ  considerably 
from  9(P,  the  corresponding  refractions  may  be  at  first  ascer- 
tained with  considerable  accuracy  by  means  of  equation  (4). 
When  more  correct  formula;  have  been  obtained  by  this  or  any 
other  process,  the  latitude  and  polar  distance,  and  therefore  the 
refraction  answering  to  the  measured  zenith  distance,  will  be- 
come more  accurately  known. 

83.  The  various  formulas  of  refraction  having  been  tested  by 
numerous  observations,  it  is  found  that  they  are  all  (though  in 
different  degrees)  liable  to  material  errors,  when  the  zenith  dis- 
tance exceeds  80°,  or  thereabouts.  At  greater  zenith  distances 
than  this,  the  refraction  is  irregular ,  or  is  frequently  different  in 
amount  when  the  circumstances  upon  which  it  is  supposed  to 
depend  are  the  same. 

84-  The  refractive  power  of  the  air  varies  with  its  density, 
and  hence  the  refraction  must  vary  with  the  height  of  the  ba- 
rometer and  thermometer. 

85.  The  refiractions  which  have  place  when  the  barometer 
stands  at  29.6  inches  (or,  according  to  some  astronomers,  30 
inches),  and  the  thermometer  at  50°,  are  called  mean  re- 
fractions. 

The  refractions  corresponding  to  any  other  height  of  the  ba- 
rometer or  thermometer,  are  obtained  by  seeking  the  requisite 
carredians  to  be  applied  to  the  mean  refractions,  on  the  hy- 
pothesis that  the  refraction  is  directly  proportional  to  the  density 
of  die  atmosphere. 


40  ASTRONOMY. 

86.  To  save  astronomical  observers  and  computers  the  trouble 
of  calculating  the  refraction  whenever  it  is  needed,  the  mean  re- 
fractions corresponding  to  various  zenith  distances  or  altitudes 
are  computed  from  the  formuloe,  as  also  the  corrections  for  the 
barometer  and  thermometer,  and  inserted  in  a  table.  Table 
Vin  is  Dr.  Young's  table  of  mean  refractions,  and  Table  IX  his 
table  of  corrections.  The  refraction  answering  to  any  zenith 
distance  not  inserted  in  the  table  can  be  found  by  simple  propor- 
tion.    (See  Prob.  VII.)* 

Other  effects  of  atmospherical  refraction. 

87.  Atmospherical  refraction  makes  the  apparent  distance  of 
any  two  heavenly  bodies  less  than  the  true ;  for,  it  elevates  them 
in  vertical  circles  which  continually  approach  each  other  from 
the  horizon  till  they  meet  in  the  zenith. 

88.  Refraction  also  makes  the  discs  of  the  sun  and  moon  ap- 
pear of  an  elliptical  form  when  near  the  horizon.  As  it  increases 
with  an  increase  of  zenith  distance,  the  lower  limb  of  the  sun  or 
moon  is  more  refracted  than  the  upper,  and  thus  the  vertical 
diameter  is  shortened,  while  the  horizontal  diameter  remains  the 
same,  or  very  nearly  so.  This  effect  is  most  observable  near 
the  horizon,  for  the  reason  that  the  increase  of  the  refraction  is 
there  the  most  rapid.  The  difference  between  the  vertical  and 
horizontal  diameters  may  amount  to  1-8  part  of  the  whole  dia- 
meter. 

89.  In  the  apparent  horizon  the  refraction  is  about  34'.  It 
follows,  therefore,  that  when  a  star  appears  to  be  in  the  horizon, 
it  is  actually  34'  below  it.  Refraction,  then,  retards  the  setting 
and  accelerates  the  rising  of  the  heavenly  bodies. 

Having  this  effect  upon  the  rising  and  setting  of  the  sun,  it 
must  increase  the  length  of  the  day. 

90.  The  apparent  diameter  of  the  sun  is  about  32^ ;  as  this 
is  little  less  than  the  refraction  in  the  horizon,  it  follows^ 
that  when  the  sun  appears  to  touch  the  horizon,  it  is  actually 
entirely  below  it.  The  same  is  true  of  the  moon,  as  its  apparent 
diameter  is  nearly  the  same  with  that  of  the  sun. 


*  The  tables  referred  to  in  the  text  may  be  found  near  the  end  of  the  book. 
The  problems  referred  to  are  in  Part  IV. 
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Parailcuc. 

91.  The  correction  for  atmospherical  refraction  having  been 
^>plied,  the  zenith  distance  of  a  body  is  reduced  from  the  sur- 
bce  of  the  earth  to  its  centre,  by  means  of  a  correction  called 
Parallax. 

92.  Parallax  is,  in  its  most  general  sense,  the  angle  made  by 
the  lines  of  direction,  or  the  arc  of  the  celestial  sphere  comprised 
between  the  places  of  an  object,  as  viewed  from  two  different 
stations.  It  may  also  be  defined  to  be  the  angle  subtended  at 
an  object  by  a  line  joining  two  different  places  of  observation. 
Let  S  (Fig.  19)  represent  a  celestial  object,  and  A,  B  two  places 
fix)m  which  it  is  viewed.  At  A  it  will  be  referred  to  the  point  s 
of  the  celestial  sphere,  and  at  B  to  the  point  s' ;  the  angle  B  S  A, 
or  the  arc  s  s',  is  the  parallax.  The  arc  s  s'  is  taken  as  the 
measure  of  the  angle  B  S  A,  on  the  principle  that  the  celestial 
sphere  is  a  sphere  of  an  indefinitely  great  radius,  so  that  the 
point  S  is  not  sensibly  removed  from  its  centre. 

93.  The  term  parallax  is,  however,  generally  used  in  As- 
tronomy in  a  limited  sense  only,  namely,  to  denote  the  angle 
included  between  the  lines  of  direction  of  a  heavenly  body,  as 
seen  from  a  point  on  the  earth's  surface  and  from  its  centre  ;  or 
the  angle  subtended  at  a  heavenly  body  by  a  radius  of  the  earth. 
If  C  (Fig.  20)  is  the  centre  of  the  earth,  O  a  point  on  its  surface, 
and  S  a  heavenly  body,  O  S  C  is  the  parallax  of  the  body. 

94.  The  parallax  of  a  heavenly  body  above  the  horizon,  is 
called  Parallax  in  Altitude. 

95.  The  parallax  of  a  body  at  the  time  its  apparent  altitude 
is  zero,  or  when  it  is  in  the  plane  of  the  horizon,  is  called  the 
Horizontal  Parallax.  Thus,  if  the  body  S  (Fig.  20)  be  sup- 
posed to  cross  the  plane  of  the  horizon  at  S',  O  S'  C  will  be  its 
horizontal  parallax.    O  S  C  is  a  parallax  in  altitude  of  this  body. 

%.  It  is  to  be  observed,  that  the  definition  just  given  of  the 
horizontal  parallax,  answers  to  the  supposition  that  the  earth  is 
of  a  spherical  form.  In  point  of  fact,  the  earth  (as  will  be  shown 
in  the  sequel)  is  a  spheroid,  and  accordingly  the  vertical  and  the 
ladius  at  any  point  of  its  surface  are  inclined  to  each  other,  as 
represented  in  Fig.  21,  where  O  0  is  the  radius,  and  O  C  the 
vertical.  The  points  Z  and  z  in  which  the  vertical  and  radius 
pierce  the  celestial  sphere  are  called,  respectively,  the  Apparent 
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Zenithy  and  the  TYue  Zenith.  In  perfect  strictness,  the  horizon- 
tal parallax  is  the  parallax  at  the  time  z  O  S',  the  apparent  distance 
from  the  true  zenith,  is  9(P.  No  material  error,  however,  will 
be  committed,  in  supposing  the  earth  to  be  spherical,  except 
when  the  question  relates  to  the  parallax  of  the  moon, 

97.  Let  the  apparent  zenith  distance  Z  O  S  =  Z  (Fig.  20) 
the  true  zenith  distance  Z  C  S  =  2;,  and  the  parallax  O  S  C  =  /i. 
Since  the  angle  Z  O  S  is  the  exterior  angle  of  the  triangle  O  S  C, 
we  have, 

ZOS=ZCS+OSC,  and  hence  also,  ZCS=ZOS— OS  C; 
or, 

Z  =  z  +p,  and  z  =  Z  —  p  .  . .  .  (7). 
Thus,  to  obtain  the  true  zenith  distance  from  the  apparent,  we 
have  to  svbtract  the  parallax,  and  to  obtain  the  apparent  zenith 
distance  from  the  true,  to  add  the  parallax. 

Parallax,  then,  takes  effect  wholly  in  a  vertical  plane,  like  the 
refraction,  but  in  the  inverse  manner;  depressing  the  star, 
while  the  refraction  elevates  it.  Thus,  the  refraction  is  added 
to  Z,  but  the  parallax  is  subtracted  from  it 

To  find  an  expression  for  the  parallax  in  altitude, 

98.  1.  In  terms  of  the  apparent  zenith  distance.  In  the  tri- 
angle S  O  C  (Fig.  20),  the  angle  O  S  C  =  parallax  in  altitude  = 
p,  O  C  =  radius  of  the  earth  =  R,  C  S  =  distance  of  the  body  S  =» 
D,  and  C  O  S  =  180°  —  Z  O  S  =  180°  —  apparent  zenith  dis- 
tance =  180°  —  Z;  and  we  have  by  Trigonometry,  the 
proportion, 

sinOSC:sinCOS::CO:CS; 

sinp:sin(180O  — Z)  :  :R:  D; 
D  sin  p  =  R  sin  Z ; 

R 

sinp  =  --sin  Z.  • .  .(8). 

This  equation  shows  that  the  parallax  p  depends  for  any  given 
zenith  distance  Z  upon  the  distance  of  the  body,  and  is  less  in 
proportion  as  this  distance  is  greater  :  also,  that  for  any  given 
distance  of  the  body  it  increases  with  an  increase  in  the  zenith 


whence, 


and 


or. 


PARALLAX    IN   ALTITUDE.  43 

distance.    When  Z  ==  90^,  p  has  its  maximum  value,  and  then  == 

horizontal  parallax  ^  H ; 

thus, 

8inH=|^ (9), 

snbstitutingi 

sin  p  =  sin  H  sin  Z  . .  (10). 
This  last  equation  may  be  somewhat  simplified.  The  distances 
of  the  heavenly  bodies  are  so  great,  that  p  and  H  are  always 
Tery  small  angles ;  even  for  the  moon,  which  is  much  the  near* 
est,  the  value  of  H  does  not  at  any  time  exceed  62^.  We 
may  therefore,  without  material  error,  replace  sin  p  and  sin  H 
by  p  and  EL    This  being  done,  there  results, 

p  =  HsinZ...(ll). 
Wherefore,  the  paralkus  in  altitude  equals  the  product  of  the 
hmzontalparaUax  by  the  sine  of  the  apparent  zenith  distance. 

If  we  take  notice  of  the  deviation  of  the  earth's  form  from 
that  of  a  sphere,  Z,  in  equation  (10),  will  represent  the  apparent 
distance  from  the  true  zenith,  (Art.  96,)  and  H  the  horizontal 
parallax  as  it  is  defined  in  Art.  96. 

99.  9l  Jii  terms  of  the  true  zenith  distance.  In  the  actual 
state  of  Astronomy,  the  true  co-ordinates  of  the  places  of  the 
heavenly  bodies  are  generally  known,  or  may  be  obtained 
b7  computation,  from  the  results  of  observations  already 
made,  and  from  these  there  is  often  occasion  to  deduce  the 
apparent  co-ordinates.  For  this  purpose  there  is  required  an 
expression  for  the  parallax  in  altitude  in  terms  of  the  true 
zenith  distance. 

If  we  make  Z=^z+p  (Art.  97)  in  equation  (10),  we  shall 
have, 

sin  ©  =  sin  H  sin  (jr  +  «),  or  sin  H  =  .  ^^^^ — r ; 

sin  {z+pY 

whence, 

l+sinH.l-h    .fP         sin(z+p)-fsinp 

sin  (z+p)  sm.  (z+p) 

nd 

l-smH  =  l ^P_     ^{z+p)-^^np 

mi{z+p)  sm  (z+p) 
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dividing, 

1-f-sin  H  _  sin  {z  +p)  +  s\np  , 
1  —  sin  H       sin  {z+p)  —  sinp  ' 

or, 

tang«  (450  +  i  H)  =  ^g  i  (^  +  P)  (see  App.  For.  36, 29) ; 

whence, 

tang  i{z+p)  =  tang  J  z  tang^  (45°  +  J  H)  .  .  (12). 

This  equation  makes  known  z  +p,  from  which  we  may 
obtain  p  by  subtracting  z. 

In  order  to  be  able  to  compute  the  parallax  in  altitude  by 
means  of  formula  (11)  or  (12),  it  is  necessary  to  know  H  the 
horizontal  parallax. 

To  find  the  horizontal  parallax. 

100.  Let  O,  O'  (Pig.  21)  represent  two  stations  upon  the  same 
terrestrial  meridian  O  E  O',  and  at  a  remote  distance  from  each 
other,  Z,  Z'  their  apparent  zeniths,  and  2r,  z'  their  true  zeniths, 
Q,  C  E  the  equator,  and  S  the  body  (supposed  to  be  in  the  meri- 
dian,) the  parallax  of  which  is  to  be  found.  Let  the  angle  O  S  O' 
=  A,  z  O  S  =  Z,  z'  O'  S  =  Z' ;  also  let  C  O  =  R,  C  O'  =  R', 
C  S  =  D,  the  parallax  in  altitude  O  S  C  =  p,  and  the  pcu^llaz 
in  altitude  O'  S  C  =  p'.  Now,  by  equation  (8),  replacing  the 
sine  of  the  parallax  by  the  parallax  itself,  (Art.  98,) 


^sinZ,  andp'=  ^sinZ'; 


whence, 


A         I     .     R  «;«  'z  .  R'  ««  fZ'     R  sin  Z  +R'  sin  Z'  . 
A=p+p'=— smZ+— smZ'= g ; 


but,  (equa.  9) 


TT  R  T\  R 

H  =  _,orD  =  -. 


Substituting  this  value  of  D,  and  deducing  the  value  of  H, 
we  have, 

"^RiTnZ  +  RsinZ'  *  *  '  ^^^^' 
It  remains  now  to  find  an  expression  for  A  in  terms  of  mea- 
sureable  quantities.    Let  O  s  and  O'  s*  (Fig.  21,)  be  the  direc- 
tions at  O  and  O'  of  a  fixed  star  which  crosses  the  meridian 
nearly  at  the  same  time  with  the  body.    Owing  to  the  immense 
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^Stance  of  the  star,  these  lines  will  be  sensibly  parallel  to  each 
other  (Art  22).  Let  the  angle  S  O  «  the  difference  between  the 
meridian  zenith  distances  of  the  body  and  star,  as  observed  at  O, 
be  represented  by  d,  and  let  the  same  difference  S  O'  ^  for  the 
station  O',  be  represented  by  d\      Now, 

O  S  0'  =  0  L  O'  — S  O'  *  =  S  O  s  —  8  O'  s,  or  A  =  rf  — rf. 

If  the  body  be  seen  on  different  sides  of  the  star  by  the  two 
observers,  we  shall  have, 

A^d  +  a. 

Sobstitxiting  in  equation  (13),  there  results, 

H  =  ^  Af^^^?   -.  .  .  (14). 
RsinZ+R'sinZ'  ^    ^ 

If  we  regard  the  earth  as  a  sphere,  R  =  R,  and  dividing  by  R, 

vehave, 

""smi  +  sinZ' ^^^^- 

lOL  To  find  the  parallax  by  means  of  these  formulsB,  each  of 
the  two  observers  must  measure  the  meridian  zenith  distance  of 
the  body,  and  also  of  a  star  which  crosses  the  meridian  nearly  at 
the  same  time  with  the  body,  and  correct  them  for  refraction. 
The  diflference  of  the  two  will  be,  respectively,  the  values  of  d 
and  (t ;  and  the  corrected  zenith  distances  of  the  body  will  be 
the  values  of  Z  and  Z',  if  formula  (16)  be  used ;  if  formula  (14) 
be  used,  the  measured  zenith  distances  of  the  body  must  still  be 
corrected  for  the  reduction  of  latitude,  (p.  15,  def  4.) 

It  is  not  necessary  that  the  two  stations  should  be  on  precisely 
the  same  meridian ;  for,  if  the  meridian  zenith  distance  of  the 
body  be  observed  from  day  to  day,  its  daily  variation  will 
become  known ;  then,  knowing  also  the  difference  of  longitude 
of  the  two  places,  a  simple  proportion  will  give  the  change  of 
zenith  distance  during  the  interval  of  time  employed  by  the 
body  in  moving  from  the  meridian  of  the  most  easterly  to  that 
of  the  most  westerly  station.  This  result,  applied  to  the  zenith 
distance  observed  at  one  of  the  stations,  will  reduce  it  to  what  it 
would  have  been,  if  the  observation  had  been  made  in  the  same 
latitude  on  the  meridian  of  the  other  station. 

102.  The  Horizontal  Parallax  of  a  heavenly  body  may  be 
found  by  the  foregoing  process,  to  within  1"  or  2"  of  the  truth . 
No  greater  degree  of  accuracy  is  necessary  in  the  case  of  the 
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moon.  Bat  there  are  certain  uses  made  of  the  horizontal  parallax 
of  a  body,  that  will  be  noticed  hereafter,  which  require  that  the 
parallax  of  the  sun,  and  of  the  planets,  should  be  known  with 
much  greater  precision.  The  more  accurate  methods  employed 
to  determine  the  parallaxes  of  these  bodies,  will  be  explained  (in 
principle  at  least)  in  subsequent  parts  of  the  work. 

103.  In  consequence  of  the  spheroidal  form  of  the  earth,  the 
horizontal  parallax  of  a  body  is  somewhat  different  at  different 
places.  Let  H  and  H'  denote  the  horizontal  parallaxes  of  the 
same  body,  and  R  and  R'  the  radii  of  the  earth  at  two  different 
places.     Then,  by  equation  (9), 


whence, 


H  =  ^,  andH'  =  |; 


H:H'::  ^:  ^::R:R'. 


Thus  the  parallax  at  the  equator,  called  the  Equatcrial  Par- 
dllaxj  is  the  greatest,  and  the  parallax  at  the  pole  the  least 
The  difference  between  the  parallaxes  of  the  moon  at  the  equa- 
tor and  at  the  pole  may  amount  to  about  12".  For  the  other 
heavenly  bodies  the  difference  is  too  small  to  be  taken  into 
account. 

104.  When  the  horizontal  parallax  has  been  found  for  any 
one  distance  and  time,  from  observation,  the  horizontal  parallax 
for  any  other  distance  and  time  may  be  approximately  computed, 
by  means  of  the  principle  that  the  parallax  of  a  body  is  directly 
proportional  to  its  apparent  diameter.  The  truth  of  this  principle 
appears  from  the  fact,  that  both  the  parallax  (Art  98)  and  the  ap- 
parent diameter  are  inversely  proportional  to  die  same  quantity, 
viz :  the  distance  of  the  body  from  the  centre  of  the  earth. 

In  the  present  condition  of  astronomical  science,  when  the 
horizontal  parallax  of  either  one  of  the  heavenly  bodies  is  re- 
quired for  any  particular  time,  it  may  be  obtained  by  computa- 
tion, or  firom  tables.  It  may  also  be  taken  out  of  the  Nautical 
Almanac.* 

*  The  Nautical  Almanac  ut  a  collection  of  data  to  be  used  in  nautical  and  astro- 
nomioal  calculations,  published  annually  in  England,  and  republished  in  IVefW 
York,  it  may  generally  be  obtained  two  or  three  years  previous  to  tho  yw  ftr 
which  it  is  calculated. 
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106.  The  equatorial  horizontal  parallax  of  the  moon  varies 
&om  63'  48"  to  61'  24",  according  to  the  distance  of  the  moon 
izom  the  earth.  The  equatorial  parallax  of  the  moon  answering 
to  the  mean  distance,  is  67'  1". 

The  horizontal  parallax  of  the  sun  varies  slightly  from  a 
change  of  distance.    At  the  mean  distance  it  is  8".6. 

The  horizontal  parallaxes  of  the  planets  are  comprised  within 
the  limits  31",  and  0".4. 

The  fixed  stars  have  no  parallax.* 
Parallax  in  right  ascens^ion  and  declinatiarij  and  in  longitude 

and  latitude. 

106.  Since  parallax  displaces  a  body  in  its  vertical  circle, 
which  is  generally  oblique  to  the  equator  and  ecliptic,  it  will 
alter  its  right  ascension  and  declination,  as  well  as  its  longitude 
and  latitude.  The  difference  between  the  true  and  apparent 
right  ascension  is  called  the  parallax  in  right  ascension  ;  the 
like  differences  for  the  other  co-ordinates  are  called,  respectively, 
farallax  in  declination^  parallax  in  longitude^  and  parallax  in 
latitude,  FormulsB  by  means  of  which  these  corrections  may  be 
found,  when  the  right  ascension  and  declination  or  tlie  longi. 
tade  and  latitude  are  given,  are  investigated  in  the  Appendix. 

Aberration, 

107.  The  celebrated  English  Astronomer,  Dr.  Bradley,  com- 
menced in  the  year  1726  a  series  of  accurate  observations  upon 
the  fixed  stars,  which  were  continued  for  several  years,  with  the 
view  of  ascertaining  whether  the  apparent  places  of  the  fixed 
Stan  were  subject  to  any  direct  alteration,  in  consequence  of 
the  supposed  change  of  the  earth's  position  in  space.  The 
observations  showed  that  there  had  been  in  reality,  during  the 
period  of  observation,  small  changes  in  the  apparent  places  of  each 
of  the  stars  observed,  which,  when  greatest,  amounted  to  about 
40" ;  but  they  were  not  such  as  should  have  resulted  from  the 
lapposed  changes  of  the  earth's  position  in  space.  These  phe- 
mnena  Dr.  Bradley  undertook  to  examine  and  reduce  to  a 
geoend  law.  After  repeated  trials,  he  at  last  succeeded  in  dis- 
covering their  true  explanation.    His  theory  is,  that  they  are 


*  Tbi  pfBetical  method  of  oonecting  for  panllAX  is  detailed  and  exemplified  in 
PraUnVm. 
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different  effects  of  one  general  cause,  a  progressive  motion  of 
light  in  conjunction  with  an  orbitual  motion  of  the  earth. 

108.  Let  us  conceive  the  observer  to  be  stationed  at  the  earths 
centre ;  and  let  A  C  B  (Fig.  22)  be  a  portion  of  the  earth's  oibit, 
so  small  that  it  may  be  considered  a  right  line,  C  S  the  absolute 
direction  of  a  fixed  star  as  seen  from  the  point  C,  A  C  the  distance 
through  which  the  earth  moves  in  some  small  portion  of  time, 
and  a  C  the  distance  through  which  a  particle  of  light  moves  in 
the  same  time.  Then,  a  particle  of  light,  which,  coming  from 
the  star  in  the  direction  S  C,  is  at  a  at  the  same  time  that  the 
earth  is  at  A,  will  arrive  at  E  at  the  same  time  that  the  earth 
does.  Suppose,  that  when  the  earth  is  at  A,  A  a  is  the  position 
of  the  axis  of  a  telescope,  and,  that  continuing  parallel  to  itself^  it 
takes  up  by  virtue  of  the  earth's  motion,  the  successive  positions 

A'  a'.  A"  a" C  S' :  a  particle  of  light  which  follows 

the  line  S  C  in  space  will  descend  along  this  axis :  for  a  a'  is  to 
A  A'  and  a  a"  is  to  A  A",  as  a  C  is  to  A  C,  that  is,  as  the  velocity 
of  light  is  to  the  velocity  of  the  earth  ;  consequently,  when  the 
earth  is  at  A',  the  particle  of  light  is  on  the  axis  at  a',  and  when 
the  earth  is  at  A"  the  particle  of  light  is  on  the  axis  at  a",  and  so 
on  for  all  the  other  positions  of  the  axis,  until  the  earth  arrives 
at  C.  The  apparent  direction  of  the  star  S,  as  far,  at  least,  as  it 
depends  upon  the  cause  under  consideration,  will  therefore  be 
CS'. 

The  angle  S  C  S',  which  expresses  the  change  in  the  apparent 
place  of  a  star  S,  produced  by  the  motion  of  light  combined  with 
the  motion  of  the  spectator,  is  called  the  Aberration  of  the  star ; 
and  the  phenomenon  of  the  change  of  the  apparent  course  of  the 
light  coming  from  a  star,  thus  produced,  is  called  Aberration  of 
Light,  or  simply  AberrcUion, 

109.  If  through  the  point  a  (Fig.  23)  a  line  a  *'  be  drawn 
parallel  to  A  C,  and  terminating  in  C  S',  the  figure  Aas'  C  will 
be  a  parallelogram,  and  therefore  a  s'  will  be  equal  to  A  C. 
Hence  it  appears,  that  if  on  C  S  the  line  of  direction  of  a  star 
S,  a  line  G  a  be  laid  off,  representing  the  velocity  of  light,  and 
through  a  a  line  a  ^'  be  drawn,  having  the  same  direction  as  the 
earth's  motion,  and  equal  to  its  velocity,  the  line  joining  s'  and 
C  will  be  the  apparent  line  of  direction  of  the  star,  the  point  S' 
its  apparent  place  in  the  heavens,  and  the  angle  a  C  y  its  aber- 
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ntion.  We  conclude,  therefore,  that  by  virtue  of  aberration,  a 
star  is  seen  in  advance  of  its  true  place  in  the  plane  passing 
through  the  line  of  direction  of  the  star  and  the  line  of  the 
earth's  motion. 

110.  The  aberration  is  the  same  when  a  star  is  viewed  with 
the  naked  eye,  as  when  it  is  seen  through  a  telescope.  For,  let 
a  C  the  velocity  of  the  light,  be  decomposed  into  two  velocities, 
of  which  one  A  C  is  equal  and  parallel  to  the  velocity  of  the 
earth ;  the  other  will  be  represented  by  s*  C.  Now,  since  the 
velocity  A  C  is  equal  and  parallel  to  the  velocity  of  the  earth,  it 
will  produce  no  change  in  the  relative  position  of  a  particle  of 
light  and  the  eye,  and  therefore  the  relative  motion  of  the  light 
and  the  eye  will  be  the  same  that  it  would  be  if  the  earth  were 
stationary,  and  the  light  had  only  the  velocity  s'  C  ;  accordingly, 
the  light  entering  the  eye  just  as  it  would  do  if  it  actually  came 
in  the  direction  s'  C,  and  the  eye  were  at  rest,  C  s'  will  be  the 
apparent  direction  of  the  star  from  which  it  proceeds. 

111.  If  we  regard  the  observer  as  situated  upon  the  earth's 
siu&ce,  instead  of  being  at  its  centre,  the  aberration  resulting 
from  the  earth's  motion  of  revolution  will  be  still  the  same :  for, 
all  points  of  the  earth  advance  at  the  same  rate  and  in  the  same 
direction  with  the  centre.  The  motion  of  rotation  will  produce 
an  aberration  proper  to  itself,  but  it  is  so  small  that  there  is  no 
occasion  to  take  it  into  account. 

112.  Tojind  a  general  expression  for  the  aberration.  We 
have  by  Trigonometry  (Fig.  23), 

8inAaC:sinCAa::GA:Ca::  vel.  of  earth:  vel.  of  light; 
whence, 

sin  A  a  C  =  sin  C  A'a  — — ,  or  since  A  a  C  =S  C  S', 

C  a 

1  •    i^  A      vel.  of  earth  zt  w\ 

8maberr.=smC Aa — ; — ^,.  ^     .  .  .  (15). 

vel.  of  light        •  ^     ' 

When  C  A  a  is  90^,  the  aberration  has  its  maximum  value, 
and  this  has  been  found  by  observation  to  be  about  20"  (20".36)y 
^rtwuce,  -^  iv\»     vel.  of  earth  /^  /.x 

°^^°vel.o^light-  ••^^^^- 
mbfltitating,  and  taking  sin  B  C  a  for  sin  C  A  a,  to  which  it  is 
very  nearly  equal,  we  have, 

sinaberr. ssinBCa8in20"  .  .  .  (IT). 
7 
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We  may  conclude  from  this  equation  that  the  aberration  in- 
creases with  the  angle  B  C  a  made  by  the  direction  of  the  star 
with  the  direction  of  the  earth's  motion  ;  that  it  is  equal  to  zero, 
when  this  angle  is  zero,  and  has  its  maximum  value  of  20" 
(more  accurately  20".36)  when  this  angle  is  90°. 

113.  Let  us  now  inquire  into  the  entire  effect  of  aberration  in 
the  course  of  a  year.  Let  S  (Fig.  24)  be  the  sun  ;  E  the  earth ;  E 
fg  its  orbit  j  Z  T  V  that  orbit  extended  to  the  fixed  stars,  or  the 
ecliptic  (p.  11,  def.  17) ;  E  T  a  tangent  to  the  earth's  orbit  at  E ; 
O  the  place  of  S  among  the  fixed  stars  or  in  the  ecliptic,  as  seen 
from  the  earth  ;  s  a  fixed  star ;  *  V  T  the  arc  of  a  great  circle 
passing  through  s  and  T.  Then,  by  what  has  preceded  (Art. 
109),  the  earth  moving  in  the  direction  E/g",  the  apparent  place 
of  the  star  may  be  represented  by  5'  and  the  aberration  by  *  E  «'. 
Thus,  the  effect  of  aberration  at  any  one  time  is  to  displace  the 
star  by  a  small  amount,  directly  towards  the  point  T  of  the 
ecliptic,  which  is  90°  behind  the  sun.  As  the  earth  moves,  Ae 
position  of  the  point  T  will  vary  ;  and  in  the  course  of  a  year, 
while  the  earth  describes  its  entire  orbit  in  the  direction  E/^, 
this  point  will  move  in  the  same  direction  entirely  around  the 
ecliptic.  In  this  period  of  time,  therefore,  s  s'  the  small  arc  of 
aberration  will  revolve  entirely  around  s  the  true  position  of  the 
star ;  from  which  we  conclude,  that  in  consequence  of  aberra- 
tion a  star  appears  to  describe  a  closed  curve  in  the  heavens 
around  its  true  place. 

As  the  inclination  of  the  direction  of  the  star  to  the  direction 
of  the  earth's  motion  will  vary  during  a  revolution  of  the  earth, 
the  aberration  will  also  vary  during  this  period  (Art.  112),  and 
hence  the  curve  in  question  will  not  be  a  circle.  It  appears 
upon  investigation  that  it  is  an  ellipse,  having  the  true  place  of 
the  star  for  its  centre,  and  of  which  the  semi-major  axis  is  con- 
stant and  equal  to  20".36,  and  the  semi-minor  axis  variable  and 
expressed  by  20".36  sin  X  (x  denoting  the  latitude  of  the  star). 
Each  star,  then,  describes  an  ellipse  which  is  the  more  eccentric 
in  proportion  as  the  star  is  the  nearer  to  the  ecliptic ;  for,  the  ex- 
pression for  the  minor  axis  shows,  that  the  smaller  the  lati- 
tude the  less  will  be  this  axis.  For  a  star  situated  in  the  eclip- 
tic, the  minor  axis  will  be  zero,  and  the  ellipse  will  be  reduced 
to  a  right  line.    For  a  star  in  the  pole  of  the  ecliptic,  the 
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minor  axis  is  equal  to  the  nugor,  and  the  ellipse  therefore  be- 
comes a  circle. 

114.  Since  aberration  causes  the  apparent  place  of  a  star  to 
iiSer  slightly  from  its  true  place,  the  true  and  apparent  co-ordi- 
nates will,  in  consequence,  differ  somewhat  from  each  other. 
The  effects  of  the  aberration  of  light  upon  the  apparent  right 
ascension  and  declination  of  a  star,  are  called,  respectively,  the 
Aberration  in  Right  Ascension,  and  the  Aberration  in  Declina- 
tion, In  like  manner  its  effects  upon  the  longitude  and  latitude 
are  called  the  Aberration  in  Longitudey  and  the  Aberration  in 
Latitude.  Formulae,  for  computing  these  corrections  to  be  ap- 
plied to  the  apparent  co-ordinates  to  obtain  the  true,  or  the  re- 
verse, are  investigated  in  the  Appendix.* 

115.  Since  the  motion  of  the  earth  is  at  all  times  in  a  direc* 
tion  perpendicular,  of  nearly  so,  to  the  line  followed  by  the  light 
which  comes  from  the  sun  to  the  earth,  the  aberration  of  the 
sun,  which  takes  place  only  in  longitude,  is  continually  equal 
to  20".36,  (Art.  112.)  Thus,  the  sun's  apparent  place  is  al- 
ways about  20".36  behind  its  true  place. 

116.  For  a  planet,  the  aberration  is  different  from  what  it  is 
for  a  fixed  star.  As  a  planet  changes  its  place  during  the  time 
that  the  light  is  passing  from  it  to  the  earth,  it  would,  if  the 
earth  were  stationary,  appear  to  be  as  far  behind  its  true  place 
as  it  has  moved  during  this  interval.  This  aberration  due  to 
the  motion  of  the  planet,  combined  with  that  due  to  the  earth's 
motion,  will  give  the  real  aberration  of  the  planet. 

117.  For  the  moon,  the  aberration  occasioned  by  its  motion 
around  the  earth  is  very  small.  The  earth's  motion  produces 
no  lunar  aberration,  for  the  reason  that  the  moon,  and  conse^ 
quently  the  light  emitted  from  it,  partakes  of  this  motion. 

118.  If  the  apparent  places  of  a  star,  found  at  various  times, 
be  corrected  for  aberration,  the  same  result  for  the  true  place  of 
the  star  is  obtained.  Again,  the  deductions  of  Art  113  agree 
in  every  particular  with  the  observed  phenomena  of  the  appa- 
rent displacement  of  the  stars  first  discovered  by  Dr.  Bradley. 
These  fiicts  show  that  the  aberration  of  light  is  the  true  cause 


*  Far  tbe  practical  method  of  detonnining  and  applying  theae  eorreotiona,  aee 
Proba.  XIX,  XXI,  XXII,  XXUI. 
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of  these  phenomena,  and  consequently  at  the  same  time  estab- 
lish the  fact  of  the  earth's  orbitual  motion,  as  well  as  that  of 
the  progressive  motion  of  light. 

119.  It  may  be  worth  while  to  state,  that  the  first  discovery 
of  the  progressive  motion  of  light  preceded  the  detection  and 
explanation  by  Bradley  of  the  phenomena  of  aberration.  The 
discovery  was  made  by  Roemer,  a  Danish  astronomer,  in  the 
yecur  1667,  from  a  comparison  of  observations  upon  the  eclipses 
of  Jupiter's  satellites. 

120.  As  to  the  actual  velocity  of  light,  we  have  by  equation 
(16)  vel.  of  earth  :  vel.  of  light : :  sin  20"  :  1  : :  1  :  10314.  As 
determined  from  observations  upon  Jupiter's  satellites,  it  is 
very  nearly  the  same.  The  time  employed  by  light  in  coming 
fromtlie  sun  to  the  earth  is  Sm.  13s. 

Precession  and  Nutation, 

121.  In  the  investigations  that  follow,  we  shall  take  it  for 
granted  that  it  is  possible  to  find  the  obliquity  of  the  ecliptic 
and  the  place  of  the  equinox.  Methods  of  determining  them 
will  be  given,  when  we  come  to  treat  of  the  apparent  motion  of 
the  sun. 

122.  By  comparing  the  longitudes  and  latitudes  of  the  same 
fixed  stars,  obtained  at  different  periods  (Art.  60),  it  is  found  that 
their  latitudes  continue  very  nearly  the  same,  but  that  all  their 
longitudes  increase  at  the  mean  rate  of  about  50"  per  year.  The 
longitude  of  a  star  being  the  arc  of  the  ecliptic,  intercepted  in 
the  order  of  the  signs  between  the  vernal  equinox  and  a  circle 
of  latitude  passing  through  the  star  (p.  13,  def  30),  it  follows  firom 
the  last  mentioned  circumstance,  that  the  vernal  equinox  must 
have  a  motion  along  the  ecliptic  in  a  direction  contrary  to  the 
order  of  the  signs,  amounting  to  about  60"  in  a  year.  As  it 
has  been  found  that  the  autumnal  equinox  is  always  at  the  dis- 
tance of  180^  firom  the  vernal,  it  must  have  the  same  motion. 
This  retrograde  motion  of  the  equinoctial  points,  is  called  the 
Precession  of  the  Equinoxes, 

123.  As  the  latitude  of  a  star  is  its  distance  firom  the  ecliptic 
(p.  13,  def  31),  it  follows  from  the  circumstance  of  the  latitudes 
of  all  the  stars  continuing  very  nearly  the  same,  that  the  ecliptic 
remains  fixed,  or  very  nearly  so,  with  respect  to  the  situations 
of  the  fixed  stars. 
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1534,  The  ecliptic  being  stationaiy,  it  is  plain  that  the  preces- 
sion of  the  equinoxes  must  result  from  a  continual  slow  motion 
of  the  equator  in  one  direction.  It  appears  from  observation, 
that  the  obliquity  of  the  ecliptic,  or  the  inclination  of  the  equa^ 
tor  to  the  ecliptic,  remains,  in  the  course  of  this  motion,  very 
nearly  the  same. 

125.  Since  the  equator  is  in  motion,  its  pole  must  change  its 
place  in  the  heavens.    Let  V  L  A  (Fig.  25)  represent  the  eclip- 
tic, K  its  pole,  which  is  stationary,  P  the  position  of  the  north 
pole  of  the  equator  or  of  the  heavens  at  any  given  time,  and 
7  E  A  the  corresponding  position  of  the  line  of  the  equinoxes  : 
K  P  L  represents  the  circle  of  latitude  passing  through  P,  or  the 
solstitial  colure.     Now,  the  point  V  being  at  the  same  time  in 
the  ecliptic  and  equator,  is  9(P  distant  from  the  two  points 
K  and  P  the  poles  of  these  circles ;  therefore,  it  is  the  pole  of  the 
circle  K  P  L  passing  through  these  points,  and  hence  V  L  =  90^. 
It  follows  from  this,  that  when  the  vernal  equinox  has  retro- 
graded to  any  point  V,  the  pole  of  the  equator,  originally  at  P, 
▼ill  be  found  in  the  circle  of  latitude  K  P'  L'  for  which  V  L' 
equals  90° :  it  will  also  be  at  the  distance  K  F  from  the  pole  of 
the  ecliptic  equal  to  K  P.    Whence  it  appears,  that  the  pole  of 
the  equator  has  a  retrograde  motion  in  a  small  circle  about  the 
pole  of  the  ecliptic,  and  at  a  distance  from  it  equal  to  the  obli- 
quity of  the  ecliptic.    As  the  motion  of  the  equator  which  pro- 
duces the  precession  of  the  equinoxes,  is  uniform,  the  motion  of 
the  pole  must  be  uniform  also  ;  and  as  the  pole  will  accomplish 
a  revolution  in  the  same  time  with  the  equinox,  its  rate  of 
nkotion  must  be  the  same  as  that  of  the  equinox,  that  is, 
50"  of  its  circle  in  a  year.    The  period  of  the  revolution  of 
the  equinox  and  of  the  pole  of  the  equator  is  25920  years 
/    360o\ 

y~  wr 

126.  The  ecliptic,  although  very  nearly  stationary,  as  stated 
b  Art  123,  is  not  strictly  so.  By  comparing  the  values  of  the 
obliquity  of  the  ecliptic,  found  at  distant  periods,  it  is  ascertained 
that  it  is  subject  to  a  gradual  diminution  from  century  to  century. 
A.  comparison  of  the  results  of  observations  made  by  Flamstead 
in  1690,  and  by  Dr.  Maskelyne  in  1769,  gives  for  the  mean 
secular  diminution  50",  and  for  the  mean  annual  diminution 
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0".60.     A  more  accurate  determination  of  the  mean  annual 
diminution  is  0".46. 

It  appears  from  observation,  that  there  are  minute  secular 
changes  in  the  latitudes  of  the  stars,  which  establish  that  the 
diminution  of  the  obliquity  of  the  ecliptic  arises  from  a  slow  dis- 
placement of  the  plane  of  the  ecliptic  (or  of  the  earth's  orbit)  in 
space. 

127.  If  the  ecliptic  slowly  changes  its  position  in  the 
heavens,  its  pole  must  likewise  ;  and  since  the  obliquity  of  the 
ecliptic  is  continually  diminishing,  its  pole  must  be  gradually 
approaching  the  pole  of  the  equator. 

128.  The  motion  of  the  ecliptic  alters  somewhat  the  precession 
of  the  equinoxes,  making  it  a  little  less  than  it  would  be,  if  the 
equator  only  was  in  motion :  for,  let  E  L  (Fig.  26)  represent  the 
position  of  the  ecliptic,  and  Y  Q,  that  of  the  equator,  at  any 
assumed  date,  and  E  L',  V  Q,'  the  positions  of  the  same  circles 
at  some  later  date ;  the  obliquity  L'  Y"  Q,'  at  the  second  epoch 
being  less  than  that  (L  Y  Q,)  at  the  first  epoch  :  also  let  v  be 
the  physical  point  of  the  moveable  ecliptic,  which  at  the  first 
epoch  coincided  with  the  point  Y.  If  the  ecliptic  remained  sta- 
tionary in  the  position  E  L,  the  precession  during  the  interval  of 
the  epochs  would  be  V  Y'.  But,  by  reason  of  its  motion,  the 
actual  precession  is  v  Y",  and  it  is  obvious  from  an  inspection 
of  the  figure,  (the  angle  Y  Y'  Q,'  being  an  acute  angle,)  that  this 
is  less  than  Y  Y'  the  precession  on  the  fixed  ecliptic.  We  leam 
by  the  aid  of  Physical  Astronomy,  that  the  amount  of  annual 
precession  would,  if  the  ecliptic  were  fixed,  be  50".35.  As  we 
have  already  seen,  the  actual  precession  on  the  moveable  ecliptic 
is  50"  (more  accurately,  50".23). 

129.  The  motion  of  the  equator  which  produces  the  preces* 
sion  of  the  equinoxes,  must  also  produce  changes  in  the  ri^rht 
ascensions  and  declinations  of  the  stars.  These  changes  will 
be  different,  according  to  the  situations  of  the  stars  with  respect 
to  the  equator  and  equinoctial  points. 

130.  It  remains  for  us  now  to  take  notice  of  a  minute  ine- 
quality  in  the  motion  of  the  equator  and  its  pole,  which  we  have 
thus  far  overlooked.  Dr.  Bradley,  in  observing  the  polar  dis- 
tance of  a  certain  star,  with  the  view  of  verifying  his  theory  of 
aberration,  discovered  that  the  observed  polar  distance  did  not 
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f^iee  with  the  apparent  polar  distance,  as  computed  from  the 
results  of  previous  observation,  by  allowing  for  precession,  aber- 
ration, and  refraction ;  and  hence  inferred  the  existence  of  a  new 
cause  of  variation  in  the  co-ordinates  of  a  star.  On  continuing 
his  observations,  he  found  that  the  polar  distance  alternately 
increased  and  diminished,  and  that  it  returned  to  the  same  value 
in  about  19  years.  These  phenomena  led  him  to  suppose  that 
the  pole,  instead  of  moving  uniformly  in  a  circle  around  the  pole 
of  the  ecliptic,  revolved  around  a  point  conceived  to  move  in  this 
manner. 

If  the  pole  has  such  a  motion,  it  is  plain  that  (allowing  the 
bet  of  the  earth's  rotation)  it  must  result  from  a  vibratory  mo- 
tion of  the  earth's  axis.  To  this  supposed  vibration  of  the  axis 
of  the  earth,  and  consequently  of  that  of  the  heavens,  Dr.  Brad- 
ley gave  the  name  of  NtUation.  The  term  Nutation  is  also  ap- 
plied to  the  changes  of  the  co-ordinates  of  a  star's  place,  which 
are.  produced  by  the  nutation  of  the  earth's  axis.  The  point 
about  which  the  pole  was  conceived  to  revolve,  is  the  mean  po- 
sition of  the  pole,  or  the  Mean  Pole. 

Dr.  Bradley  discovered,  from  his  observations,  that  the  curve 
described  by  the  pole  must  be  an  ellipse,  having  its  major  axis 
in  the  solstitial  colure ;  and  estimated  the  value  of  the  major 
axis  at  about  18",  and  that  of  the  minor  axis  at  about  16".  He 
also  discovered  that  a  connection  existed  between  the  position  of 
the  pole  in  its  ellipse,  and  the  position  of  the  moon  at  the  time  its 
latitude  was  zero  (Art  60),  and  changing  from  south  to  north, 
or  of  the  point  in  which  the  moon  crossed  the  plane  of  the  eclip- 
tic, in  passing  from  the  south  to  the  north  side  of  it,  called  the 
ascending  node  of  thd  moon's  orbit ;  for,  he  found  that  the  pole 
tetn^raded  in  like  manner  with  the  node  ;  that  it  completed  its 
rerolution  in  the  same  time,  namely,  in  about  19  years ;  and 
that  its  position  was  determinable  from  the  place  of  the  node 
by  a  geometrical  construction.  Let  P  (Fig.  27)  represent  the 
mean  pole,  and  p  the  true  pole  \  pf  g  represents  the  ellipse 
described  by  the  true  pole  around  P  as  a  centre  ;  g  ^,  lying  in 
the  solstitial  colure  K  P  L,  being  its  major  axis,  and  ff  its 
minor  axis.  It  is  to  be  observed,  that  the  pole  P  is  not  station- 
ary, but  revolves  in  the  circle  N  P  F,  carrying  with  it  the  el- 
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This  theory  of  a  nutation  of  the  earth's  axis  has  been  com- 
pletely verified  by  subsequent  observations,  and  Physical  Astio- 
nomy  has  revealed  the  cause  of  the  phenomenon. 

131.  As  the  equator  must  move  with  the  axis  of  the  earth  or 
heavens,  nutation  will  change  the  position  of  the  equinox  and 
the  obliquity  of  the  ecliptic.  It  is  plain  that  its  effect  upon  the 
position  of  the  equinox  will  be  to  make  it  oscillate  periodically, 
and  by  equal  degrees,  from  one  side  to  the  other  of  the  position 
which  corresponds  to  the  mean  pole ;  and  that  its  effect  upon 
the  obliquity  of  the  ecliptic,  will  be  to  make  it  alternately 
greater  and  less  than  the  obliquity  corresponding  to  the  mean 
pole.  The  position  of  the  equinox  which  corresponds  to  the 
mean  pole,  is  called  the  Mean  Equinox.  The  obliquity  corres- 
ponding to  the  mean  pole,  is  termed  the  Mean  Obliquity. 
Mean  Eqtcator  has  a  like  signification.  The  real  equinox  and 
the  real  equator  are  called,  respectively,  the  True  Equinox  and 
the  True  Equator.  The  actual  obliquity  of  the  ecliptic  is 
termed  the  Apparent  Obliquity.  Right  ascension  and  de- 
clination, as  estimated  from  the  true  equator  and  true  equinox, 
are  called,  respectively,  True  Right  Ascension^  and  True  De- 
clination ;  and  longitude,  as  reckoned  firom  the  true  equinox,  is 
called  True  Longitude.  Right  ascension,  declination,  and 
longitude,  reckoned  from  the  mean  equinox  and  mean  equator, 
are  called,  respectively,  Mean  Right  Ascension^  Mean  Dedina- 
tion,  and  Mean  Longitude.  The  true  and  mean  co-ordinates 
differ  by  reason  of  nutation.  The  effect  of  nutation  upon  the 
right  ascension  is  called  the  Nutation  in  Right  Ascension; 
upon  the  declination.  Nutation  in  Declination  ;  and  upon  the 
longitude.  Nutation  in  Longitude.  Its  effect  upon  the  obliquity 
of  the  ecliptic  is  called  Nutation  of  Obliquity.  The  distance  of 
the  t];ue  from  the  mean  equinox  in  longitude,  which  is  the  same 
as  the  nutation  in  longitude,  is  sometimes  termed  the  Equation 
of  the  Equinoxes  in  Longitude;  and  the  distance,  in  right 
ascension,  the  Equation  of  the  Equinoxes  in  Right  Ascension. 
The  precession  of  the  mean  equinox  is  equal  to  the  Mean  Pre- 
cession of  the  true  equinox,  which  is  60".2. 

132.  Formulae,  for  computing  the  nutation  in  right  ascension, 
declination,  ice.  at  any  given  time,  are  investigated  in  the  Ap- 
pendix.   These  formules  cannot  be  used  without  a  knowledge  of 
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the  moon's  motions.  In  practice,  the  nutations  in  right  ascen- 
sion, &c.  are  found  by  the  aid  of  tables.  (See  Probs.  XX,  XXIII.) 
If  these  be  applied  to  the  true  co-ordinates,  the  results  will  be 
the  mean  co-ordinates.  If  the  mean  co-ordinates  be  known,  the 
same  corrections  will  furnish  the  true. 

133.  Physical  Astronomy  has  made  known  the  existence  of 
another  nutation  of  the  earth's  axis,  too  small  to  be  detected  by 
observation.  It  is  called  Solcar  Nutation.  The  nutation  disco- 
vered by  Dr.  Bradley  is  frequently  called  Ltinar  Nutation, 

To  reduce  the  co-^jrdinates  of  a  star  from  one  epoch  to  another, 

134.  This  problem  is  resolved  by  first  converting  the  true  co- 
ordinates into  the  mean,  then  transferring  the  mean  co-ordinates 
from  the  one  epoch  to  the  other,  and  finally  converting  the  re- 
duced mean  co-ordinates  into  the  true.  The  mode  of  performing 
the  first  and  last  mentioned  operations  has  already  been  consi- 
dered (Art.  132).  It  remains  now  for  us  to  show  how  to  reduce 
mean  Cfhordinates  from  one  epoch  to  another, 

135.  1.  When  the  interval  of  time  between  the  epochs  compri- 
ses but  a  few  years.  In  this  case  the  changes  from  precession,  of 
the  mean  right  ascension  and  declination  in  the  course  of  a  year, 
called  the  Annued  Variation  in  right  ascension,  and  the  Anntud 
Variation  in  declination^  are  determined,  then  multiplied  by  the 
number  of  years  in  the  interval,  and  applied  as  corrections  to  the 
given  right  ascension  and  declination. 

For  this  puipose  formulae  have  been  investigated,  in  which 
the  annual  variations  in  right  ascension  and  declination  are  ex- 
pressed in  terms  of  the  right  ascension  and  declination  of  the 
star,  and  the  obliquity  of  the  ecliptic.  Let  V  L  A  (Fig.  28)  be 
the  ecliptic,  K  its  pole,  P  P'  P"  the  circle  described  by  the 
mean  pole,  P  the  mean  pole  and  V  Q,  A  the  mean  equator  at 
any  given  time,  P  the  mean  pole  and  Y'  Q,'  A'  the  mean 
equator  a  year  afterwards,  and  s  a  star.  Draw  P  r  perpendicular 
to  the  declination  circle  V  s  a.    We  have, 

an.  var.  in  dec.  ^s  al  —  s  a  =  V  s  —  P'*  =  Pr; 
bat  since  P  P  r  may  be  considered  as  a  right  angled  plane  triangle, 
Pr  =  PPco8PPr  =  PPsinaPa  .  .  .  (18). 

Begaiding  K  P  P'  as  a  right  angled  isoceles  triangle,  we 
obtain, 

8inKPPorl:ainKP::sinPKP:sinPP; 
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whence, 

sinPF  =  sinP  K  F  sinKF,  or  P  F  =PK  F  sin  KF 

(nearly) ...  (19) ; 
substituting  in  equation  (18),  there  results, 

P  r  =  P  K  P'  sin  K  P'  sin  Q  P  a. 
P  K  P'  =  50".2  (Art.  125) ;  K  P'  .=  obliquity  of  the  ecliptic  =  w  ; 
Q,Pa  =  VQ,—  Va  =  90°  —  R(R  designating  the  right  ascen- 
sion of  the  star  s).     Thus,  finally, 

an.  var.  in  dec.  =  50".2  sin  u  cos  R  •  .  .  (20). 
Next,  we  have, 
an.var.inr.asc.=V'a'  — Va  =  V'a'— m6  =  V'm  +  6a'..(21), 
but,  V  m  =  V  V  cos  V  V  m  =  50".2  cos  « ; 

and  since  the  right  angled  triangles  aV  r  and  ^  6  a'  are  similar, 

sin ^  r  or  sin  ^ P'  (nearly)  :  sin  P'  r  :  :  so!  :  sin  6  a' ; 
whence, 

t     I       •    T>f     sin  s  a'       i    ,     m     sin  s  a'  /      _%  \ 
sm  6  a'  =  sin  F  r   .    ^    ,  or  6  a'  =  P'  r  ___— (nearly). 

sm  P'  8  sin  P'  * 

The  triangle  P  F  r  gives  Fr  =  P  F  sin  F  Pr  =  P  Fcos  a  P  a 
=  PKF  sin  K  F  cosQ  P  a  (equa.  19) ;  and  sin  F  «  =  cos  «  a'. 
Substituting,  we  obtain 

6a'^PKFsinKFcosaPa.?i5Li^=PKFsinKFcos 

cos^a' 

0,1?  a  tang  s  a'. 

Replacing  P  K  P',  K  P',  and  Q,  P  a  by  their  values,  as  above,  and 

taking  the  declination  ^  a  for  ^  a!  and  denoting  it  by  D^  there 

results, 

ba'  =  50".2  sin  u  sin  R  tang  D. 

Now,  substituting  in  equation  (21)  the  values  of  V  m  and  b  a', 

we  have, 

an.  var.  in  r.  asc.  =  50".2  cos  u  +  60".2  sin  u  sin  R  tang  D  . .  (22). 

The  results  of  formulae  (20, 22)  are  to  be  used  with  their  alge- 
braic signs,  if  the  reduction  is  from  an  earlier  to  a  later  epoch, 
otherwise  with  the  contrary  signs.  The  declination  is  always 
to  be  considered  positive^  if  North,  and  negative,  if  Smith. 

V  m  =  50".2  cos  w  =  50".2  cos  23°  28'  =  46".0 
is  the  annual  retrograde  motion  of  the  equinoctial  points  along 
the  equator. 

136.  2.  When  the  interval  of  the  epochs  is  of  considerable  or 
great  length.   If  the  epochs  are  separated  by  an  interval  of  moie 
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than  10  or  12  years,  the  foregoing  process  will  not  answer :  for 
in  a  period  often  years  the  annual  variations  will  have  sensibly 
altered.*  In  this  case  we  may  proceed  as  follows  :  Convert  the 
right  ascension  and  declination  into  longitude  and  latitude,  add 
to  the  longitude  (or  if  the  reduction  be  to  an  earlier  epoch,  sub- 
tract firom  it)  the  precession  in  longitude,  which  will  be  the 
product  of  50".23  by  the  interval  of  the  epochs,  expressed  in 
years  and  parts  of  a  year,  and  then  with  the  longitude  thus 
obtained,  and  the  latitude,  calculate  the  right  ascension  and  decli- 
nation, using  the  mean  obliquity  of  the  ecliptic. 

When  the  period  is  of  great  length,  or  very  great  precision  is 
desired,  the  precession  on  the  fixed  ecliptic  should  be  used,  which 
is  50".35  per  year  (Art  128) ;  and  the  right  ascension  should  be 
corrected  for  the  change  of  the  position  of  the  equinox  on  the 
equator,  produced  by  the  motion  of  the  ecliptic ;  which  correc- 
tion is  —  (y'.13  (per  year)  for  later  epochs. 
Remarks  an  the  Corrections. —  Verification  of  the  Hypothesis  that 

the  Diurnal  Motion  of  the  Stars  is  Uniform  and  Circular. 

137.  It  appears  from  what  we  have  stated  on  the  subject  of  the 
CJorrections :  1.  That  Refraction  varies  during  the  day  with  the 
altitude  of  the  body,  and  changes  for  all  altitudes  with  the  state 
of  the  atmosphere ;  2.  That  Parallax  variss,  like  the  Refraction, 
with  the  altitude  of  the  body,  and  changes  from  one  day  to 
another  with  its  distance ;  3.  That  Aberration  remains  sensibly 
the  same  for  two  or  three  days,  and  depends  for  its  absolute  value 
on  the  time  of  the  year ;  4.  That  Precession  and  Nutation  do  not 
perceptibly  alter  the  co-ordinates  of  a  star,  unless  it  be  a  circum- 
polar  star,  under  several  days,  and  that  the  former  increases 
uniformly  with  the  time,  while  the  latter  varies  periodically,  its 
effects  entirely  disappearing  in  about  19  years  ;  and  5.  That  the 
absolute  value  of  the  Nutation  depends  entirely  upon  the  longi- 
tude of  the  moon's  ascending  node. 

138.  In  the  determination  of  the  amount  and  laws  of  the  cor- 
rections, it  was  taken  for  granted  by  astronomers,  that  the  diurnal 


*  It  is  to  be  andentood  that  we  are  here  givingr  methoda  of  obtaining  very 
•ceonte  reealta.  The  process  joat  explained,  ezeept  for  stars  near  the  pole,  wiU 
fmSA  results  safficienUy  accurate  for  most  purposes,  eyen  when  the  interval 
conpriMiSO  years  of  more. 
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motion  of  the  stars  was  uniform  and  circular.  This  h]rpothesis 
may  be  verified  in  the  following  manner :  Let  the  zenith  dis- 
tance and  azimuth  of  the  same  star  be  measured  at  various  times 
during  a  revolution,  and  corrected  for  refraction  (the  other  correc- 
tions being  insensible,  Art.  137)^  Then,  if  the  latitude  of  the 
place  be  knovm  (Art.  69),  in  the  triangle  Z  P  S  (Fig.  13)  we 
shall  have  Z  P  the  co-latitude,  Z  S  the  zenith  distance  of  the 
star,  and  P  Z  S  its  azimuth,  whence  we  may  compute  PS.  If 
this  calculation  be  made  for  the  time  of  each  observation,  it  will 
be  found  that  the  same  value  for  P  S  is  obtained  in  every  instance ; 
which  proves  the  diurnal  motion  to  be  circular.  Again,  let  the 
angle  Z  P  S  be  computed  for  the  time  of  each  observation,  with 
the  same  data,  and  it  will  be  found  that  it  varies  proportionaUy  to 
the  time ;  which  establishes  that  the  diurnal  motion  is  also  uni- 
form, or,  at  least,  sensibly  so  during  one  revolution. 

139.  When  the  transits  of  a  circumpolar  star  are  observed  at  in- 
tervals of  several  days,  and  allowance  is  made  for  the  error  of  the 
rate  of  the  clock,  as  determined  from  observations  upon  stars  in 
the  vicinity  of  the  equator,  and  for  the  aberration  in  right  ascen- 
sion, it  is  found  that  the  times  of  the  transits  differ  slightly  horn 
each  other ;  from  which  it  appears,  that  the  diurnal  motion  of  the 
stars  is  not  strictly  uniform.  When,  however,  allowance  is  made 
for  the  precession  and  nutation  in  right  ascension,  this  difference 
disappears.  We  may  hence  conclude  that  the  motion  of  rotation 
of  the  earth  is  uniform,  and  that  the  motions  of  the  earth  and  of  its 
axis,  which  produce  the  phenomena  of  precession  and  nutation, 
alter  the  times  of  the  transits  of  the  stars,  thereby  making  the  pe- 
riod of  the  apparent  revolution  of  a  star  to  differ  slightly  from  the 
period  of  the  earth's  rotation. 

It  may  be  observed,  that  the  greatest  difference  obtains  in  the 
case  of  the  pole  star,  and  is  half  a  second. 
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CHAPTER    V. 

OP   THE    earth; — ITS   FIGURE   AND   DIMENSIONS'. — LATI- 
TUDE  AND   LONGITUDE   OF   A    PLACE. 

140.  Although  it  is  in  general  sufGicieDt  for  astronomical  pur- 
poses, to  r^;ard  the  earth  as  a  sphere,  still  it  is  necessary  in  some 
cases  of  astronomical  observation  and  computation,  when  accu- 
rate results  are  desired,  to  take  notice  of  its  deviation  firom  the 
spherical  form.  No  account  need,  however,  be  taken  of  the 
irregularities  of  its  surface,  occasioned  by  mountains  and  valleys, 
as  they  are  exceedingly  minute  when  compared  with  the  whole 
extent  of  the  earth.  It  is  to  be  understood,  then,  that  by  the  figure 
of  the  earth  is  meant  the  general  form  of  its  surface,  supposing  it 
to  be  smooth,  or  that  the  surface  of  the  land  corresponded  with 
that  of  the  se& 

141.  The  figure  of  the  earth  is  ascertained  from  an  examina- 
tion of  the  form  of  the  terrestrial  meridians. 

A  Degree  of  a  terrestrial  meridian  is  an  arc  of  it  corresponding 
to  an  inclination  of  1°  of  the  verticals  at  the  extremities  of  the  arc. 
It  is  also  called  a  Degree  of  LcUitvde, 

142.  The  length  of  a  degree  at  any  place  will  serve  as  a  mea- 
sure of  the  curvature  of  the  meridian  at  that  place ;  for  it  is  ob- 
vious from  considerations  already  presented  (Art.  2),  that  the 
earth,  if  not  strictly  spherical,  must  be  nearly  so,  and  therefore 
that  a  degree  a  b  (Fig.  29)  may,  with  but  little,  if  any  error,  be 
considered  as  an  arc  of  1°  of  a  circle,  which  has  its  centre  at  C 
the  point  of  intersection  of  the  verticals  C  a,  C  6  at  the  extremities 
of  the  arc.  The  curvature  will  then  decrease  in  the  same  propor- 
tion as  the  radius  of  this  circle  increases,  and  therefore  in  the 
same  proportion  as  the  length  of  a  degree  increases.  Wherefore, 
the  form  of  a  meridian  may  be  determined  by  measuring  the 
length  of  a  degree  at  various  latitudes. 

143.  To  determine  the  length  of  a  degree  of  a  terrestrial 
fnericlian.    To  accomplish  this,  we  have, 

1.  To  run  a  meridian  line;  an  operation  which  is  performed  in 
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the  following  manner :  An  altitude  and  azimuth  instroment  (or 
some  otlier  instrument  adapted  to  meridian  observations)  is  first 
placed  at  the  point  of  departure,  and  accurately  adjusted  to  the 
meridian.  A  new  station  is  then  established  by  sighting  forward 
with  the  telescope.  To  this  station  the  instrument  is  removed, 
and  is  there  adjusted  to  the  meridian  by  sighting  back  to  the  first 
station.  A  third  station  is  then  established  by  sighting  forward 
with  the  telescope  as  before,  to  which  the  instrument  is  removed. 
By  thus  continually  establishing  new  stations,  and  canying  the 
instrument  forward,  the  meridian  line  may  be  marked  out  for  any 
required  distance.  The  meridian  adjustments  may  be  corrected 
firom  time  to  time  by  astronomical  observations  (Arts.  45,  62). 

2.  To  find  the  length  of  the  arc  passed  over.  When  the  ground 
is  level,  the  length  of  the  arc  may  be  directly  measured.  In  case 
the  nature  of  the  ground  is  such  as  not  to  allow  of  a  direct 
measurement,  it  may  be  calculated  with  equal  precision,  by  means 
of  a  base  line,  and  a  chain  of  triangles  the  angles  of  which  are 
measured. 

3.  To  find  the  biclination  of  the  verticals  at  the  extreme  sta- 
tions. This  angle  may  be  obtained  by  measuring  the  meridian 
zenith  distances  of  the  same  fixed  star  at  the  two  stations,  correct- 
ing them  for  refraction  if  they  are  observed  about  the  same  time; 
and  for  refraction,  aberration,  precession,  and  nutation,  if  they  are 
observed  at  different  times,  and  taking  their  difference.  For,  let 
O,  O'  (Fig.  29)  be  the  two  stations  in  question,  Z,  Z'  their  zeniths, 
and  O  S,  O'  S  the  directions  of  a  fixed  star,  and  we  shall  have, 

OcO'  =  ZOI  — OIc=ZOS  — Z'IS  =  ZOS  — Z'O'S; 
that  is,  the  angle  comprised  between  the  verticals  equal  to  the 
difference  of  the  meridian  zenith  distances  of  the  same  star. 

4.  The  length  of  an  arc  of  the  meridian,  either  somewhat 
greater  or  less  than  a  degree,  having  been  found  by  the  fore- 
going operations,  thence  to  compute  the  length  of  a  degree. 
Let  N  denote  the  number  of  degrees  and  parts  of  a  degree  in  the 
measured  arc,  A  its  length,  and  x  the  length  of  a  d^ree.  Then, 
allowing  that  the  earth  for  an  extent  of  several  degrees  does  not 
difler  sensibly  from  a  sphere,  we  may  state  the  proportion, 

N:A::P:r,whence3r  =  ll^A  .  .  .  (23). 
144.  D^rrees  have  been  measured  with  the  greatest  possible 
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care,  at  vadous  latitudes  and  on  various  meridians.  Upon  a 
comparison  of  the  measured  degrees,  it  appears  that  the  length  of 
a  degree  increctses  as  we  proceed  from  the  equator  towards  either 
pole.  It  follows,  therefore,  (Art.  132,)  that  the  curvature  of  a 
meridian  is  greatest  at  the  equator,  and  diminishes  as  we  go 
towards  the  poles ;  and,  consequently,  that  the  earth  is  flattened 
at  the  poles. 

145.  The  fact  of  the  decrease  of  the  curvature  of  a  terrestrial 
meridian  from  the  equator  to  the  poles,  leads  to  the  supposition 
that  it  is  aneUipse,  having  its  major  axis  in  the  plane  of  the  equa- 
tor, and  its  minor  axis  coincident  with  the  axis  of  the  earth. 
Analytical  investigations,  founded  on  the  lengths  of  a  degree  in 
different  latitudes  and  on  dijSerent  meridians,  prove  that  a  meri- 
dian is,  in  fact,  very  nearly  an  ellipse,  and  that  the  earth  has  very 
nearly  the  form  of  an  oblate  spheroid.  The  same  investigations 
also  make  known  the  dimensions  of  the  earth.  The  amount  of 
the  oblateness  at  the  poles  is  measured  by  the  ratio  of  the  diifer- 
ence  of  the  equatorial  and  polar  diameters  to  the  equatorial 
diameter,  which  is  technically  termed  the  Oblateness. 

146.  The  form  of  the  earth  has  also  been  determined  by  other 
methods,  which  cannot  here  be  explained.    All  the  results,  taken 

together,  indicate  an  oblateness  of  — -^. 

The  following  are  the  dimensions  of  the  earth  in  miles  : 

Radius  at  the  equator 3962.6  miles. 

Radius  at  the  pole 3949.6      << 

DiflFerence  of  equatorial  and  polar  radii        13.0      " 
Mean  radius,  or  at  45°  latitude, .    .    .    3956.1      " 

Mean  length  of  a  degree 69.05     " 

The  fourth  part  of  a  meridian    .    .     .     6214.2      " 

147.  Owing  to  the  elliptical  formof  a  terrestrial  meridian,  the 
radius  and  vertical  at  a  place  do  not  coincide.  Let  E  N  (1 S  (Fig. 
30)  represent  a  terrestrial  meridian.  For  any  point  O  situated 
on  this  meridian,  C  O  will  be  the  radius,  and  the  normal  line 
Z  O  N  the  vertical.  The  position  of  the  vertical  will  always  be 
such,  that  the  apparent  zenith  Z  will  lie  between  the  true 
zenith  z  and  the  elevated  pole  P.  The  inclination  of  the  radius  to 
the  vertical,  or  the  angle  CON,  called  the  reduction  of  latitude, 
is  greatest  at  the  latitude  46^,  and  is  there  equal  to  about  11^'. 
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148.  The  oblateness  of  the  earth  occasions  some  slight  modifi- 
cations in  the  effects  of  parallax,  which  are  in  some  instances  to  be 
taken  into  account  in  computing  the  apparent  azimuth  and  zenith 
distance  of  a  body,  from  the  known  co-ordinates  of  its  true  place. 
(These  are  investigated  in  the  Appendix.) 

Determination  of  the  Latitude  and  Longitude  of  a  Place. 

149.  The  latitude  and  longitude  of  a  place  ascertain  its  situa- 
tion upon  the  earth's  surface,  and  are  essential  elements  in  many 
astronomical  investigations. 

150.  To  find  the  latitude  of  a  place. 

1.  By  the  zenith  distances  or  altitudes  of  a  circumpolar  star 
at  its  upper  and  lower  transits.  The  principle  of  this  method 
has  already  been  demonstrated  (Art.  59),  and  shown  to  be  a  par- 
ticular case  of  a  well  known  principle  of  arithmetical  proportions ; 
the  following  is  a  more  complete  proof  of  it.  Let  Z  (Fig.  31)  rep- 
resent the  zenith,  H  O  R  the  horizon,  P  the  pole,  and  S,  S'  the 
points  at  which  the  upper  and  lower  transits  of  a  circumpolar  star 
take  place ;  H  P  will  be  equal  to  the  latitude,  and  Z  P  will  be 
equal  to  the  co-latitude.    Now,  we  have, 

HP  =  HS-fPS,andHP  =  HS'  —  PS'  =  HS'  —  PS 

Tudience,  2  HP  =H  S  -f  H  S^  or, H P  =  liA+iL^' . .  .  (24). 

In  like  manner  we  obtain, 

Z  P  =  ^  ^  +  ^  ^'  .  .  .  (25). 

Wherefore,  let  the  altitudes  of  a  circumpolar  star  at  its  upper  and 
lower  transits,  be  measured  and  corrected  for  refraction,  and  their 
half  sum  will  be  the  latitude ;  or,  let  the  zenith  distances  be 
measured,  and  corrected  for  refraction,  and  their  half  sum  sub- 
tracted from  9(P  will  be  the  latitude.  Stars  should  be  selected 
that  have  a  considerable  altitude  at  their  inferior  transit,  for,  the 
greater  is  the  altitude  the  less  is  the  uncertainty  as  to  the  amount 
of  the  refraction.  On  this  principle  the  pole  star  is  to  be  preferred 
to  all  others. 

3.  By  a  single  meridian  altitude  or  zenith  distance.  Let  s, 
s',  s"  (Fig.  6)  be  the  points  of  meridian  passage  of  three  different 
stars,  the  first  to  the  north  of  the  zenith,  the  second  between  the 
zenith  and  equator,  and  the  third  to  the  south  of  the  equator :  Z  E 
=  the  latitude,  and  we  have  for  the  three  stars, 

Z  E  =  «E  —  Z  «,  ZE  =  y  E  +  Z  5', Z  E  =Zs"  —  s^'  E. 
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I 

Thus,  if  the  zenith  distance  be  called  north  or  south  according  as 
the  zenith  is  north  or  south  of  the  star  when  on  the  meridian,  in 
case  the  zenith  distance  and  declination  are  of  the  same  name 
their  sum  will  be  equal  to  the  latitude ;  but  if  they  are  of  different 
names,  their  difference  will  be  the  latitude,  of  the  same  name  with 
the  greater. 

This  method  supposes  the  declination  of  the  body  to  be  known. 
The  declination  of  a  star  or  of  the  sun  at  any  time  is,  in  practiccj 
obtained  for  the  solution  of  this  and  other  problems,  by  the  aid  of 
tables,  or  is  taken  by  inspection  from  the  English  Nautical  Alma- 
nac or  other  similar  work.  If  the  time  of  the  meridian  transit  be 
known,  the  altitude  may  be  measured  by  a  sextant  (Art.  66). 
The  observed  altitude  must  be  corrected  for  refraction,  and  also 
br  parallax  if  the  body  observed  is  the  sun,  or  moon,  or  either  one 
of  the  planets. 

This  method  of  finding  the  latitude  is  the  one  most  generally 
employed  at  sea,  the  sun  being  the  object  observed.  As  the  time 
of  noon  is  not  known  with  accuracy,  several  altitudes  about  the 
time  of  noon  are  taken,  and  the  meridian  altitude  is  deduced  from 
these. 

151.  The  astronomical  latitude  being  known,  the  reduced  latir 
tude  (p.  16,  de£  4)  may  be  obtained  by  subtracting  from  it  the 
reduction  of  latitude.  For,  if  O  C  (Fig.  30)  represents  the  radius 
and  O  N  the  vertical,  at  any  place  O,  and  E  C  Q.  represents  the 
terrestrial  equator,  O  N  Q  will  be  the  astronomical  latitude,  O  C  d 
the  reduced  latitude,  and  C  O  N  the  reduction  of  latitude ;  and 
we  have 

0Na  =  O0a  +  CON,andO0a  =  ONa  — CON..(26). 
(For  the  practical  method  of  resolving  this  problem,  see  Prob.  XV). 

152.  There  are  various  methods  of  finding  the  longitude  of  a 
place,  nearly  all  of  which  rest  upon  the  following  principle  : 

The  difference  at  any  instant  between  the  laccU  times,  {whether 
ndereal  or  solar),  at  anyplace  and  on  the  first  meridian,  is  the 
longitude  oftheplace^  expressed  in  time  ;  and  consequently,  also, 
the  difference  between  the  local  times  at  any  two  places,  is  their 
difference  of  longitude,  in  time. 

The  truth  of  this  principle  is  easily  established.  In  the  fiirst 
place,  we  remark  that  the  longitude  of  a  place  contains  the  same 
number  of  degrees  and  parts  of  a  degree  as  the  arc  of  the  celes- 
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tial  equator  comprised  between  the  meridian  of  Greenwich  and 
the  meridian  of  the  place.  Now,  it  is  Oh.  Om.  Os.  of  mean 
solar  time,  or  mean  noon  at  any  place,  when  the  mean  sun  (Ait 
39)  is  on  the  meridian  of  that  particular  place.  Therefore,  as 
the  mean  sun,  moving  in  the  equator,  recedes  from  the  meridian 
towards  the  west  at  the  rate  of  15°  per  mean  solar  hour,  when  it 
is  mean  noon  at  a  place  to  the  west  of  Greenwich,  it  will  be 
as  many  hours  and  parts  of  an  hour  past  mean  noon  at  Green- 
wich, as  is  expressed  by  the  quotient  of  the  division  of  the  arc 
of  the  celestial  equator,  or  its  equal  the  longitude,  by  15.  If  the 
place  be  to  the  east,  instead  of  to  the  west  of  Greenwich,  when 
it  is  mean  noon  there,  it  will  be  as  much  before  mean  noon  at 
Greenwich  as  is  expressed  by  the  longitude  of  the  place  con- 
verted into  time  (as  above).  In  either  situation  of  the  place, 
then,  the  principle  just  stated  will  be  true. 

It  is  plain  that  the  equality  between  the  differences  of  the 
times  and  of  the  longitudes  will  subsist  equally,  if  sidereal 
instead  of  solar  time  be  used. 

153.   To  find  the  longitude  of  a  place, 

1.  Let  two  observers,  stationed  one  at  Greenwich,  and  the  other 
at  the  given  place,  note  the  times  of  the  occurrence  of  some  phe- 
nomenon which  is  seen  at  the  sam£  instant  at  both  places  ;  the 
difference  of  the  observed  times  will  be  the  longitude  in  time. 
These  same  observations  made  at  any  two  places  will  make 
known  their  difference  of  longitude.  If  the  stations  are  not  dis- 
tant from  each  other,  a  signal,  as  the  flashing  of  gunpowder,  or 
the  firing  of  a  rocket,  may  be  observed.     When  they  are  remote 

.  from  each  other,  celestial  phenomena  must  be  taken.  Eclipses 
of  the  satellites  of  Jupiter  and  of  the  moon  are  phenonema 
adapted  to  the  purpose  in  question.  However,  as  in  these 
eclipses  the  diminution  of  the  light  of  the  body  is  not  sudden,  but 
gradual,  the  longitude  cannot  be  obtained  with  very  great  accu- 
racy from  observations  made  upon  them. 

2.  Transport  a  chronometer  which  has  been  carefully  adjusted 
to  the  local  time  at  Chreenwich,  to  the  place  whose  longitude  is 
sought,  and  compare  the  time  given  by  the  chronometer  with  the 
local  time  of  the  place.  In  the  same  way,  by  transporting  a 
chronometer  from  any  one  place  to  another,  their  difference 
of  longitude  may  be  obtained.    The  error  and  rate  of  the 
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chronometer  must  be  determined  at  the  outset,  and  as  often  after- 
wards as  circumstances  will  admit,  that  the  error  at  the  moment 
of  the  observation  may  be  known  as  accurately  as  possible.  To 
insure  greater  certainty  and  precision  in  the  knowledge  of  the 
time,  three  or  four  chronometers  are  often  taken,  instead  of  one 
only. 

This  method  is  much  used  at  sea ;  the  local  time  being  ob- 
tained from  an  observation  upon  the  sun  or  some  other  heavenly 
body,  in  a  manner  to  be  hereafter  explained. 

3.  Zjet  the  Greenwich  time  of  the  occurrence  of  some  celestial 
phenomenon  be  comptitedj  and  note  the  time  of  its  occurrence  at 
the  given  place. 

Eclipses  of  the  sun  and  moon,  and  of  Jupiter's  satellites,  oc- 
cultations  of  the  stars  by  the  moon,  and  the  angular  distance  of 
the  moon  from  some  one  of  the  heavenly  bodies,  are  the  phenome- 
na employed.  The  Greenwich  times  of  the  beginning  and  end  of 
the  eclipses  of  Jupiter's  satellites,  are  published  for  the  solution 
of  the  problem  of  the  longitude,  in  the  English  Nautical  Alma- 
nac. Eclipses  of  the  sun  and  occultations  of  the  stars  furnish 
the  most  exact  determinations  of  the  longitude,  but  they  cannot 
be  used  for  this  purpose  unless  the  longitude  is  already  approxi- 
mately known. 

The  explanation,  in  detcdl,  of  the  method  of  lunar  distances^ 
which  is  chiefly  used  at  sea,  may  be  found  in  treatises  on  Naviga* 
tion  and  Nautical  Astronomy. 


CHAPTER    VI. 

OF  THE   PLACES   OF  THE   FIXED   STARS. 

154.  The  place  of  a  fixed  star  in  the  sphere  of  the  heavens,  is 
found  by  ascertaining  its  true  right  ascension  and  declination, 
which  are  the  co-ordinates  of  its  place.  The  process  of  finding 
the  true  right  ascension  and  declination  of  a  heavenly  body  has 
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already  been  detailed :  the  apparent  right  ascension  and  declina- 
tion are  found  as  explained  in  Arts.  48,  59,  and  to  these  are 
applied  the  several  corrections  of  refraction,  parallax  (when  sen- 
sible), and  aberration  (Arts.  76,  106,  114). 

When  right  ascensions  and  declinations  found  at  different 
times  are  to  be  compared  together,  or  employed  in  the  same  cal- 
culations, as  often  becomes  necessary,  they  are  to  be  reduced  to 
the  same  epoch  by  correcting  for  precession  and  nutation  (p.  67). 

165.  It  is  important  to  observe,  however,  that  the  places  of  the 
fixed  stars,  as  at  present  known,  were  not  obtained  by  the  direct 
process  just  referred  to,  that  is,  byobservingthe  right  ascension  and 
declination,  and  applying  to  them  at  once  all  the  corrections  of 
which  we  have  treated.  They  were  arrived  at  by  successive 
approximations.  The  respective  corrections  were  applied  in 
succession  as  they  came  to  be  discovered ;  and  more  accu- 
rate results  were  obtained,  as,  by  the  improvement  of  the  instru- 
ments, the  observations  became  more  and  more  exact,  and  as  the 
amount  of  the  corrections  came  to  be  known  with  greater  and 
greater  precision. 

156.  In  order  to  distinguish  the  fixed  stars  fix)m  each  other, 
they  are  arranged  into  groups,  called  ConstellcUions,  which  are 
imagined  to  form  the  outlines  of  figures  of  men,  animals,  or  other 
objects,  fix)m  which  they  are  named.  Thus  one  group  is  con- 
ceived to  form  the  figure  of  a  Bear,  another  of  a  Lion,  a  third  of 
a  Dragon,  and  a  fourth  of  a  Lyre.  The  division  of  the  stars  into 
constellations  is  of  very  remote  antiquity ;  and  the  names  given 
by  the  ancients  to  individual  constellations  are  still  retained. 

The  constellations  are  divided  into  three  classes :  Northern 
Constellations^  Southern  Constellations,  and  Constellations  of 
the  Zodiac.  Their  whole  number  is  91 :  Northern  34,  Southern 
45,  and  Zodiacal  12.  The  number  of  the  ancient  constellations 
was  but  48.  The  rest  have  been  formed  by  modem  astrono- 
mers, from  southern  stars  not  visible  to  the  ancient  observers, 
and  others  variously  situated,  which  escaped  their  notice,  or 
were  not  attentively  observed. 

167.  The  stars  of  a  constellation  are  distinguished  from  each 
other  by  the  letters  of  the  Greek  alphabet,  and  in  addition  to 
these,  if  necessary,  the  Roman  letters,  and  the  numbers  1,  2,  3, 
d&c. ;  the  characters,  according  to  their  order,  denoting  the  rela- 
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thre  magnitudes  of  the  stars.  Thus,  a  Arietis  designates  the 
largest  star  in  the  constellation  Aries ;  /3  Draconis,  the  second 
star  of  the  Dragon,  &c. 

Some  of  the  fixed  stars  have  particular  names,  as  SiriuSj 
Aldebaran,  Arcturus,  Regultis,  ice. 

158.  The  stars  are  also  divided  into  classes,  or  mugnitudesj 
according  to  the  degrees  of  their  apparent  brightness.  The 
largest  or  brightest  are  said  to  be  of  the  first  magnitude  ;  the 
next  in  order  of  brightness,  of  the  second  magnitude  ;  and  so 
on  to  stars  of  the  sixth  m^agnitude,  which  includes  all  those  that 
are  barely  perceptible  to  the  naked  eye.  All  of  a  smaller  kind 
are  called  telescopic  stars,  being  invisible  without  the  assistance 
of  the  telescope.  The  classification  according  to  apparent  mag- 
nitude is  continued  with  the  telescopic  stars  down  to  stars  of  the 
sixteenth  magnitude. 

159.  The  places  of  the  fixed  stars  are  generally  expressed 
by  their  right  ascensions  and  declinations,  but  sometimes  also 
by  their  longitudes  and  latitudes.  A  table  containing  a  list  of 
fixed  stars,  designated  by  their  proper  characters,  and  giving 
their  mean  right  ascensions  and  declinations,  or  their  mean  lon- 
gitudes and  latitudes,  is  called  a  Catalogue  of  those  stars.* 

Table  LXI  is  a  catalogue  of  fifty  principal  fixed  stars,  and  gives 
their  mean  right  ascensions  and  declinations  for  the  beginning 
of  the  year  1840,  as  well  as  their  annual  variations  in  right 
ascension  and  declination.  The  annual  variations  serve  to  ex- 
tend the  use  of  the  catalogue  about  10  years  (Art.  135)  before  and 
after  the  epoch  for  which  it  is  constructed.  (See  Prob.  XVIII.) 
Every  ten  years,  or  thereabouts,  a  new  catalogue  must  be  formed. 

160.  If  the  true  right  ascension  and  declination  of  a  star  at  a 
given  time  be  required,  correct  the  mean  right  ascension  and 
declination  found  by  the  catalogue,  for  nutation,  (See  Art  132.) 
And  if  the  apparent  right  ascension  and  declination  be  re- 
quired, correct  also  for  aberraiion.    (See  Art.  114.) 

161.  The  latitude  and  longitude  of  a  fixed  star  or  other  hea- 


*  Varioos  catalogaea  haye  at  different  periods  been  published.  The  first  cata- 
logne  was  bejron  bj  Hipparchus  120  jears  before  the  Christian  era.  The  most 
modBm  and  most  accurate  catalogues,  althougrh  not  the  most  eztensnre,  are  the 
ntalogfoes  of  Lacaille,  Bradley,  Major,  and  Maskelyne. 
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kV  Nf«lt  are  obCained  originally  by  computation  from  its  right 
aud  declination. 

ti  vuitrerl  the  right  ascension  and  declination  of  a  body  into 
*  itt^rii^^  o^^  IcUitude. 

l<«fi  E  U  (Fig.  32)  represent  the  equator,  E  C  the  ecliptic,  P,  K 
Ihe  poles  of  the  equator  and  ecliptic,  E  the  vernal  equmox,  P  S 
K  a  circle  of  declination,  and  K  S  L  a  circle  of  latitude,  both 
pushing  through  a  body  S.  The  right  ascension  of  the  body  is 
K  R  ==  R ;  the  declination  R  S  =  D ;  the  longitude  E  L  =  L ;  and 
the  latitude  LS  =  X,  REL  =  «isthe  obliquity  of  the  ecliptic, 
whicli  is  one  of  the  essential  data  of  the  problem.  R  E  S  =  or  and 
L E  S  =y  are  employed  as  auxiliary  angles.  In  the  right  angled 
triangle  L  E  S,  we  have  by  Napier's  rules  for  the  solution  of  right 
angled  triangles, 

sin  (co.  L E S)  =  tang  E L  tang (co.  E S); 
whence, 

tanEL-cosLEStanES,or,tanL  =  cos  (RES  — 6j)tan  ES; 
but, 

sin  (CO.  RES)  =  tan  ER  tan  (co.  ES),  or,  tan  ES  =  ^^g  E  R. 
thus, 

cosRES  cos  a: 

And  to  find  ar,  we  have 

sin  KR  =  tan(co.  RES)tanRS,or,  cota:  =  sin  Root  D  .  .  (28). 

Again, 

sin  K  L  =  tan  (co.  LES)tanLS,ortanLS  =  tanLESsinEL, 
wliich  gives,  tang  X  =  tang  {x  —  w)  sin  L  .  .  .  (29). 

liquation  (28)  mokes  known  the  value  of  x,  with  which  we 
derive  the  values  of  L  and  X,  by  means  of  equations  (27)  and  (29). 
In  n'solving  the  equations,  attention  must  be  paid  to  the  signs 
of  the  quantities,  which  are  determined  according  to  the  usual 
trii^)nometrical  rules,  it  being  understood  that  the  declination  D 
is  to  1x3  regarded  as  negaiive  when  it  is  south,  x  is  to  be  taken 
always  loss  tlian  18(P,  and  greater  or  less  than  90°  according 
AS  its  cotangent  is  negative  or  positive.  L  will  always  be  in  the 
Miino  quadrant  with  R.  The  latitude  X  will  be  north  or  south, 
according  as  tang  X  comes  out  positive  or  negative. 

The  apiiorent  or  mean  obliquity  is  used,  according  as  the  case 


t«.>L  =  cos(RES-.)g%|5='^°^(^-")''^  ..(27). 
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xefers  to  true  or  mean  co-ordinates.    (For  exemplifications  of 
this  problem,  see  Prob.  XXIV.) 

162.  It  is  now  frequently  necessary  to  resolve  the  converse 
problem,  that  is,  to  convert  the  longitude  and  latitude  of  a  body 
into  its  right  ascetision  and  declination. 

The  triangle  RES  (Fig  32)  gives, 

sin  (CO.  R  E  S)  =  tang  E  R  tang  (co  E  S) ; 
whence, 

tanER  =  cosREStiUiES,or,tanR  =  cos(LES  +  w)tanES; 
but, 

sin  (CO.  L  E  S)  =  tang  E  L  tang  (co.  E  S),  or  tan  E  S  =  ^?B£-^ ; 

cosL  ES 

thus, 

tangR  =  cos(LES  +  c.)^^  =  ^^^^y  +  ^)^g^   (30); 
^  ^  ^cosLES  cosy  ^     ^' 

and  to  find  t/,  we  have 

sin  E  L  =  tang  (co.  L  E  S)  tang  L  S,  or  cot  y  =  sin  L  cot  X  .  (31). 

For  the  declination,  we  have 

sinE  R=tan  (co.  R  E  S)  tan  RS,  or,  tan  RS  =  tan  RE  S  sin  E  R ; 

or,  tang  D  =  tang  (y  +  w)  sin  R    ...  (32). 

The  value  of  y  being  derived  from  equation  (31),  and  substi- 
tuted in  equations  (30)  and  (32),  these  equations  will  then  make 
known  the  values  of  R  and  D.  The  signs  of  the  quantities  are 
determined  by  the  usual  trigonometrical  rules,  the  latitude  X 
being  taken  negative  when  south,  y  is  always  less  than  180°, 
and  greater  or  less  than  90°  according  as  its  ^cotangent  comes 
out  negative  or  positive.  R  will  be  in  the  same  quadrant  as  L. 
The  declination  will  be  north  or  south,  according  as  its  tangent 
comes  out  positive  or  negative.  (For  exemplifications  of  this 
problem,  see  Prob.  XXV.) 

163.  Table  XCII  contains  the  mean  longitudes  and  latitudes 
of  some  of  the  principal  fixed  stars  for  the  beginnmg  of  the  year 
1840,  together  with  their  annual  variations  which  serve  to 
make  known  the  mean  longitudes  and  latitudes  at  any  other 
epoch.     (See  Prob.  XVm.) 

164.  There  are  two  principal  modes  of  representing  the 
stars ;  the  one  by  delineating  them  on  a  globe,  where  each  star 
occupies  the  spot  in  which  it  would  appear  to  an  eye  placed  in 
the  centre  of  the  globe,  and  where  the  situations  are  reversed 
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when  we  look  down  upon  them ;  the  other  mode  is  by  a  chart, 
where  the  stars  are  generally  so  arranged  as  to  represent  them 
in  positions  similar  to  their  natural  ones,  or  as  they  would  appear 
on  the  internal  concave  surface  of  the  globe.  The  construction 
of  "a  globe  or  chart  is  effected  by  means  of  the  right  ascensions 
and  declinations  of  the  stars.  The  point  which  represents  the 
place  of  a  star  is  found  by  marking  off  the  right  ascension  and 
declination  of  the  star,  upon  the  globe.  * 

All  the  fixed  stars  visible  to  the  naked  eye,  together  with  some 
of  the  telescopic  stars,  are  represented  on  celestial  globes  of  12  or 
18  inches  in  diameter. 

165.  The  fixed  stars  (so  called)  are  not  all  of  them,  rigorously 
speaking,  fixed  or  stationary  in  the  heavens.  It  has  been  dis- 
covered that  many  of  them  have  a  very  slow  motion  from  year 
to  year.  These  motions  of  the  stars  are  called  Proper  Motions. 
The  annual  variations  in  right  ascension  and  declination,  and  in 
longitude  and  latitude,  given  in  Tables  XC  and  XCII,  are  the 
variations  due  both  to  the  precession  of  the  equinoxes  and  the 
proper  motions  of  the  stars. 


CHAPTER    VII. 

OF  THE   APPARENT  MOTION   OF   THE   SUN    IN   THE   HEAVENS. 

166.  The  sun's  declination,  and  the  difference  of  right  ascen- 
sion of  the  sun  and  some  fixed  star,  found  from  day  to  day 
throughout  a  revolution,  are  the  elements  from  which  the  cir- 
cumstances of  the  sun's  apparent  motion  are  derived. 

The  motion  of  the  sun  as  at  present  known,  has  been  arrived 
at  in  the  same  approximative  manner  as  the  places  of  the  fixed 
stars  (Art  165).  It  would  in  fact  be  theoretically  unpossible  to 
correct  the  co-ordinates  of  the  sun's  apparent  place  for  precession, 
nutation,  and  aberration,  in  the  original  determination  of  the 
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sun's  motion  ;  for,  the  knowledge  of  these  corrections  pre-sup- 
poses  some  knowledge  of  the  motion  of  the  sun. 

167.  The  curve  on  the  sphere  of  the  heavens  passing  through 
the  successive  positions  determined  as  above  from  day  to  day,  is 
the  ecliptic.  If  we  suppose  it  to  be  a  circle,  as  it  appears  to  be, 
its  position  will  result  from  the  position  of  the  equinoctial  points, 
and  its  obliquity  to  the  equator. 

168.  To  find  the  obliquity  of  the  ecliptic. 

Let  E  d  A  (Fig.  33)  represent  the  equator,  EGA  the  ecliptic, 
and  O  C,  O  E  lines  drawn  through  O  the  centre  of  the  earth  and 
perpendicular  to  O  E  the  line  of  the  equinoxes  ;  then  the  angle 
C  O  Q,  will  be  the  obliquity  of  the  ecliptic.     This  angle  has  for 
its  measure  the  arc  C  Q,  and  therefore  the  obliquity  of  the  eclip- 
tic is  equal  to  the  greatest  declination  of  the  sun.     It  can  but 
rarely  happen  that  the  time  of  the  greatest  declination  will  coin- 
cide with  the  instant  of  noon  at  the  place  where  the  observations 
are  made,  but  it  must  fall  within  at  least  twelve  hours  of  the  noon 
for  which  the  observed  declination  is  the  greatest.     In  this 
interval  the  change  of  declination  cannot  exceed  4",  and  there- 
fore the  greatest  observed  declination  cannot  differ  more  than  4" 
from  the  obliquity.     A  formula  has  been  investigated,  which 
gives    in    terms    of  determinable    quantities,    the    difference 
between   any  of  the  greater  declinations  and  the  maximum 
declination.    By  reducing  by  means  of  this  formula  a  num- 
ber of  the  greater  declinations  to  the  maximum  declination, 
and  taking  the  mean  of  the  individual  results,  a  very  accurate 
value  of  the  obliquity  may  be  found. 

169.  To  find  the  position  of  the  vernal  or  autumnal  equi- 
nox, 

1.  On  inspecting  the  observed  declinations  of  the  sun,  it  is 
seen  that  about  the  21st  of  March  the  declination  changes  in  the 
interval  of  two  successive  noons  from  south  to  north.  The 
vernal  equinox  occurs  at  some  moment  of  this  interval.  Let 
R  S,  R'  S'  (Fig.  34)  represent  the  declinations  at  the  noons  be- 
tween which  the  equinox  occurs  :  as  one  is  north  and  the  other 
south,  their  sum  (S)  will  be  the  daily  change  of  declination  at 
the  time  of  the  equinox.  Denote  the  time  from  noon  to  noon 
by  T.    Now,  to  find  the  interval  (x)  between  the  noon  preced- 

10 
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ing  the  equinox  and  the  instant  of  the  equinox,  state  the  pro- 
portion 

S:RS::T::r  =  Ili^5L?. 

o 

Next,  take  the  daily  change  in  right  ascension  (R  R')  on  the  day 
of  tlie  equinox  and  compute  the  value  of  RE,  by  the  pro- 
portion 

T  :  ar,or  l2^  : :  RR'  .RE; 

on  the  principle  that  the  declination  changes  for  a  day  or  more 
proportionally  to  the  time.  Add  R  E  to  M  R  the  observed  dif- 
ference of  right  ascension  (Art.  166)  on  the  day  preceding  the 
equinox,  and  the  sum  M  E  will  be  the  distance  of  the  equinox 
from  the  meridian  of  the  star  observed  in  connection  with 
the  sun.* 

The  position  of  the  autumnal  equinox  may  be  found  by  a 
similar  process,  the  only  difierence  in  the  circumstances  being 
that  the  declination  changes  from  north  to  south  instead  of  from 
south  to  north. 

If  the  value  of  x  which  results  from  the  first  proportion,  be 
added  to  the  time  of  noon  on  the  day  preceding  the  equinox, 
the  result  will  be  the  time  of  the  equinox. 

2.  In  the  triangle  RES  (Fig.  33)  we  have  the  angle  R  E  S  =-- « 
the  obliquity  of  the  ecliptic,  and  R  S  =  D  the  declination  of  the 
sun,  both  of  which  we  may  suppose  to  be  known,  and  we  have 
by  Napier's  rules, 

sin  E  R  =  tang  (co.  RES)  tang  R  S  =  cot  w  tang  D  .  .  (33) ; 

whence  we  can  find  E  R.  And,  by  taking  the  sum  or  difierence 
of  E  R  and  M  R,  according  as  the  star  is  on  the  opposite  side  of 
the  sun  from  the  equinox,  or  the  same  side,  we  obtain  M  E  as 
before.  If  this  calculation  be  efiected  for  a  number  of  positions 
S,  S',  S",  &c.  of  the  sun  on  different  days,  and  a  mean  of  all  the 
individual  results  be  taken,  a  more  exact  value  of  M  E  will  be 
obtained. 

M  E  being  accurately  known,  the  precise  time  of  the  equinox 
may  readily  be  deduced  from  the  observed  daily  variation  of 
right  ascension  on  the  day  of  the  equinox. 

*  The  star  Ib  here  supposed  to  be  to  the  west  of  the  sun. 
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170.  The  calculations  just  mentioned  lest  upon  the  hypo- 
thesis that  the  ecliptic  is  a  great  circle.  The  close  agreement 
which  is  foimd  to  subsist  between  the  values  of  M  E  deduced 
firom  observations  upon  the  sun  in  different  positions  S,  S',  S''^ 
&^,  establishes  the  truth  of  this  hypothesis.  It  is  also  con- 
firmed by  the  feict,  that  the  right  ascensions  of  the  vernal  and 
autumnal  equinox  differ  by  18(P,  since  we  may  infer  from  this 
that  the  line  of  tlie  equinoxes  passes  through  the  centre  of 
the  earth. 

171.  The  meafi  obliquity  of  the  ecliptic  is  derived  from  the 
apparent  obliquity,  as  well  as  the  mean  equinox  from  the  true 
equinox,  by  correcting  for  nutation. 

172.  The  mean  obliquity  at  any  one  epoch  having  been 
found,  its  value  at  any  assumed  time  may  be  deduced  from  it  by 
allowing  for  the  annual  diminution  of  0".46  (see  Table  XXII). 
In  like  manner,  the  place  of  the  mean  equinox  at  any  given  time 
may  be  derived  from  its  place  once  found,  by  allowing  for  the 
annual  precession  of  50".2. 

The  mean  obliquity  having  thus  been  found  for  any  assumed 
time,  the  apparent  obliquity  at  the  s&me  time  becomes  known, 
by  applying  the  nutation  of  obliquity.     (See  Prob.  X.) 

173.  The  longitude  of  the  sun  may  be  expressed  in  terms  of 
the  obliquity  of  the  ecliptic  and  the  right  ascension  or  declina- 
tion. In  the  triangle  E  R  S  (Fig.  33),  E  S  (=  L)  represents  the 
longitude  of  the  smi  supposed  to  be  at  S,  E  R  (=R)  its  right  as- 
cension, and  R  S  (=  D)  its  declination.     Now,  by  Napier's  rules, 

cosRES  =  tangERcotES,orcotES=52i^^  = 
^  '  tang  E  R 

cos  R  E  S  cot  E  R ; 
thus, 

cot  L  =  cos  w  cot  R,  or  tang  L  =  — ^  •  .  .  (34). 

cos  (iJ 

Also, 

sinRS  =  co8(co.RES)cos(co.ES);  whence, sinES  =  4HiM  . 

^  smRES ' 

.    T      sin  D         ,oK\ 

or,  sm  L  =  — , .  .  .  (35). 

sm  ui 

With  these  formulae  the  longitude  of  the  sun  may  be  computed 

from  either  its  rignt  ascension  or  declination.    (See  Prob.  XU.) 
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FonnulsB  (34)  and  (35)  may  be  written  thus, 

tang  R  =  tang  L  cos  w;  sin  D  =  sin  L  sin  o  .  .  .  (36). 

These  formulse  will  make  known  the  right  ascension  and  de- 
clination of  the  sun,  when  his  longitude  is  given.  (See  Prob. 
XI.)  It  will  be  seen  in  the  sequel,  that  in  the  present  advanced 
state  of  astronomical  science,  the  longitude  of  the  sun  at  any 
assumed  time  may  be  computed  from  the  ascertained  laws  and 
rate  of  the  sun's  motion. 

174.  The  interval  between  two  successive  returns  of  the  sim 
to  the  same  equinox,  or  to  the  same  longitude,  is  called  a  TVo- 
pical  Year, 

And  the  interval  between  two  successive  returns  of  the  sun  to 
the  same  position  with  respect  to  the  fixed  stars,  is  called  a  iS't- 
dereal  Year. 

175.  It  appears  from  observation  that  the  length  of  the  tropi- 
cal year  is  subject  to  slight  periodical  variations.  The  period 
from  which  it  deviates  periodically  and  equally  on  both  sides,  is 
called  the  Mean  Tropical  Year,  As  the  changes  in  the  length 
of  the  true  tropical  year  are  very  minute,  the  length  of  the  mean 
tropical  year  is  obviously  very  nearly  equal  to  the  mean  length 
of  the  true  tropical  year,  in  an  interval  during  which  it  passes 
one  or  more  times  through  all  its  different  values.  In  point  of 
fact,  it  may  be  found  with  a  very  close  approximation  to  the 
truth,  by  comparing  two  equinoxes  observed  at  an  interval  of  60 
or  100  years. 

Theory  shows  that  the  variation  in  the  length  of  the  tropical 
year  arises  from  the  periodical  inequality  in  the  precession  of 
the  equinoxes  which  results  from  nutation,  and  certain  periodi- 
cal inequalities  in  the  sun's  yearly  rate  of  motion  ;  and  thus 
establishes  also,  that  the  mean  tropical  year,  as  above  defined,  is 
the  same  as  the  interval  between  two  successive  returns  of  the 
sun,  supposed  to  have  its  mean  motion,  to  the  same  mean  equi- 
nox. According  to  the  most  accurate  determinations,  the  length 
of  the  mean  tropical  year,  expressed  in  mean  solar  time,  is  365  d. 
5h.  48m.  47.58s. 

176.  In  a  mean  tropical  year  the  sun's  mean  motion  in  longi- 
tude is  360° ;  hence,  to  find  his  mean  daily  motion  in  longitude, 
we  have  only  to  state  the  proportion 

365d.  5h.  48m.  47s. :  Id. :  :  360° :  2r  =  69'  8".33. 
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177.  The  sidereal  year  is  longer  than  the  tropical.  For, 
since  the  equinox  has  a  retrograde  motion  of  50".23  in  a  year, 
when  the  sun  has  returned  to  the  equinox  it  will  not  have  ac- 
complished a  sidereal  revolution,  into  60".23.  The  excess  of 
the  sidereal  over  the  tropical  year  results  from  the  proportion 

69'  8".3 :  6(y'.23  :  :  Id. :  x  =  20m.  23.1s. 
Thus  the  length  of  the  mean  sidereal  year,  expressed  in  mean 
solar  time,  is  365d.  6h.  9nL  10.7s. 

178.  If  from  the  right  ascensions  and  declinations  of  the  sun, 
found  on  two  successive  days,  the  corresponding  longitudes  be 
deduced  (equa.  34,  35),  and  their  difference  taken,  the  result 
will  be  the  sun's  daily  motion  in  longitude  at  the  time  of  the 
observations.  The  sun's  daily  motion  in  longitude  is  not  the 
same  throughout  the  year,  but,  on  the  contrary,  is  continually 
varying.  It  gradually  increases  during  one  half  of  a  revolution, 
and  gradually  decreases  during  the  other  half,  and  at  the  end  of 
the  year  has  recovered  its  original  value.  Thus,  the  greatest 
and  least  daily  motions  occur  at  opposite  points  of  the  ecliptic. 
They  are,  respectively,  61'  10"  and  57'  11". 

179.  The  exact  laws  of  the  sun's  unequable  motion  cannot  be 
obtained,  without  a  knowledge  of  the  law  of  variation  of  the 
sun's  distance,  or,  what  amounts  to  the  same,  of  the  form  of  the 
orbit  apparently  described  by  the  sun  in  space. 


CHAPTER    VIII. 

OP   THE    MOTIONS    OF   THE  SUN,   MOON,   AND  PLANETS, 

IN    THEIR   ORBITS. 

Kepler*  s  Laws, 

180.  The  celebrated  astronomer,  Kepler,  discovered  from  ob- 
servation, that  the  motions  of  the  planets,  including  the  earth, 
are  in  conformity  with  the  three  following  laws : 

1.  The  areas  described  by  the  radius  vector  of  a  planet  [or 
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the  line  drawn  from  tht  buu  to  the  planet]  are  proportional  to 
the  times. 

9.  The  orbit  of  a  planet  is  an  ellipse^  of  which  the  sun  occu- 
pies one  of  the  foci. 

3.  The  squares  of  the  times  of  revolution  of  the  planets  are 
proportional  to  the  cubes  of  their  mean  distatices  from  the  sun, 
or  of  the  semi-major  axes  of  their  orbits. 

These  laws  are  known  by  the  denomination  o[  Kepler's  Laws. 
They  were  first  announced  by  Kepler  as  the  fundamental  laws  of 
the  planetary  motions,  from  a  partial  examination  only  of  these 
motions.  The  first  two  he  assumed  as  hypotheses,  after  that 
he  had  discovered  that  the  radius  vector  and  angular  motion  of 
a  planet  were  variable,  and  afterwards  verified  them,  or  rather 
partially  verified  them.  They  have  since  been  completely 
verified  by  other  astronomers.  We  shall  accordingly  adopt 
these  two  laws  for  the  present  as  hypotheses,  and  show  in  the 
sequel  that  they  are  verified  by  the  results  deducible  from 
theuL 

These  laws  being  established,  the  third  is  obtained  by  simply 
comparing  the  known  major  axes  and  times  of  revolution. 

181.  The  apparent  motion  of  the  sun  in  space  must  be  sub- 
ject to  Kepler's  first  two  laws ;  for,  the  apparent  orbit  of  the  sun 
is  of  the  sanie  form  and  dimensions  as  the  actual  orbit  of  the 
earth,  and -the  law  and  rate  of  the  sun's  motion  in  its  apparent 
orbit,  are  the  same  as  the  law  and  rate  of  the  earth's  motion. 
To  establish  these  two  facts,  let  E  E'  A  (Fig.  35)  represent  the 
elliptic  orbit  of  the  earth,  and  S  the  position  of  the  sun  in  space. 
If  the  earth  move  from  E  to  any  point  E',  as  it  seems  to  remain 
stationary  at  E,  it  is  plain  that  the  sun  will  appear  to  move  from 
S  to  a  position  S',  on  the  line  E  S'  drawn  parallel  to  E'  S  the 
actual  direction  of  the  sun  from  the  earth,  and  at  a  distance  E 
S'  equal  to  E'  S  the  actual  distance  of  the  sun  from  the  earth. 
Thus,  for  every  position  of  the  earth  in  its  orbit,  the  correspond- 
ing apparent  position  of  the  sun  is  obtained  by  drawing  a  line 
parallel  to  the  radius  vector  of  the  earth,  and  equal  to  it.  It 
follows,  therefore,  that  the  area  S  E  S'  apparently  described  by 
the  radius  vector  of  the  sun  (or  the  line  drawn  firom  the  sun  to 
the  earth)  in  any  interval  of  time,  is  equal  to  the  area  E  S  E' 
actually  described  by  the  radius  vector  of  the  earth  in  the  same 
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time  ;  and,  consequently,  that  the  arc  S  S'  apparently  described 
by  the  sun  in  space,  is  equal  to  the  arc  E  E'  actually  described 
in  the  same  time  by  the  earth.  Whence  we  conclude,  that  the 
apparent  motion  of  the  sun  in  space,  and  the  actual  motion  of 
the  earth,  are  the  same  in  every  particular. 

182.  It  has  been  discovered  that  the  motion  of  the  moon  in 
its  revolution  around  the  earth,  is  subject  to  the  same  laws  as  the 
motion  of  a  planet  in  its  revolution  around  the  sun.  We  shall 
assume  this  to  be  a  fact,  and  show  that  our  hypothesis  is  verified 
by  the  results  to  which  it  leads. 

183.  That  point  of  the  orbit  of  a  planet,  which  is  nearest  to 
the  sun,  is  called  the  Perihelion^  and  that  point  which  is  most 
distant  from  the  sun,  the  Aphelion,  The  corresponding  points 
of  the  moon's  orbit,  or  of  the  sun's  apparent  orbit,  are  called,  res- 
pectively, the  Perigee  and  the  Apogee, 

These  points  are  also  called  Apsides ;  the  former  being  termed 
the  Lower  Apsis,  and  the  latter  the  Higher  Apsis.  The  line 
joining  them  is  denominated  the  Line  of  Apsides. 

The  orbits  of  the  sun,  moon,  and  planets,  being  regarded  as 
ellipses,  the  perigee  and  apogee,  or  the  perihelion  and  aphelion, 
are  the  extremities  of  tlie  major  axis  of  the  orbit. 

184.  The  law  of  the  angular  motion  of  a  planet  about  the 
son  may  be  deduced  from  Kepler's  first  law.  Let  P p  Ap" 
(Fig.  36)  represent  the  orbit  of  a  planet,  considered  as  an 
ellipse,  and  p,  p'  two  positions  of  the  planet  at  two  instants  se- 
parated by  a  short  interval  of  time ;  and  let  n  be  the  middle  point 
of  the  arcp  p'.  With  the  radius  S  n  describe  the  small  circular 
arc  Z  n  /',  and  with  the  radius  S  b  equal  to  unity,  describe  the  arc 
ah.  It  is  plain  that  the  two  positions  p,  p'  may  be  taken  so 
near  to  each  other,  that  the  area  S  p  p*  will  be  sensibly  equal  to 
the  circular  sector  8  11'.    K  we  suppose  this  to  be  the  case,  as 

the  measure  of  the  sector  is^ZnZ'xSn=ia6x  SV  (substi- 
tuting for  In  I'  its  value  a  6  x  S  n,)  we  shall  have 

,9 

area  Spp'  =  ^abxSn. 

When  the  planet  is  at  any  other  part  of  its  orbit,  as  n',  if  S  p" 
p"'  be  an  area  described  in  the  same  time  as  before,  we  ghall  hay^ 

areaSp'>"'  =  ia'6'xS"rf! 
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But  these  areas  are  equal  according  to  Kepler's  first  law: 
hence,         JaftxSw  =  Ja'6'xSn'.  .  .  .  (37) ; 

and  a  b:a'  b'  :  :S  n' :  Sn, 

that  is,  the  angular  motion  of  a  planet  about  the  sun  for  a 
short  interval  oftime^  is  inversely  proportional  to  the  square  of 
the  radiums  vector. 

It  results  from  this  that  the  angular  motion  is  greatest  at  the 
perihelion,  and  least  at  the  aphelion,  and  the  same  at  correspond- 
ing points,  on  either  side  of  the  major  axis :  also,  that  it  de- 
creases progressively  from  the  perihelion  to  the  aphelion,  and 
increases  progressively  from  the  aphelion  to  the  perihelion. 

185.  Now  to  compare  the  true  with  the  mean  angular  motion, 
suppose  a  body  to  revolve  in  a  circle  around  the  sun,  with  the 
mean  angular  motion  of  a  planet,  and  to  set  out  at  the  same 
instant  with  it  from  the  perihelion.  Let  P  M  A  M'  represent  the 
elliptic  orbit  of  the  planet,  and  P  B  a  B'  the  circle  described  by 
the  body.  The  position  B  of  this  fictitious  body  at  any  time 
will  be  the  mean  place  of  the  planet  as  seen  from  the  sun.  The 
two  bodies  will  accomplish  a  semi-revolution  in  the  s€une  period 
of  time,  and  therefore  be^  respectively,  at  A  and  a  at  the  same 
instant ;  for,  it  is  obvious  that  the  fictitious  body  will  accomplish 
a  semi-revolution  in  half  the  period  of  a  whole  revolution,  and 
by  Kepler's  law  of  areas,  the  planet  will  describe  a  semi-ellipse 
in  half  the  time  of  a  revolution.  At  the  outset,  the  motion  of 
the  planet  is  the  most  rapid  (Art.  184),  but  it  continually  de- 
creases until  the  planet  reaches  the  aphelion,  while  the  motion 
of  the  body  remains  constantly  equal  to  the  mean  motion.  The 
planet  will  therefore  take  the  lead,  and  its  angular  distance  p  S  B 
from  the  body,  will  increase  until  its  motion  becomes  reduced  to 
an  equality  with  the  mean  motion,  afier  which  it  will  decrease 
until  the  planet  has  reached  the  aphelion  A,  where  it  will  be 
zero.  In  the  motion  from  the  aphelion  to  the  perihelion,  the 
angular  velocity  of  the  planet  will  at  first  be  less  than  that  of 
the  body  (Art.  184),  but  it  will  continually  increase,  while  that 
of  the  body  will  remain  unaltered :  thus,  the  body  will  now  get 
in  advance  of  the  planet,  and  their  angular  distance  p'  S  B'  will 
increase,  as  before,  until  the  motion  of  the  planet  again  attains 
to  an  equality  with  the  mean  motion,  after  which  it  will  de- 
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crease,   as  before,  until  it  again  becomes  zero  at  the  peri- 
helion. 

It  appears,  then,  that /row  the  perihelion  to  the  aphelion  the 
true  place  is  in  advance  of  the  mean  place,  and  that  from  the 
aphelion  to  the  perihelion,  on  the  contrary,  the  m^an  place  is 
in  advance  of  the  true  place. 

The  angular  distance  of  the  true  place  of  a  planet  from  its 
mean  place,  as  it  would  be  observed  from  the  sun,  is  called  the 
Equation  of  the  Centre,  Thus,  p  S  B  is  the  equation  of  the 
centre  corresponding  to  the  particular  position  p  of  the  planet. 
It  is  evident,  from  the  foregoing  remarks,  that  the  equation  of 
the  centre  is  zero  at  the  perihelion  and  aphelion,  and  greatest  at 
the  two  points,  as  M  and  M',  where  the  planet  has  its  mean 
motion.  The  greatest  value  of  the  equation  of  the  centre  is 
called  the  Cfreatest  Equation  of  the  Centre. 

186.' As  the  laws  of  the  motion  of  the  moon  (Art.  182)  and 
of  the  apparent  motion  of  the  sun  (Art.  181)  are  the  same  as 
those  of  a  planet,  the  principles  established  in  the  two  preced- 
ing articles  are  as  applicable  to  these  bodies  in  their  revolution 
around  the  earth,  as  to  a  planet  in  its  revolution  around 
the  sun. 

Definitions  of  Term^. 

187.  1.  The  Geocentric  Place  of  a  body,  is  its  place  as  seen 
from  die  earth. 

2.  The  Heliocentric  Place  of  a  body,  is  its  place  as  it  would 
be  seen  from  the  sun. 

3.  Geocentric  Longitude  and  Latitude  appertain  to  the  geo- 
centric place,  and  Heliocentric  Longitude  and  Latitude  to  the 
heliocentric  place. 

4.  Two  heavenly  bodies  are  said  to  be  in  Canjunctimi,  when 
iheir  longitudes  are  the  same,  and  to  be  in  Opposition,  when 
their  longitudes  differ  by  18(P.  When  any  one  heavenly  body 
is  in  conjunction  with  the  sun,  it  is,  for  the  sake  of  brevity,  said 
to  be  in  Conjunction  ;  and  when  it  is  in  opposition  to  the  sun, 
to  be  in  Opposition. 

The  planets  Mercury  and  Venus,  allowing  that  their  distances, 
from  the  sun  are  each  less  than  the  earth's  distance  (Art.  19),. 
can  never  be  in  opposition.  But  they  may  be  in  conjunction^ 
either  by  being  between  the  sun  and  earth,  or  by  being  on  the 

11 


82  ASTRONOMY. 

opposite  side  of  the  sun.  In  the  former  situation  they  are  said 
to  be  in  Inferior  Conjunction,  and  in  the  latter,  in  Superior 
Conjunction, 

5.  A  Synodic  Revolution  of  a  body,  is  the  interval  between 
two  consecutive  conjunctions  or  oppositions. 

For  the  planets  Mercury  and  Venus,  a  synodic  revolution  is 
the  interval  between  two  consecutive  inferior  or  superior  con- 
junctions. 

6.  The  Periodic  Time  of  a  planet,  is  the  period  of  time  in 
which  it  accomplishes  a  revolution  around  the  sun. 

7.  The  Nodes  of  a  planet's  orbit,  or  of  the  moon's  orbit,  are 
the  points  in  which  the  orbit  cuts  the  plane  of  the  ecliptic. 
The  node  at  which  the  planet  passes  from  the  south  to  the 
north  side  of  the  ecliptic  is  called  the  Ascending  Node,  and  is 
desi^ated  by  the  character  Q.  The  other  is  called  the  De- 
scending Npde,  and  is  marked  Q . 

8.  The  Eccentricity  of  an  elliptic  orbit,  is  the  distance  between 
the  centre  of  the  orbit  and  either  focus. 

Elements  of  the  Orbit  of  a  Planet. 
188.  To  have  a  complete  knowledge  of  the  motions  of  the 
planets,  so  as  to  be  able  to  calculate  the  place  of  any  one  of 
them  at  any  assumed  time,  it  is  necessary  to  Imow  for  each 
planet,  in  addition  to  the  laws  of  its  motion  discovered  by  Kep- 
ler, the  position  and  dimensions  of  its  orbit,  its  mean  motion, 
and  its  place  at  a  specified  epoch.  These  necessary  particulars 
of  information  are  subdivided  into  seven  distinct  elements, 
called  the  Elements  of  the  Orbit  of  a  Planet,  which  are  as 
follows : 

1.  The  longitude  of  the  ascending  node. 

2.  The  inclination  of  the  plane  of  the  orbit  to  the  plane  of 
the  ecliptic,  called  the  inclination  of  the  orbit. 

3.  The  mean  distance  of  the  planet  from  the  sun,  or  the  semi- 
major  axis  of  its  orbit. 

4.  The  eccentricity  of  the  orbit. 

5.  The  heliocentric  longitude  of  the  perihelion. 

6.  The  epoch  of  the  planet  being  at  its  perihelion,  or  instead, 
its  mean  longitude  at  a  given  epoch. 

7.  The  periodic  time  of  the  planet 

The  first  two  ascertain  the  position  of  the  plane  of  the 
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planet's  orbit ;  the  third  and  fourth,  the  dimensions  of  the  orbit ; 
the  fifth,  the  position  of  the  orbit  in  its  plane  ;  the  sixth,  th^ 
place  of  the  planet  at  a  given  epoch  ;  and  the  seventh,  its  mean 
rate  of  motion. 

189.  The  elements  of  the  earth's  orbit,  or  of  the  sun's  apparent 
orbit,  are  hvXfive  in  number ;  the  first  two  of  the  above  mentioned 
elements  being  wanting,  as  the  plane  of  tlie  orbit  is  coincident 
with  the  plane  of  the  ecliptic. 

190.  The  elements  of  the  moon's  orbit  are  the  same  with  those 
of  a  planet's  orbit,  it  being  understood  that  the  perigee  of  the 
moon's  orbit  answers  to  the  perihelion  of  a  planet's  orbit,  and  that 
the  geocentric  longitude  of  the  perigee  and  the  geocentric  longi- 
tude of  the  node  of  the  moon's  orbit  answer  respectively  to  the 
heliocentric  longitude  of  the  perihelion,  and  the  heliocentric  lon- 
gitude of  the  node  of  a  planet's  orbit. 

191.  The  linear  unit  adopted,  in  terms  of  which  the  semi-major 
axes,  eccentricities,  and  radii  vectores  of  the  planetary  orbits,  are  ex- 
pressed, is  the  mean  distance  of  the  sun  from  the  earth,  or  the  semi- 
major  axis  of  the  earth's  orbit.  When  thus  expressed,  these  lines 
are  readily  obtained  in  known  measures  whenever  the  mean  dis- 
tance of  the  sun  becomes  known.  The  lines  of  the  moon's  orbit 
are  found  in  terms  of  the  moon's  mean  distance  from  the  earth, 
as  unity. 

Methods  of  Determining  the  Elements  of  the  Sun^s  Apparent 

Orbit,  or  of  the  EartKs  Real  Orbit, 

Mean  motion. 

192.  The  sun's  mean  daily  motion  in  longitude  results  from 
the  length  of  the  mean  tropical  year  obtained  from  observation 
(Art.  176). 

Semi-major  axis. 

193.  As  we  have  just  stated,  the  semi-major  axis  of  the  sun's 
apparent  orbit  is  the  linear  unit,  in  terms  of  which  the  dimensions 
of  the  planetary  orbits  are  expressed.  Its  absolute  length  is  com- 
puted from  the  mean  horizontal  parallax  of  the  sun. 

194  The  horizontal  parallax  of  a  body  being  given,  to  find 
Us  distance  from  the  earth.    We  have  (equation  9,  p.  43), 

sm  H 
where  H  represents  the  horizontal  parallax^of  the  body,  D  its  dis- 
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tance  from  the  centre  of  the  earth,  and  R  the  radius  of  the  earth. 
The  parallax  of  all  the  heavenly  bodies,  with  the  exception  of  the 
moon,  is  so  small,  that  it  may,  without  material  error,  be  taken  in 
this  equation  in  place  of  its  sine.     Thus, 

D=^  =  Rxi    .  .  .  (38). 
sm  H  H  ' 

Again,  since  6.2831853  is  the  length  of  the  circumference  of  a 

circle,  of  which  the  radius  is  1,  and  1296000  is  the  number  of 

seconds  in  the  circumference,  we  have  6.2831853 : 1 : :  1296000" : 

X  =  206264".8  =  the  length  of  the  radius  (1)  expressed  in  seconds. 

Hence,  if  the  value  of  H  be  expressed  in  seconds, 

D  =  R2«^5i§...(39). 

£1 

195.  In  the  determination  of  the  sun*s  parallax,  by  the  process 
of  Arts.  100  and  101,  an  error  of  2"  or  3",  etjual  to  about  one 
fourth  of  the  whole  parallax,  may  be  committed,  so  that  the  dis- 
tance of  the  sun,  as  deduced  by  equation  (39)  from  his  parallax 
found  in  that  manner,  may  be  in  error  by  an  amount  equal  to  one 
fourth  or  more  of  the  true  distance.  There  is  a  much  more  ac- 
curate method  of  obtaining  the  sun's  parallax,  which  will  be  no- 
ticed hereafter.  It  has  been  found  by  the  method  to  which  we 
allude,  that  the  horizontal  parallax  of  the  sun  at  the  mean  dis- 
tance is  8".58,  which  may  be  relied  upon  as  exact  to  within  a 
small  fraction  of  a  second.  We  have,  then,  for  the  sun's  mean 
distance,  or  the  mean  semi-major  axis  of  his  orbit, 

D  =R??^f^^  =  24040.19  R  =  96, 102,992  miles; 

o  .58 

taking  for  R  the  mean  radius  of  the  earth  =  3966  miles. 

EcceTitricity, 

196.  First  Method.  By  the  greatest  and  least  daily  motions 
in  longitude.  We  have  already  explained  (Art.  179)  the  mode  of 
deriving  from  observation  the  sun's  motion  in  longitude  from  day 
to  day.  Now,  let  t?  =  the  greatest  daily  motion  in  longitude ;  v*  «= 
the  least  daily  motion  in  longitude ;  r  =  the  least  or  perigean  dis- 
tance of  the  sun ;  and  r'  the  greatest  or  apogean  distance ;  and  we 
shall  have,  by  the  principle  of  Art  174, 

r\r* ::  Vv'  :  v  v  ; 
whence,        r'+rir'  —  r : :  V'v  +  y/'v^ :  Vv^  y/'v' ; 
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or,  ^.±L:r'-r:::^I±:^:  v^V- >/7; 

2  2 

but, 

T^    =  semi-major  axis  =  1 ;  and  r*  —  r  =  2  (eccentricity)  =  2  e. 

'^^  l:2.:::^^:x/V->/i;^; 

2 

and  a  =  ^L~  ^^    .  .  .  (40). 

The  greatest  and  least  daily  motions  are,  respectively,  (at  a 
mean)  61M66  and  57'.192.    Substituting,  we  have, 

e  =  0.01C791. 

The  eccentricity  may  also  be  obtained  from  the  greaiest  and 
least  apparent  diameters  by  a  process  similar  to  the  foregoing, 
on  the  principle  that  the  distances  of  the  sun  at  diiferent  times  are 
inversely  proportional  to  his  corresponding  apparent  diameters. 

The  greatest  apparent  diameter  of  the  sun  is  32'  35".6,  and  the 
least  apparent  diameter  31'  31".0. 

197.  Second  Method.     By  the  greatest  equation  of  the  centre. 

1.  To  find  the  greatest  equation  of  the  centre.  Let  L  =  the 
trae  longitude,  and  M  =  the  mean  longitude,  at  the  time  the  true 
and  mean  motions  are  equal  between  the  perigee  and  apogee  ;  L' 
=  the  true  longitude  and  M'  =  the  mean  longitude,  when  the  mo- 
tions are  equal  between  the  apogee  and  perigee ;  and  E  =  the 
greatest  equation  of  the  centre.    Then  (Art.  185), 

L  =  M  +  E,andL'  =  M'  — E; 

whence,  L'  — L  =  M'  — M  — 2  E; 

«d  E=(M'-M)-(L'^L)...(,i). 

About  the  time  of  the  greatest  equation,  the  sun's  true  motion, 
and  consequently  the  equation  of  the  centre,  continues  very  near- 
ly the  same  for  two  or  three  days ;  we  may,  therefore,  with  but 
slight  error,  take  the  noon,  when  the  sun  is  on  either  side  of  the 
line  of  apsides,  that  separates  the  two  days  on  which  the  motions 
in  longitude  are  most  nearly  equal  to  59'  S",  as  the  epoch  of  the 
greatest  equation. 

The  longitude  L  or  L'  at  either  epoch  thus  ascertained,  results 
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fiom  the  observed  right  ascension  and  declination.  M'  —  M  =  the 
mean  motion  in  longitude  in  the  interval  of  the  epochs,  and  is 
found  by  multiplying  the  number  of  mean  solar  days  and  fractions 
of  a  day  comprised  in  the  interval,  by  59'  8".330,  the  mean  daily 
motion  in  longitude. 

For  example.  Prom  observations  upon  the  sun,  made  by  Dr. 
Maskelyne  in  the  year  1775,  it  is  ascertained  in  the  manner  just 
explained,  that  the  sun  was  near  its  greatest  equation  at  noon,  or 
at  Oh.  3m.  35s.  mean  solar  time  on  the  2d  April,  and  at  noon  on 
the  31st,  or  at  23  h.  49  m.  35  s.  mean  solar  time  on  the  30th  of 
September.  The  observed  longitudes  were,  at  the  first  period, 
12°  33'  39".06,  and  at  the  second  188°  5'  44".45.  The  interval  of 
time  between  the  two  epochs  is  182d.  —  14m. 

Mean  motion  in  182d.  —  14m.  .    .     179°  22'  41".56 
Difference  of  two  longitudes  .     .    .     175    32     5  .39 

Diff. 2  )   3    50   36  .17 

Greatest  equation  of  centre    ...         1    55    18  .08 

More  accurate  results  are  obtained,  by  reducing  observations 
made  during  several  days  before  and  after  the  epoch  of  the  great- 
est equation,  and  taking  the  mean  of  the  different  values  of  the 
greatest  equation  thus  obtained.  According  to  M.  Delambre,  the 
greatest  equation  was  in  1775, 1°  55'  31".66. 

2.  The  eccentricity  of  an  orbit  may  be  derived  from  the  great- 
est equation  of  the  centre  by  means  of  the  following  formula : 

K        11  K»      587  K'       -  ,.ox 

E 

in  which  K  stands  for  the  expression  (E  being  the 

greatest  equation  of  the  centre).  In  the  case  of  the  sun's  orbit,  K 
being  a  small  fraction,  all  its  powers  beyond  the  first  may  be  omit- 
ted. Thus,  retaining  only  the  first  term  of  the  series,  and  taking 
E  =  1°  55'  31".66  the  greatest  equation  in  1775,  we  have, 

^^K^    lo55'31".66     ^o^ego3 
2      2  X  57^.2957795 
198.  From  observations  made  at  distant  periods,  it  is  discovered 
that  the  equation  of  the  centre,  and  consequently  the  eccentricity, 
is  subject  to  a  continual  slow  diminution.    The  amount  of  the 
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diminution  of  the  greatest  equation  in  a  century,  called  the  secular 
diminution,  is  estimated  by  Delambre,  at  17".2. 

Longitude  and  epoch  of  the  perigee, 

199.  As  the  sun's  angular  velocity  is  the  greatest  at  the  perigee, 
the  longitude  of  the  sun  at  the  time  its  angular  velocity  is  greatest, 
will  be  the  longitude  of  the  perigee.  The  time  of  the  greatest^ 
angular  velocity  may  easily  be  obtained  within  a  few  hours,  by 
means  of  the  daily  motions  in  longitude,  derived  from  observation 
(Art.  178). 

200.  The  more  accurate  method  of  determining  the  longitude 
and  epoch  of  the  perigee,  rests  upon  the  principle  that  the  apogee 
and  perigee  are  the  only  two  points  of  the  orbit  whose  longitudes 
diflFer  by  180°,  in  passing  from  one  to  the  other  of  wliich  the  sun 
employs  just  half  a  year.  This  principle  may  be  inferred  from 
Kepler's  law  of  areas,  for  it  is  a  well  known  property  of  the  ellipse, 
that  the  major  axis  is  the  only  line  drawn  through  the  focus,  that 
divides  the  ellipse  into  equal  parts,  and  by  the  law  in  question 
equal  areas  correspond  to  equal  times. 

201.  By  a  comparison  of  the  results  of  observations  made  at 
distant  epochs,  it  is  discovered  that  the  longitude  of  the  perigee 
is  continually  increasing  at  a  mean  rate  of  61".5  per  year.  As 
the  equinox  retrogrades  50".2  in  a  year,  the  perigee  must  then 
have  a  direct  motion  in  space  of  11".3  per  year. 

It  will  be  seen,  therefore,  that  the  interval  between  the  times 
of  the  sun's  passage  through  the  apogee  and  perigee  is  not,  strictly 
speaking,  half  a  sidereal  year,  but  exceeds  this  period  by  the 
interval  of  time  employed  by  the  sim  in  moving  through  an  arc 
of  5".6  the  motion  of  the  apogee  and  perigee  in  longitude  in  half 
a  year. 

202.  According  to  the  most  exact  determinations,  the  mean 
longitude  of  the  perigee,  of  the  sun's  orbit  at  the  beginning  of  the 
year  1800,  was  279°  30'  8".39. 

203.  The  heliocentric  longitude  of  the  perihelion  of  the  earth's 
orbit,  is  equal  to  the  geocentric  longitude  of  the  perigee  of  the 
son's  apparent  orbit  minus  180°.  For,  let  A  E  P  (Fig.  35)  be  the 
earth's  orbit,  and  P  V  the  direction  of  the  vernal  equinox.  When 
the  earth  is  in  its  periheUon  P,  the  sun  is  in  its  perigee  S,  and  we 
have  the  heliocentric  longitude  of  the  perihelion,  VSP  =  VPL  = 
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angle  abc  — 180^  =  geocentric  longitude  of  the  sun's  perigee  — 
18(P.* 

204  The  epoch  and  mean  longitude  of  the  perigee  of  the  sun's 
orbit  being  once  found,  the  sun's  mean  longitude  at  any  assumed 
epoch  is  easily  obtained  by  means  of  the  mean  motion  in  lon- 
gitude. 

Methods  of  determining  the  Elements  of  the  Moonis  Orbit. 

Longitude  of  the  node, 

205.  In  order  to  obtain  the  longitude  of  the  moon's  ascending 
node,  we  hare  only  to  find  the  longitude  of  the  moon  at  the 
time  its  latitude  is  zero  and  the  moon  is  passing  from  the  south 
to  the  north  side  of  the  ecliptic  ;  and  this  may  be  deduced 
from  the  longitudes  and  latitudes  of  the  moon,  deriyed  from 
observed  right  ascensions  and  declinations,  by  methods  precisely 
analogous  to  those  by  which  the  right  ascension  of  the  sun, 
at  the  time  its  declination  is  zero  and  it  is  passing  from  the  south 
to  the  north  of  the  equator,  or  the  position  of  the  vernal  equinox, 
is  ascertained.    (See  Art.  169.) 

InclincUion  of  ike  orbit. 

206.  Amongst  the  latitudes  computed  from  the  moon's  observed 
right  ascensions  and  declinations,  the  greatest  measures  the  incli- 
nation of  the  orbit.  It  is  found  to  be  about  5^ ;  sometimes  a 
little  greater,  and  at  other  times  a  little  less. 

Mean  motion. 

207.  With  the  longitudes  of  the  moon,found  fiom  day  to  day,  it  is 
easy  to  obtain  the  interval  from  the  time  at  which  the  moon  has 
any  given  longitude  till  it  returns  to  the  same  longitude  again. 
This  interval  is  called  a  Tropical  Revolution  of  the  moon.  It  is 
found  to  be  subject  to  considerable  periodical  variations,  and  thus 
one  observed  tropical  revolution  may  differ  materially  from  the 
mean  period.  In  order  to  obtain  the  mean  tropical  revolution,  we 
must  compare  two  longiiud«^s  found  at  distant  epochs.  Their 
difference,  augmented  by  the  product  of  360°  by  the  number  of 
revolutions  performed  in  the  interval  of  the  epochs,  will  be  the 
mean  motion  in  longitude  in  the  interval,  from  which  the  mean 


*  It  if  plaiQ  that  the  same  relation  subsists  between  the  heliocentric  longitads 
of  the  earth  and  the  geocentric  longitude  of  the  sun  in  erery  other  position  of  the 
earth  in  its  orbit. 
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motion  in  100  years  or  36626  days,  called  the  Secular  motion, 
may  be  obtained  by  a  simple  proportion.  The  secular  motion 
being  once  known,  it  is  easy  to  deduce  from  it  the  period  in  which 
the  motion  is  360^,  which  is  the  mean  topical  revolution. 

It  should  be  observed,  however,  that  to  find  the  precise  mean 
secular  motion  in  longitude,  it  is  necessary  to  compare  the  mean 
longitudes  instead  of  the  true.  Now,  the  true  longitude  of  the 
moon  at  any  time  having  been  found,  the  mean  longitude  at  the 
same  time  is  derived  from  it,  by  correcting  for  the  equation  of  the 
centre,  and  certain  other  periodical  inequalities  of  longitude  here- 
after to  be  noticed.  But  this  cannot  be  done,  even  approximately, 
until  the  theory  of  the  moon's  motions  is  known  with  more  or  less 
accuracy. 

208.  The  longitude  of  the  moon,  at  certain  epochs,  may  be  very 
conveniently  deduced  from  observations  upon  lunar  eclipses. 
For,  the  time  of  the  middle  of  the  eclipse  is  very  near  the  time  of 
opposition  when  the  longitude  of  the  moon  differs  180^  from  that 
of  the  sun,  and  the  longitude  of  the  sun  results  from  the  known 
theory  of  its  motions.  The  recorded  observations  of  the  ancients 
upon  the  times  of  the  occurrence  of  eclipses,  are  the  only  obser- 
vations that  can  now  be  made  use  of,  for  the  direct  determination 
of  the  longitude  of  the  moon  at  an  ancient  epoch. 

209.  The  mean  tropical  revolution  of  the  moon  is  found  to  be 

27.321682d.  or  27d.  7h.  43m.  4.7s. 
Hence  27.3215824  :  Id.  :  :  360^  :  13^.17639.  =  13°  10'  35".0  = 
moon's  mean  daily  motion  in  longitude. 

210.  Since  the  equinox  has  a  retrograde  motion,  the  sidereal 
levolution  of  the  moon  must  exceed  the  tropical  revolution,  as  the 
sidereal  year  exceeds  the  tropical  year.  The  excess  will  be  equal 
to  the  time  employed  by  the  moon,  in  describing  the  arc  of  pre- 
cession answering  to  a  revolution  of  the  moon.    Thus, 

366.26d :  60"5 : :  27.3d. :  3".75  =  arc  of  precession, 
and  130.17 : :  1  d : :  3".76 :  6.9  s.  =  excess. 

Wherefore,  the  mean  sidereal  revolution  of  the  moon  is  27d.  7h. 
43ia  11.6s. 

211.  It  has  been  found,  by  determining  the  moon's  mean  rate  of 
nwtion  for  periods  of  various  lengths,  that  it  is  subject  to  a  con- 
tinual slow  acceleration.  This  acceleration  will  not,  however,  be 
indefinitely  progressive:    Laplace  has  investigated  its  physical 

12 
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cause,  and  shown  from  the  principles  of  Phjrsical  Astronomy,  that 
it  is  really  a  periodical  inequality  in  the  moon's  mean  motion, 
which  requires  an  immense  length  of  time  to  go  through  its  dif- 
ferent values. 

The  mean  motion  given  in  Art.  209  answers  to  the  commence- 
ment of  the  present  century. 
Longitude  of  the  perigee,  eccentricity,  and  semi-major  axis. 

212.  The  methods  of  determining  these  elements  of  the  moon's 
orbit,  are  similar  to  those  by  which  the  corresponding  elements 
of  the  sun's  orbit  are  foimd.  It  is  to  be  observed,  however,  that 
for  the  longitudes  of  the  sun,  which  are  laid  off  in  the  plane 
of  the  ecliptic,  in  the  case  of  the  moon,  corresponding  angles 
are  laid  off  in  the  plane  of  its  orbit.  These  angles  are  reckoned 
from  a  line  drawn  making  an  angle  with  the  line  of  nodes 
equal  to  the  longitude  of  the  ascending  node,  and  are  called 
Orbit  Longitudes,  The  orbit  longitude  is  equal  to  the  moon's 
angular  distance  from  the  ascending  node  plus  the  longitude  of 
the  ascending  node. 

213.  The  ecliptic  longitude  of  the  moon  at  any  time  being 
given,  to  find  the  orbit  longitude. 

Let  V  N  M  (Fig.  38)  represent  the  moon's  orbit  referred  to 

the  sphere  of  the  heavens,  V  N  wi  the  ecliptic,  V  the  vernal 

equinox,  and  V  the  corresponding  point  from  which  the  orbit 

longitudes  are  reckoned.    The  orbit  longitude  V  N  M  =  V  N  + 

NM  =  VN  +  NM  =  long,  of  node  +  N  M.    Now,  by  Napier's 

rules, 

cos  M  N  m  =  cot  N  M  tang  N  m ; 

or,  cot  N  M  =  cos  M  N  w  cot  N  f/i .  .  .  (42). 

N  m  =  ecliptic  long.  —  long,  of  node ;  and  M  N  m  =  inclina- 
tion of  orbit. 

214.  The  horizontal  parallax  of  the  moon,  like  almost  every 
other  element  of  astronomical  science,  is  subject  to  periodical 
changes  of  value.  It  varies  not  only  during  one  revolution,  but 
also  from  one  revolution  to  another.  The  fixed  and  mean 
parallax  about  which  the  true  parallax  may  be  conceived  to 
oscillate,  answers  to  the  mean  distance,  that  is,  the  distance 
about  which  the  true  distance  varies  periodically,  and  is  called 
the  Constant  of  the  Parallax.  It  is,  for  the  equatorial  radius 
of  the  earth,  67'  0".9 ;  from  which  we  find  by  equation  (39)  the 
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mean  distance  of  the  moon  from  the  earth  to  be  60.3  radii,  or 
about  240,000  miles. 

The  greatest  and  least  parallaxes  of  the  moon  are  61'  24"  and 
53'  48". 

216.  The  eccentricity  of  the  moon's  orbit  is  more  than  three 
times  as  great  as  that  of  the  sun's  orbit.  Its  greatest  equation 
exceeds  6°. 

Mean  longitude  cU  an  assigned  epoch. 

216.  We  have  already  explained  (Art.  207)  the  principle  of 
the  determination  of  the  mean  longitude  of  the  moon  from  an 
observed  true  longitude.  Now,  when  the  mean  longitude  at 
any  one  epoch  whatever  becomes  known,  the  mean  longitude  at 
any  assigned  epoch  is  easily  deduced  from  it  by  means  of  the 
mean  motion  in  longitude. 

Methods  of  determining  the  Elements  of  a  Plane  fs  Orbit. 

217.  The  methods  of  determining  the  elements  of  the  plane- 
etary  orbits  suppose  the  possibility  of  finding  the  heliocentric 
longitude  and  the  radius  vector  of  the  earth  for  any  given  time. 
Now,  the  elements  of  the  earth's  orbit  having  been  found  by  the 
processes  heretofore  detailed,  the  longitude  may  be  computed  by 
means  of  Kepler's  first  law,  and  the  radius  vector  from  the 
polar  equation  of  the  elliptic  orbit.  The  manner  of  eflfect- 
ing  such  computation  will  be  considered  hereafter,  at  present 
the  possibility  of  effecting  it  will  be  taken  for  granted. 

Heliocentric  longitude  of  the  ascending  node. 

218.  When  the  planet  is  in  either  of  its  nodes,  its  latitude  is 

zero.    It  follows,  therefore,  that  the  longitude  of  the  planet  at 

the  time  its  latitude  is  zero,  is  the  geocentric  longitude  of  the 

node  at  the  time  the  planet  is  passing  through  it.    Now,  if  the 

right  ascension  and  declination  of  the  planet  be  observed  from 

day  to  day,  about  the  time  it  is  passing  from  one  side  of  the 

ecliptic  to  the  other,  and  converted  into  longitude  and  latitude, 

the  time  at  which  the  latitude  is  zero,  and  the  longitude  at  that 

time  may  be  obtained  by  a  proportion.    When  the  planet  is 

tgain  in  the  same  node,  the  geocentric  longitude  of  the  node 

may  again  be  foimd  in  the  same  manner  as  before.    On  account 

of  the  different  position  of  the  earth  in  its  orbit,  this  longitude 

▼ill  differ  from  the  former. 
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Now,  if  two  geocentric  longitudes  of  the  same  node  befowndj 
its  heliocentric  longitude  may  be  computed. 

Let  S  (Fig.  39)  be  the  sun,  N  the  node,  and  E  one  of  the 
positions  of  the  earth  for  which  the  geocentric  longitude  of  the 
node  V  E  N  is  known.  Denote  this  angle  by  Q,  the  sun's  lon- 
gitude V  E  S  by  S,  and  the  radius  vector  S  E  by  r.  Also,  let  E' 
be  the  other  position  of  the  earth,  and  denote  the  corresponding 
quantities  for  this  position,  V  E'  N,  V  E'  S,  and  S  E',  respectively, 
by  G',  S',  and  r'.    Let  the  radius  vector  of  the  planet  when  in 

its  node,  or  S  N  =  V ;  and  the  heliocentric  longitude  of  the  node, 
or  V  S  N  =  X.     The  triangle  S  N  E  gives, 

sin  S  N  E :  sin  S  E  N  : :  S  E  :  S  N ; 

but  SEN  =  VES  —  VEN  =  S  —  G; 

and,SNE  =  VAN— VSN=VEN  — VSN  =  G  — X; 
hence,  sin  (G  —  X) :  sin  (S  —  G) : :  r :  V  / 

or,  r  sin  (S  —  G)  =  V  sin  (G  — X)  .  .  .  (43). 

In  like  manner,  r'  sin  (S'  —  G')  =  V  sin  (G'  —  X) ; 
dividing  J[llirL(S_-zG)  ^  sin(G-X) 

r  sin  (S  —  G)  _  sin  G  cos  X  —  sin  X  cos  G   _ 
^^'       r'  sin  (S'  —  G')  "  sin  G'  cos  X  —  sin  X  cos  G' 

sin  G  —  cos  G  tang  X , 
sin  G'  —  cos  G'  tang  X ' 
whence, 

y  _  r  sin  (S  -  G)  sin  G'  -  r'  sin  (S'  -  G')  gin  G        ,^. 
*        rsin(S  — G)cosG'  — r'sin(S'  — G')cosG""''    '' 

Equation  (43)  gives  V  =  !^|5|^)  .  .  .  (45). 

Inclination  of  the  orbit. 
219.  The  longitude  of  the  node  having  been  found  by  the 
preceding  or  some  other  method,  compute  the  day  on  which  the 
sun's  longitude  will  be  the  same  or  nearly  the  same :  the  earth 
will  then  be  on  the  line  of  the  nodes.  Observe  on  that  day  the 
planet's  right  ascension  and  declination,  and  deduce  the  geo- 
centric longitude  and  latitude.  Let  E  N  p  (Fig.  40)  be  the  plane 
of  the  ecliptic,  V  the  vernal  equinox,  S  the  sun,  N  the  node,  E 
the  earth  on  the  line  of  nodes,  and  P  the  planet  as  referred  to 
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the  celestial  sphere,  firom  the  earth.  Let  X  denote  the  geocentric 
latitudePp;  Ethe  arcNp  =  Vp — VN  =  j5eo.  long,  of  planet  — 
long,  of  node ;  and  I  the  inclination  P  Np.  The  right  angled 
triangle  P  N  p  gives 

sin  Nj9  =  tangPp  cotPNp  =  tang X cot  I; 

hence,      cot  I  =  55^,  and  tang  I  =  ^J"  .  .  .  (46). 

tangX  sin  £ 

220.  It  will  be  understood,  that  to  obtain  an  exact  result,  we 
must  compute  the  precise  time  of  the  day  at  which  the  longitude 
of  the  sun  is  the  same  as  that  of  the  node,  and  then,  by  means  of 
their  observed  daily  variations,  correct  the  longitude  and  latitude 
of  the  planet  for  the  variations  in  the  interval  between  the  time 
thus  ascertained  and  the  time  of  the  observation  above  men- 
tioned. 

Periodic  time. 

221.  The  interval  from  the  time  the  planet  is  in  one  of  its 
nodes  till  its  return  to  the  same,  gives  the  periodic  time  or  side- 
real revolution. 

222.  Another  and  more  accurate  method  is  to  observe  the 
length  of  a  synodic  revolution  (p.  82),  and  to  compute  the  pe- 
riodic time  from  this.  If  we  compare  the  time  of  a  conjunction 
which  has  been  observed  in  modem  times,  with  that  of  a  con- 
junction observed  by  the  earlier  astronomers,  and  divide  the  in- 
terval between  them  by  the  number  of  synodic  revolutions  con- 
tained in  it,  we  shall  have  the  mean  synodic  revolution  with 
great  exactness,  from  which  the  mean  periodic  time  may  be  de- 
duced.* 

To  find  the  heliocentric  longitude  and  latitude,  and  the  radius 

vector,  for  a  given  time. 

223.  The  earth  being  in  constant  motion  in  its  orbit,  and  be- 
ing thus  at  different  times  very  differently  situated  with  regard 
to  the  other  planets,  as  well  in  respect  to  distance  as  direction, 
it  is  necessary  for  the  purpose  of  comparing  the  observations 
nude  upon  these  bodies  with  each  other,  to  refer  them  all  to  one 
common  point  of  observation.  As  the  sun  is  the  fixed  centre 
About  which  the  revolutions  of  the  planets  are  performed,  it  is 

*  We  shall,  in  the  Mqael,  inyettigate  the  equation  that  ezpreMee  the  relation 
^'^twwn  the  fjnodic  nvohition  and  the  periodic  time. 
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the  point  best  suited  to  this  purpose,  and  accordingly  it  is  to  the 
sun  that  the  observations  are  in  reality  referred.  The  rednctioii 
of  observations  from  the  earth  to  the  sun,  as  it  is  actually  per- 
formed, consists  in  the  deduction  of  the  heliocentric  longi- 
tude and  latitude  from  the  geocentric  longitude  and  latitude, 
these  being  derived  from  the  observed  right  ascension  and  de- 
clination. We  will  now  show  how  to  effect  this  deduction, 
supposing  that  the  longitude  of  the  node  and  the  inclination  of 
the  orbit  are  known.  Let  N  P  (Fig.  41)  be  part  of  the  orbit  oft 
planet,  S  N  C  the  plane  of  the  ecliptic,  N  the  ascending  node,S 
the  sun,  E  the  earth,  and  P  the  planet ;  also,  let  P  <  be  a  per- 
pendicular let  fall  from  P  upon  the  plane  of  the  ecliptic,  and  E 
V,  S  V  the  direction  of  the  vernal  equinox.  Let  X  =  P  E  «•  the 
geocentric  latitude  of  the  planet ;  /  =  P  S  <  its  heliocentric  lati- 
tude ;  G  =  V  E  <  its  geocentric  longitude ;  L  =  V  S  <  its  helio- 
centric longitude ;  S  =  V  E  S  the  longitude  of  the  sun ;  N  =  V  S 
N  the  heliocentric  longitude  of  the  node ;  I  =  P  N  C  the  inclina- 
tion of  the  orbit ;  r  =  S  E  the  radius  vector  of  the  earth  ;  and  v 
=  S  P  the  radius  vector  of  the  planet. 

The  point  <  is  called  the  reduced  place  of  the  planet,  and  8r 
its  curtcUe  distance.  All  the  angles  of  the  triangle  S  E  <  hi?e 
also  received  particular  appellations  :  S  «*  E  the  angle  subtended 
at  the  reduced  place  of  the  planet  by  the  radius  of  the  earth's  oibit, 
is  called  the  AnnucU  Parallax,  S  E  «*  the  Elongation,  and  E  S 
<the  Commutation,  Let  A  =  S  <  E,  E  =  S  E  <,  and  C  =  E  Si^. 
Draw  S  *'  parallel  to  E  < :  then  A  =  <S*'  =  VS<— Tsar's 
VS<— VE*  =  L  — G;  E  =V  E  <— VES  =  G  — S  ;  C  =  T 
SE  — VS<=180o  +  VSE'  — VS<=180O4- VES  — VS 

*  =  180o  +  S  — L  =  T  —  L  (putting  T  =  18(P+S). 
1.  For  the  latitude.    The  triangles  E  P  «-,  S  P  <  give 

E  *  tang  X  =  P<  =  S*  tang  Z,  whence  H^^  =^; 
^  ^  '  tang/       E* 

but,  S* :  E*  : :  sinE  :  sinC,  or,  S.—  =^!"  ^; 

E<     sm  C 

mibstituting,  tangX^sinE 

^'  tang  /     sm  C  ' 

whence,  tang  X  sin  C  =  tang  Z  sin  E  .  .  .  (46). 

or,        tangXsin(T  — L)  =  tangZsin(G  — S)  .  .  .(47). 
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Again,  the  triangle  N  P  p  gives,  by  Napier's  rules, 

sin  N  p  =cot  P  N  P  tan  P  /I,  or,  sin  (L  —  N)  =  cot  I  tan  Z .  (48). 

Either  of  the  equations  (47)  and  (48)  will  give  the  value  of  I, 
when  the  longitude  L  is  known. 

9.  f\ir  the  longitude.  If  we  substitute  in  equation  (47)  the 
value  of  tang  /,  given  by  equation  (48),  and  replace  (G  —  S)  by 
E,  we  have, 

tang  X  sin  (T  —  L)  =  sin  (L  —  N)  tang  I  sin  E  ; 
butT  — L  =  (T  —  N)  —  (L— Nj  =  D  —  (L  —  N),  (denoting  (T 
—  N)  by  D) ;  substituting  and  designating  L  —  N  by  ar, 

tang  X  sin  (D  —  ar)  =  sin  ar  tang  I  sin  E ; 
whence, 

tang  X  sin  D  cos  x — tang  X  cos  D  sin  t  =  tang  I  sin  E  sin  t  ; 
or,  tang  X  sin  D  —  tang  X  cos  D  tang  x  =  tang  I  sin  E  tang  x ; 

which  fifives,    tansx^ £ — ~ — =— , — =.   .  .  .  (49.) 

^       '         ^       tangXcosD  +  tanglsmE  ^      ' 

Substituting  the  values  of  x,  D  and  E,  we  have  finally, 

tang(L-N)  = ^^^f^^"^).    ,^       -  (50). 

^^  ^     tangXcos(T  — N)+tangIsin(G  — S)    ^    ^ 

As  N  is  known,  the  value  of  L  will  result  from  this  equation. 

224  The  co-ordinates  employed  to  fix  the  position  of  a  planet 
in  the  plane  of  its  orbit,  are  its  orbit  longitude  (Art.  212)  and  its 
ndius  vector,  both  of  which  result  from  the  heliocentric  longitude 
and  latitude,  the  longitude  of  the  node  and  the  inclination  of  the 
orbit  being  known.  In  Fig.  41,  V  N  P  represents  the  orbit  longi- 
tude, and  S  P  (=  r)  the  radius  vector,  for  the  position  P.  Now, 
triangle  P  S  «'  gives, 

P  = =r----—  ,  or,  t?  = 


cosTS*'      '         cosZ  ' 

and  the  triangle  E  S  «'  gives, 

A      '    -c*   C3  t:»    a       S  E  sin  E     r  sin  E 
sm  A:  smE:S  E  :  »«'  =  — : — ; — =—: — s-  : 

sm  A  sm  A 

whence,  by  substitution,  v  =    /  ^]^  ^  =  J1^^ZlS1.(61). 
'  smAcosZ      sm(L — G)cos/^    ' 

The  orbit  longitude  L'  =N  P  -f  long,  of  node  .  .  .  (62). 

And  to  find  N  P,  the  triangle  N  P  p  gives, 

cc»PNp  =  cotNPtangNp,ortangNP=^!H?i^.  .  .(52); 

cos  X 

^ij       Np= long,  of  planet — long,  of  node  .  .  .  (62). 
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226.  The  heliocentric  longitude  may  be  obtained  in  a  veiy 
simple  manner,  if  the  observations  be  made  upon  the  planet  at 
the  time  of  canjuncticn  or  opposUian ;  for,  it  will  then  either 
be  equal  to  the  geocentric  longitude  or  differ  \9XP  from  it 

When  the  heliocentric  longitude  is  found,  the  latitude  may 
be  computed  by  equation  (47)  or  (48).  Equation  (61)  will  disap- 
pear in  conjunctions  and  oppositions ;  but  the  radius  vector 
(S  P)  may  be  computed  from  the  triangle  ESP  (Fig.  42) :  for, 
the  side  S  E  the  radius  vector  of  the  earth,  is  known,  as  well  as 
the  angle  S  E  P  the  geocentric  latitude  of  the  planet,  and  the 
angle  E  S  P  =  180°  —  P  S  p  =  180°  —  heliocentric  lat. 

226.  The  radius  vector  of  either  of  the  inferior  planets*  at  the 
time  of  maximum  elongation,  may  be  approximately  deduced 
from  the  amount  of  the  maximum  elongation,  determined  from 
observation.  The  elongation  of  an  inferior  planet  at  any  time, 
is  equal  to  the  difference  of  the  geocentric  longitudes  of  the  plan- 
et and  sun,  and  is  therefore  easily  obtained.  Let  N  P  P'  (Fig.  43) 
represent  the  orbit  of  an  inferior  planet,  supposed  to  lie  in  the 
plane  of  the  ecliptic.  The  line  E  P  drawn  from  the  earth  to 
the  planet,  will  at  the  time  of  maximum  elongation  be  tangent 
to  the  orbit ;  and  thus,  if  the  greatest  value  of  the  elongation 
be  observed,  we  shall  have  in  the  right  angled  triangle  EPS. 
the  line  E  S,  and  the  angle  SEP,  from  which  the  radius  vector 
S  P  may  be  computed. 

As  the  earth  and  planet  are  in  motion,  the  g^reatest  elon- 
gation will  occur  at  different  points  of  the  planet's  orbit,  and 
therefore  we  may  find  by  the  foregoing  process  different  radii 
vectores. 

Longitude  of  the  perihelion^  eccentricity,  and  semi-major 

a^xis. 

227.  The  longitude  of  the  perihelion,  the  eccentricity,  and 
the  semi-major  axis,  may  be  derived  from  the  heliocentric  orbit 
longitude  and  the  radius  vector  found  for  three  different  times. 

Let  S  P,  S  P',  S  P"  (Fig.  44)  be  the  three  given  radii  vectores, 
V  S  P,  TS  P',  Y'  8  P",  the  three  given  longitudes,  and  A  B 
the  line  of  apsides  of  the  planet's  orbit.  Let  the  angles  P  S  P, 
P  S  P",  which  are  known,  be  represented  by  m,  n,  and  the 

*  An  Inferior  planet  is  one  whoee  oibit  liee  within  the  orbit  of  the  eirth. 
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angle  B  S  P,  which  is  unknown,  by  x ;  and  let  the  three  radii 
vectores  S  P,  S  P',  S  P"  be  denoted  by  t?,  v\  v"  ;  the  semi-major 
axis  A  C  by  a,  and  the  ratio  of  the  eccentricity  to  the  semi-major 
axis  by  e :  then,  the  three  unknown  quantities  which  are  to  be 
determined,  are  a,  e,  and  the  angle  x,  and  the  general  polar 
equation  of  the  ellipse  furnishes  for  their  determination  the 
three  equations : 

„  =  iLlL-Z^  .  .  .  (53). 
1  +  e  cos  X 

^•=__ili-^.,.  (54). 
1  +ccos(2:+m) 

t,"  =  ^     «a-0        .  .  .  (55). 
1  +  e  cos  (2:  +  n) 

Equating  the  values  of  a  (I  —  ^)  obtained  from  equations  (53, 
and  (54),  we  have, 

V  +  ve  cos  x  =  v'  -j-v'  e  cos  {x  +  m), 

or,  €  = ^  ~^  . r  .  .  .  (66). 

V  cos  X  —  v'  cos  (x  +  m) 

In  like  manner  from  (63)  and  (65), 

e  = ; r-     .   .    .   (57). 

V  cos  X V"  COS{x  +71) 

Let  v'  —  V  =  p,  and  v"  —  v  =  q\  then,  by  equating  the  second 
members  of  equations  (66),  (57),  and  transforming,  we  obtain, 

p  _v  cos  X  —  t?'  cos  {x  +  m) 
q     t?  cos  j:  —  v"  cos  {x  +  n) 

__  V  cos  X  —  v'  COS  m  cos  x  +  v'  sin  tn  sin  x 
1?  cos  or  —  v"  cos  n  cos  x  +  v"  sin  n  sin  a; 

__  V  —  v^  cos  m  +  v'  sin  m  tang  x 
V  —  v"  cos  n  +  v"  sin  n  tang  a? ' 

Tfhence,  tang  ar  =  f  (^  - 1>"  cos  n)  -  y  (i;  -  r' cos  m)     ^gg^ 

q  v'  smm  —  p  v"  smn 

The  value  of  x  being  found  by  this  equation,  and  subtracted 
from  the  orbit  longitude  of  the  planet  in  the  first  position  P, 
the  result  will  be  the  orbit  longitude  of  the  perihelion.  Also, 
X  being  known,  e  may  be  computed  from  either  of  the  equa- 
tbns  (56)  and  (57).  And  hence  again,  the  semi-major  axis  from 
ecjuation  (63),  (54),  or  (65). 

13 


98  ASTRONOMY. 

228.  The  semi-major  axis  or  mean  distance  from  the  sun, 
may  also  be  had  by  taking  the  mean  of  a  great  number  of  radii 
vectores  found  for  every  variety  of  position  of  the  planet  in  its 
orbit 

229.  Now  that  Kepler's  third  law  has  been  established  by 
investigations  in  Physical  Astronomy,  it  furnishes  the  most  ac- 
curate method  of  finding  the  mean  distance  of  a  planet  from  the 
Sim.  Thus,  let  P  =  the  periodic  time  of  the  planet,  and  a  =  its 
mean  distance ;  then,  the  length  of  the  sidereal  year  being 
365.256374  days  (Art.  177), 

(365.256374d.)»:P*::l»:a»; 

^^^'^^^  ^=(365:253747.)'  •••(^^)- 

Epoch  of  a  planet  beirig  at  the  perifielion  of  its  orbit. 

229.  From  several  observations  upon  the  planet,  about  the 
time  it  has  the  same  longitude  as  the  perihelion,  the  correct 
time  of  its  being  at  the  perihelion  may  be  easily  determined  by 
proportion. 

230.  The  mean  longittide  at  an  assigned  epoch  is  obtained 
upon  the  same  principles  as  the  mean  longitude  of  the  sun  or 
moon  (Arts.  204  ,207.) 

Remarks, 

231.  The  foregoing  methods  of  determining  the  elements  of  a 
planet's  orbit  suppose  observations  to  be  made  at  two  or  more 
successive  returns  of  the  planet  to  its  node.  It  is  possible,  by 
certain  methods  of  trial  and  conjecture,  to  derive  the  elements 
of  a  planetary  orbit,  with  tolerable  accuracy,  from  observations 
continued  during  only  a  part  of  a  revolution,  and  without  wait- 
ing for  a  passage  of  the  planet  through  its  node.  It  was  thus 
that  Lalande  determined  the  elements  of  the  orbit  of  Uranus, 
with  a  near  approximation  to  the  truth,  within  one  year  of  the 
period  of  the  first  discovery  of  that  planet  by  Sir  W.  Herschel. 

Mean  Elements  and  their  Variations, 

232.  The  elements  of  the  planetary  orbits,  obtained  by  the 
foregoing  processes,  are  the  true  elements  at  the  periods  when 
the  observations  are  made.  Upon  determining  them  at  different 
periods,  it  appears  that  they  are  subject  to  minute  variations. 
A  comparison  of  the  values  found  at  various  distant  epochs 
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ahows  that  tbey  are  slowly  changing  firom  century  to  century, 
and  that  the  changes  experienced  during  equal  long  periods  of 
time  are  very  nearly  the  same.  The  amount  of  the  variation  of 
an  element  in  a  period  of  100  years  is  called  its  Secular  Varia- 
tion, Upon  reducing  the  elements,  found  at  different  times,  to 
the  same  epoch,  by  allowing  for  the  proportional  parts  of  the 
secular  variations,  the  different  results  for  each  element  are 
found  to  differ  slightly  from  each  other,  which  shows  that 
the  elements  are  also  subject  to  slight  periodical  variations. 
These  variations  being  very  minute,  the  true  elements  can 
never  differ  much  from  the  mean,  or  those  from  which  they  de- 
viate periodically  and  equally  on  both  sides. 

The  mean  elements  at  an  assigned  epoch  may  be  had  by  find- 
ing the  true  elements  at  various  times,  and  reducing  them  to  the 
given  epoch,  by  making  allowance  for  the  proportional  parts  of 
the  secular  variations,  and  then  taking  for  each  element  the 
mean  of  all  the  particular  values  obtained  for  it. 

233.  A  comparison  of  the  mean  values  of  the  same  element, 
found  at  distant  epochs,  makes  known  the  variation  of  its  mean 
value  in  the  interval  between  them,  from  which  the  secular 
variation  may  be  deduced  by  simple  proportion. 

234.  The  elements  of  the  moon's  orbit  are  also  subject  to  con- 
tinual variations.  These  are,  for  the  most  part,  periodic,  and 
are  fax  greater  than  the  variations  of  the  corresponobng  elements 
of  a  planet's  orbit  It  will  be  seen  then,  that  in  determining  the 
mean  elements,  a  much  greater  number  of  observations  will  be 
required  than  in  the  case  of  a  planetary  orbit.  The  mean  node 
and  perigee  have  a  rapid  and  nearly  uniform  progressive  mo- 
tion. Theory  shows  that  the  other  mean  elements,  with  the 
exception  of  the  semi-major  axis,  are  subject  to  secular  varia- 
tions, but  their  effect  has  hitherto  been  very  inconsiderable. 

236.  The  mean  elements  which  have  been  derived  as  above 
directly  from  observation,  have  subsequently  been  verified  and 
corrected,  by  comparing  the  computed  with  the  observed  places 
of  the  planet ;  and  for  this  purpose  many  thousands  of  observa- 
tions have  been  made. 

236.  Tables  11  and  m  contain  the  elements  of  the  orbits  of 
the  principal  planets,  and  of  the  moon's  orbit,  together  with 
their  secular  variations,  for  the  beginning  of  the  year  1801 ;  and 
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also  the  elements  of  the  orbits  of  the  four  small  planets,  Testa, 
Juno,  Ceres  and  Pallas,  for  the  beginning  of  the  year  1820. 

If  an  element  be  desired  for  any  time  different  from  the  epoch 
of  the  table,  we  have  only  to  allow  for  the  proportional  part  of 
the  secular  variation  in  the  interval  between  the  given  time  and 
the  epoch  of  the  table. 

237.  It  will  be  seen,  on  inspecting  Table  11,  that  the  mean 
distances  of  the  planets  from  the  sun,  or  the  semi-major  axes  of 
their  orbits,  are  the  only  elements  that  are  invariable.  The  rest 
are  subject  to  minute  secular  variations.  The  nodes  have  all 
retrograde  motions.  The  perihelia,  on  the  contrary,  have  direct 
motions,  with  the  single  exception  of  the  perihelion  of  the  orbit 
of  Venus,  which  has  a  retrograde  motion.  The  eccentricities  of 
some  of  the  orbits  are  increasing,  of  others  diminishing.  That 
of  the  earth's  orbit  is  diminishing. 

The  node  of  the  moon's  orbit  has  a  retrograde  motion,  and  the 
perihelion  a  direct  motion.  The  former  accomplishes  a  tropical 
revolution  in  6788.50982  days,  or  about  18  years  214 -days; 
and  the  latter  in  3231.4751  days,  or  in  about  8  years  309  dajrs. 
The  mean  motion  of  the  node,  and  the  mean  motion  of  the 
perigee,  are  both  subject  to  a  slow  secular  diminution. 


CHAPTER     IX. 

op  the  determination  op  the  place  op  a  planet,  or 
op  the  sun,  or  moon,  por  a  given  time,  by  the 
elliptical  theory  ]  and  op  the  verification  op 
Kepler's  laws. 

Place  of  a  Planet,  or  of  the  SuUj  or  Moon,  in  its  Orbit. 
238.  The  angle  contained  between  the  line  of  apsides  of  a 
planet's  orbit  and  the  radius  vector,  as  reckoned  from  the  peri- 
helion towards  the  east,  is  called  the  TVue  Anomaly.    Thus, 
let  B  P  A  P'  (Fig.  46)  represent  the  orbit,  B  the  peribelioUy  and 
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P  the  position  of  the  planet ;  then,  B  S  P  is  its  true  anomaly. 
The  angle  contained  between  the  line  of  apsides  and  the  mean 
place  of  the  planet,  also  reckoned  from  the  perihehon  towards 
the  east,  is  called  the  Mean  Anomaly.  Thus,  let  M  be  the 
mean  place  of  a  planet  at  the  time  P  is  its  true  place,  and  B  S  M 
will  be  its  n^an  anomaly. 

Describe  a  circle  B  p  A  on  the  line  of  apsides  as  a  diameter ; 
through  P  draw  p  P  D  perpendicular  to  the  line  of  apsides,  and 
join  p  and  C :  the  angle  B  C  p,  which  the  line  thus  determined 
makes  with  the  line  of  apsides,  is  called  the  Eccentric  Ano- 
maly. 

The  corresponding  angles  appertaining  to  the  sun's  apparent 
orbit,  and  to  the  moon's  orbit,  have  received  the  same  appel- 
lations. 

239.  The  interval  between  two  consecutive  returns  of  a  body 
to  either  apsis  of  its  orbit,  is  called  the  Anomalistic  RevoltUion, 
The  anomalistic  revolution  of  the  earth,  or  of  the  sun  in  its  ap- 
parent orbit,  is  termed  also  the  Anomalistic  Year, 

240.  The  periodic  time,  or  the  mean  motion  of  a  body,  and 
die  motion  of  the  apsis  of  its  orbit,  being  known,  the  anomalistic 
revolution  may  be  easily  computed.  Let  m  =  the  sidereal  mo- 
tion of  the  apsis  answering  to  the  periodic  time,  and  M  =  the 
mean  daily  motion  of  the  planet ;  then, 

M :  Id. : :  m  :  x=diS.  of  anomalistic  rev.  and  periodic  time. 

241.  When  the  epoch  of  any  one  passage  of  a  planet  through 
its  perihelion,  or  of  the  sun  or  moon  through  its  perigee,  has 
been  found,  we  may,  by  means  of  the  anomalistic  revolution, 
deduce  from  it  the  epoch  of  every  other  passage. 

242.  The  length  of  the  anomalistic  year  exceeds  that  of  the 
sidereal  year  by  4  m.  43.9  s. 

243.  From  the  anomalistic  revolution,  and  the  epoch  of  the 

last  passage  through  the  perihelion  or  perigee  (as  the  case  may 

H  we  may  derive  the  mean  anomaly  for  any  given  time.    Let 

T=the  anomalistic  revolution,  /  =  the  time  that  has  elapsed 

since  the  last  passage  through  the  perihelion  or  perigee,  and  A 

=the  mean  anomaly :  then, 

t  T:360O::r-A  =  360O-i  .  .  .  (60). 

^  The  place  of  a  body  in  its  elliptical  orbit  is  ascertained 
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by  finding  its  true  anomaly.  The  problem  which  has  for  its 
object  the  determination  of  the  true  anomaly  from  the  mean, 
was  first  resolved  by  Kepler,  and  is  called  Kepler^s  PrMem. 
The  solution  of  it  may  be  found  in  the  Appendix.  Another  and 
more  convenient  method  of  obtaining  the  true  anomaly,  is  to 
compute  the  equation  of  the  centre  from  the  mean  anomaly,  and 
add  it  to  the  mean  anomaly,  or  subtract  it  from  it,  according  to 
the  position  of  the  body  in  its  orbit  (Art  186). 

Heliocentric  Place  of  a  Planet 

245.  The  place  of  a  planet  in  the  plane  of  its  orbit  is  designa- 
ted by  its  orbit  longitude,  and  radius  vector.  To  find  the  orbit 
longitude  we  have  the  equation, 

long.  =  long,  of  perihelion  +  true  anomaly. 
The  orbit  longitude  may  also  be  deduced  from  the  mean  lon- 
gitude, by  adding  or  subtracting  the  equation  of  the  centre. 

The  radius  vector  results  from  the  polar  equation  of  the  ellip- 
tic orbit  (Art.  227),  viz : 

Y^ajl  —  e^ 
1  4-  c  cos  ar 
in  which  x  denotes  the  true  anomaly,  e  the  eccentricity,  and  a 
the  semi-major  axis. 

246.  Now  to  find  the  heliocentric  longitude  and  latitude, 
which  ascertain  the  position  of  the  planet  with  respect  to  the 
ecliptic,  the  triangle  N  P  p  (Fig.  41)  gives, 

sin  Pp  =  sin  N  P  sin  P  N  p ; 

or,  sin  lat.  =  sin  (orbit  long.  —  long,  of  node)  x  sin  (inclin.) . .  (62) ; 
and 

cosPNp  =  tang  Np  cotNP,  or  tangNp  =  tangNP  cosPNp^ 
or, 

tang  (long.  —  long,  of  node)  =  tang  (orbit  long,  —  long,  of  node) 

X  cos  (inclination) .  .  .  (63). 

Geocentric  Place  of  a  Planet. 

247.  From  the  heliocentric  longitude  and  latitude  and  the 
radius  vector  of  a  planet,  to  find  the  geocentric  longitude  and 
latitude.  Let  S  (Fig,  41)  be  the  sun,  E  the  earth,  P  the  planet, 
*  its  reduced  place,  and  V  the  vernal  equinox.  Denote  the  he- 
liocentric longitude  V  S  *  by  L,  the  heliocentric  latitude  P  S  ^ 
by  I,  and  the  radius  vector  S  P  by  v ;  and  denote  the  geocentric 


GEOCENTRIC   PLACE   OF   A   PLANET.  103 

longitude  by  G,  and  the  geocentric  latitude  by  X.    Also  let  E  = 

S  E  «*  the  elongation ;  C  =  E  S  «*  the  commutation ;  A  — 8*  E  the 

annual  parallax  ;  and  r  =  S  E  the  radius  vector  of  the  earth. 

Now, 

VE4r  =  SE«^  +  VES, 

or,  G  =  E  +  long,  of  sun. 

This  equation  will  make  known  the  geocentric  longitude, 
when  the  value  of  E  is  found.  In  the  triangle  S  E  *,  the  side  S 
*  =  S  P  cos  P  S  «-  =  r  cos  Z,  and  is  therefore  known,  the  side  E  S 
is  given  by  the  elliptical  theory  (Art  246),  and  the  angle  C  may 
be  derived  from  the  following  equation  :  C  =  VSE  —  VS«'  = 
long,  of  earth  —  long,  of  planet :  and  to  find  E  we  have,  by 
Trigonometry, 
ES+S^-iES— S4r::tani(E«'S+SE«'):tan4(E4rS— SE*), 

or,  r  +  r  cos  /  :  r  —  r  cos  / :  :  tang  ^  (A  +  E) :  tang  ^  (A  —  E) ; 

whence,     tang  4  (A  —  E)  =  ^lH-l^^LJ.  tang  1(A  +  E) ; 

r  +  v  cos  I  ^^  ' 

vcosl 


1  — 


-i    tV  COS  I 

r 


-tangi(A  +  E). 


Let  tang  d  =  iL^2L^.   Then, 

r 

tangi(A-E)=  J-Z^.  tangi(A  +  E); 

or,    tangi(A  — E)  =  tang(450  — d)tangi(A  +  E)...(64). 
But,     A  +  E  =  180O  — C,andE  =  i(A  +  E)  — i(A  — E). 
Next,  to  find  the  geocentric  laiiude. 

S  *  tang /  =  P  *  =  E  *  tang  X, 

whence,  S*  ^  tang_x 

Eir     tang/ 

bat,  S4r:E4r::8inE:sinC,  or-?^  =  ?^, 

'       Ec      smC' 

and  therefore,  anE^tengX 

sm  C      tang/  ' 

or,  tangX=.^E^^..(66). 

sm  0 
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248.  When  a  planet  is  in  conjunction  or  opposition,  the  sines 
of  the  angles  of  elongation-  and  commutation  are  each  nothing. 
In  these  cases,  then,  the  geocentric  latitude  cannot  be  found  by 
the  preceding  formula,  it  may  however  be  easily  determined  in  a 
different  manner.  Suppose  the  planet  to  be  in  conjunction  at  P 
(Fig.  42) ;  then, 

^      P*  P* 

but  the  triangle  S  P  ir  gives, 

Pc  =  r  sin Z,  and  8*  =  v  cos  / ;  and  E S  =r ; 

hence,  tang  X  =    ^^^^l     .  .  .  (66).* 

'  ^        r  +  vcosl  ^     ^ 

249.  To  find  the  distance  of  the  planet  from  the  earth,  repre- 
sent the  distance  by  D  ;  then,  from  the  triangles  S  P  «*  and  E  P 
*  (Fig.  41),  we  have, 

P«^  =  EPsinPE4r  =  DsinX, 

and  P«'  =  SPsinPS«'  =  T?sin/; 

whence,  D  =  ^. —   .  .  .  (67). 

'  smx  ^     ^ 

250.  The  distance  of  a  planet  being  known,  its  horizontal 
parallax  may  be  computed  from  the  equation 

sin  H  =  ^  .  .  .  (68).     (Art  98). 

Places  of  the  Sun  and  Moon. 

251.  The  place  of  the  sun,  as  seen  from  the  earth,  may  be 
easily  deduced  &om  the  heliocentric  place  of  the  earth ;  for,  the 
longitude  of  the  sun  is  equal  to  the  heliocentric  longitude  of  the 
earth  plus  180°,  and  the  radius  vector  of  the  earth's  orbit  is  the 
same  as  the  distance  of  the  sim  from  the  earth.  But  it  is  more 
convenient  to  regard  the  sun  as  describing  an  orbit  around  the 
earth,  and  to  compute  its  true  anomaly,  (Art.  244),  and  thence 
the  longitude  and  radius  vector  by  the  equation 

long.  =  true  anomaly  +  long,  of  perigee, 
and  the  polar  equation  of  the  orbit. 

252.  The  orbit  longitude  and  the  radius  vector  of  the  mooio 

*  For  opposition  and  in&rior  conjtinction,  the  sign  of  oos  Z  most  bo  changed. 
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are  found  by  the  same  process  as  the  longitude  and  radius  vec- 
tor  of  the  sun.  The  orbit  longitude  being  known,  the  ecliptic 
longitude  and  the  latitude  may  be  determined  by  a  process  pre- 
cisely similar  to  that  by  which  the  heliocentric  longitude  and 
latitude  of  a  planet  are  found  (Art.  245). 

VerificcUion  of  Kepler's  Laws. 

253.  If  Kepler's  first  two  laws  be  true,  then  the  geocentric 

places  of  the  planets,  computed  by  the  process  that  we  have 

described  (Art.  246),  which  is  founded  upon  them,  ought  to 

agree  with  the  true  geocentric  places  as  obtained  for  the  same 

time  by  direct  observation :  or,  the  heliocentric  places  computed 

from  the  observed  geocentric  places  (Art.  223),  ought  to  agree 

with  the  same  as  computed  by  the  elliptic  theory  (Arts.  245,  246). 

Now,  a  great  number  of  comparisons  have  been  made  between 

the  observed  and  computed  places,  and  in  every  instance  a  close 

agreement  between  the  two  has  been  found  to  subsist.    We 

infer,  therefore,  that  the  motions  of  the  planets  must  be  very 

nearly  in  conformity  with  these  laws. 

The  truth  of  the  third  law  has  been  established  by  a  direct 
comparison  of  the  mean  distances  of  the  different  planets  with 
their  periodic  times. 

254.  Kepler's  laws  have  been  verified  for  the  sun  and  moon, 
in  a  similar  manner. 

255.  The  relative  distances  of  the  sun,  or  moon,  at  different 
times,  result  firom  observations  upon  the  apparent  diameter, 
upon  the  principle  that  any  two  distances  are  inversely  propor- 
tional to  the  corresponding  apparent  diameters.  Let  a  =  semi- 
diameter  corresponding  to  the  mean  distance,  and  6  =  semi- 
diameter,  corresponding  to  any  distance  D :  then 

^ :  A : :  1 :  D ;  whence,  D  =  -j   •  •  •  (69) ; 

ui  equation  which,  when  a  has  been  found,  will  make  known 
the  distance  corresponding  to  any  observed  semi-diameter  6,  in 
terms  of  the  mean  distance  as  a  unit 
Now,  to  find  A,  denote  the  greatest  and  least  semi-diameter? 

Kspectively  by  6*,  6*',  and  the  corresponding  distances  by  D'  and 

D",  and  we  have, 


1)'=^  D"=-; 


14 
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and  thence,      i  (D'  +D")  =  i(A+|,)  or,  1  -i{^+^)  J 

whence,  A  =  - — -- .  .  .  (70). 

256.  The  distance  of  the  sun  or  moon  in  terms  of  the  mean 
distance  as  a  unit,  may  be  found  in  a  similar  manner  ;  but  it 
may  be  had  more  accurately  by  means  of  a  principle  which  has 
been  discovered  from  observation,  namely,  that  the  distance  is 
inversely  proportional  to  the  square  root  of  the  daily  angular 
motion. 


CHAPTER  X. 

op  THE  INEQUALITIES  OP  THE  MOTIONS  OF  THE  PLANETS 
AND  OF  THE  MOON  )  AND  OF  THE  CONSTRUCTION  OP  TA- 
BLES  FOR   FINDING    THE    PLACES   OF   THESE    BODIES. 

257.  It  is  a  general  law  of  nature,  discovered  by  Sir  Isaac 
Newton,  that  bodies  tend,  or  gravitate  towards  each  other,  with 
a  force  directly  proportional  to  their  masses  and  inversely  pro- 
portional to  the  square  of  their  distance.  The  force  which 
causes  one  body  to  gravitate  towards  another,  is  supposed  to 
arise  from  a  mutual  attraction  existing  between  the  particles  of 
the  two  bodies,  and  is  hence  called  the  Attraction  of  Cframta- 
tion.  This  force  of  attraction,  common  to  all  the  bodies  of  the 
Solar  System,  is  the  general  physical  cause  of  their  motions. 
The  sun's  attraction  retains  the  planets  in  their  orbits,  and  the 
planets  by  their  mutual  attractions  slightly  alter  each  other's 
motions.  The  reasoning  by  which  Newtoris  Theory  of  Uni- 
versal Gravitation  is  established,  appertains  to  Physical  Astrcm- 
omy,  and  will  be  presented  in  another  part  of  the  work. 

258.  If  a  planet  were  acted  on  by  no  other  force  than  the 
attraction  of  the  sun,  it  is  proved  that  its  orbit  would  be  accu- 
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rately  an  ellipse,  and  that  the  areas  described  by  its  radius  vector 
in  equal  times,  would  be  precisely  equal.    But,  it  is  in  reality 
attracted  by  the  other  planets,  as  well  as  the  sun,  and  therefore 
its  actual  motions  cannot  be  in  strict  conformity  with  the  laws 
of  Kepler.     In  fact,  if  we  descend  to  great  accuracy,  the  agree- 
ment between  the  observed  and  computed  places  noticed  in  Art. 
253,  is  found  not  to  be  exact.     The  deviations  from  the  elliptic 
motion  which  are  produced  by  the  attractions  of  the  planets, 
are  called  Perturbations,  or,  in  Plane  Astronomy,  Inequalities, 
Although,  as  we  have  just  seen,  the  fact  of  the  existence  of  ine- 
qualities in  the  motions  of  the  pleuiets  is  discoverable  from  ob- 
servation, their  laws  cannot  be  determined  without  the  aid  of 
theory. 

259.  In  treating  of  the  perturbations  in  the  motions  of  one 
planet,  resulting  from  the  attractions  of  another,  the  attracting 
planet  is  called  the  Disturbing  Body,  and  the  force  which  pro- 
duces the  perturbations  the  Disturbing  Force,  To  find  the 
disturbing  force,  let  P  (Fig.  46)  be  the  planet,  S  the  sun,  and 
M  the  disturbing  body ;  and  let  P  D  represent  the  attraction  of 
M  for  the  planet.  Decompose  P  D  into  two  forces,  P  E  and  P  F, 
one  of  which,  P  E,  is  equal  and  parallel  to  S  G,  the  attraction  of 
M  for  the  sun ;  the  other,  P  F,  will  be  known  in  position  and 
intensity.  The  two  forces,  P  E  and  S  G,  being  equal  and  paral- 
lel, they  cannot  alter  the  relative  motion  of  the  sun  and  planet, 
and  accordingly  may  be  left  out  of  account:  there  remains, 
therefore,  the  component  P  F,  which  will  be  wholly  effectual  in 
disturbing  this  motion.    This,  then,  is  the  disturbing  force. 

It  happens  in  the  case  of  each  planet,  that  the  distances  of  some 
of  the  other  planets  are  so  great,  that  their  disturbing  forces  are 
insensible.     The  attractions  of  these  bodies  for  the  sun  and 
planet  are  sensibly  equal  and  parallel.     Owing  to  the  great  dis- 
tance of  the  planets  from  each  other,  and  the  smallness  of  their 
loass  compared  with  that  of  the  sun,  the  disturbing  force  is  in 
every  instance  very  minute  in  comparison  with  the  sun's  at- 
traction. 
260.  It  is  plain  that  the  disturbing  force  will,  in  general, 
1        he  obliquely  inclined  to  the  perpendicular  to  the  plane  of 
Ihe  oibit,  P  K ;  the  tangent  to  the  orbit,  P  T ;  and  the  radius 
"vector,  P  S ;  and  may,  therefore,  be  decomposed  into  forces 
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acting  along  these  lines.  The  component  along  the  perpendi- 
cular will  alter  the  latitude,  and  the  two  others  both  the  longi- 
tude Slid  radius  vector ;  that  along  the  tangent  by  changing  the 
velocity  of  the  planet;  and  that  along  the  radius  vector  by 
changing  the  gravity  towards  the  sun.  It  appears,  therefore, 
that  the  disturbing  force  produces  at  the  same  time  perturbations 
or  inequalities  of  longitude^  of  latihAde^  and  of  radius  vector. 

261.  Liet  us  now  consider  how  these  inequalities  may  be 
determined.  And,  in  the  first  place,  the  inequalities  produced 
by  each  disturbing  body  may  be  separately  investigated  upon 
mechanical  principles,  as  if  the  other  bodies  did  not  exist,  for 
the  reason  that  the  effect  of  each  disturbing  body  is  sensibly  the 
same  that  it  would  be  if  the  other  bodies  did  not  act  That  this 
is  very  nearly,  if  not  quite  true,  may  be  at  once  inferred  from 
the  minuteness  of  the  whole  disturbance  produced  by  the  joint 
action  of  all  the  disturbing  forces  of  the  system..  The  problem 
which  has  for  its  object  the  determination  of  the  inequalities  in 
the  motions  of  one  body,  in  its  revolution  around  a  seccmd,  pro- 
duced by  the  attraction  of  a  third,  is  called  the  Problem  of  the 
Three  Bodies.  If,  in  the  case  of  any  one  planet,  this  problem 
be  resolved  for  each  of  the  other  bodies  of  the  system  which 
occasion  sensible  perturbations,  all  the  inequalities  to  which  the 
motion  of  the  planet  is  subject  will  become  known. 

262.  The  general  solution  of  the  problem  of  the  three  bodies, 
that  is  for  any  mass  and  distance  of  the  disturbing  body,  or  any 
intensity  of  the  disturbing  force,  cannot  be  effected  in  the  exist- 
ing state  of  the  mathematical  sciences.  But  the  problem  has 
been  resolved  for  the  case  that  presents  itself  in  nature,  in  which 
the  disturbing  force  is  very  minute  in  comparison  with  the  cen- 
tral attraction.  The  results  obtained  by  the  analysis,  are  certain 
analytical  expressions  for  the  perturbations  in  longitude,  latitude, 
and  radius  vector,  involving  variables  and  constants. 

263.  The  general  expression  for  the  whole  perturbation  in 
longitude,  due  to  the  action  of  any  one  disturbing  body,  is 

Csin(P'  — P)+C'sin2(F  — P)  +  C"sin3(P'  — P)  +  &c.(71), 

in  which  C,  C,  Sec,  are  constants,  P  the  heliocentric  longitude 
of  the  body  disturbed,  and  P'  that  of  the  disturbing  body.  The 
number  of  terms  is,  strictly  speaking,  indefinite,  but  they  jform  a 
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decreasiug  series ;  and  the  value  of  the  first  term  never  amounts 
to  more  than  a  few  seconds ;  so  that  only  a  small  number  of  the 
first  terms  (which  will  be  different  in  different  cases)  need  to  be 
used. 

264.  The  constants  C,  C,  &c.  are  to  be  determined  firom  ob- 
servation; they  may,  however,  be  determined  in  the  case  of 
some  of  the  planets  firom  theory  alone.  The  process  of  finding 
them  fiom  observation  is  as  follows  :  Suppose  that  the  earth  is 
the  body  whose  perturbations  are  under  consideration,  and  let  D 
denote  the  perturbation  in  longitude,  produced  by  the  joint  ac- 
tion of  aU  the  disturbing  forces.  Then,  supposing,  for  the  sake 
of  simplicity,  that  the  expression  for  the  perturbation  due  to 
each  disturbing  body,  consists  of  but  two  terms,  we  have, 

D  =  Csin(P  — P)+C'sin2(P  — P)-t;Csin(F'  — P)  +  c'sin 

2(F'  — P)+<fcc.  .  .  .  (72). 

Find,  by  observation,  the  heliocentric  longitude  of  the  earth, 
and  take  the  difference  between  this  and  the  longitude  as  com- 
puted for  the  same  time  by  the  elliptical  theory.    This  differ- 
ence will  be  the  value  of  D  at  the  time  of  the  observation.    P, 
P*j  P",  &c.  the  heliocentric  longitudes  of  the  earth  and  of  the 
disturbing  bodies,  and  consequently  P'  —  P,  P"  —  P,  &c.  are 
given  by  the  elliptical  theory.    Thus,  in  the  above  equation  all 
will  be  known  but  C,  C,  c,  c',  &c.    By  repetitions  of  this  process, 
as  many  equations  may  be  obtained  as  there  are  constants  to  be 
determined,  and  firom  these  the  values  of  the  constants  may  be 
computed.    It  is  usual,  however,  to  obtain  a  much  greater  num- 
ber of  equations  than  there  are  constants  ;  as,  by  combining  them 
according  to  certain  rules,  much  more  exact  values  of  the  con- 
stants maybe  derived. 

265.  In  the  expressioUi 

Csm(F— P)-HC'sin2(F  — P)-}-&c., 

for  the  perturbation  in  longitude,  due  to  the  action  of  a  disturb- 
ing body,  each  term,  C  sin  (F  —  P),  C  sin  2(P'  — P),  &c.,  is 
teehnically  termed  an  EqwUionj  and  is  considered  as  represents 
ing  a  specific  inequality.  The  angle  F  —  P,  or  2  (F  —  P),  or 
other  nuiltiple  of  F  —  P,  the  sine  of  which  enters  into  the  equar 
tbn  of  an  inequality,  is  called  the  Argument  of  the  inequality  ; 
and  the  constant  is  called  the  Ooefficieni  of  the  inequality.    As 
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the  greatest  value  of  the  sine  of  the  argument  is  unity,  the  co- 
efficient is  equal  to  the  greatest  value  of  the  inequality. 

266.  The  coefficient  being  known,  the  value  of  the  inequality 
at  any  particular  time  will  become  known,  if  that  of  the  ail- 
ment be  found.  Now,  the  argument  is  the  diflFerence  between 
the  longitudes  of  the  disturbing  body  and  disturbed  body,  or 
some  multiple  of  this  difference,  and  may  be  found  by  the  ellip- 
tical theory.  In  practice,  the  mean  longitudes  may  be  tak^, 
without  material  error,  in  place  of  the  true,  and  these  are  easily 
deduced  from  the  mean  longitudes  at  a  given  epoch,  by  means  of 
the  mean  motions  in  longitude  of  the  two  bodies.  When  the 
values  of  all  the  inequalities  in  longitude  have  been  separately 
determined,  by  taking  their  algebraic  sum,  we  shall  have  the 
correction  to  be  applied  to  the  elliptic  longitude,  in  order  to  find 
the  exact  longitude. 

267.  The  general  expression  for  the  total  perturbation  of  ra- 
dius vector,  due  to  the  action  of  one  body,  is 

C  cos  (F  —  P)  +  C  cos  2  ( F— P)  +  C"  cos  3  (F— P)  +  &c.  (73). 

As  in  the  expression  for  the  perturbation  of  longitude,  each  term 
is  called  an  equation,  and  represents  a  distinct  inequality,  the 
constant  being  the  coefficient,  and  the  variable  angle,  the  cosine 
of  which  enters  into  the  equation,  the  argument  of  the  inequality. 
The  amounts  of  the  different  inequalities,  at  an  assumed  time, 
are  computed  after  the  same  manner  as  those  of  the  inequalities 
of  longitude,  and  being  added  together  with  their  algebraical 
signs,  will  give  the  correction  to  be  applied  to  the  elliptic  radius 
vector. 

268.  The  perturbation  in  latitude  is  very  minute.  The  ine- 
qualities of  latitude,  as  of  longitude  and  radius  vector,  are  repre- 
sented by  equations,  composed  of  a  constant  coefficient  and  the 
sine  or  cosine  of  a  variable  argument,  or  of  the  form  C  sin  A  or 
G  cos  A. 

269.  The  arguments  of  the  inequalities  we  have  been  con- 
sidering, are  angles  depending  upon  the  configurations  of  the  dis- 
turbing and  disturbed  planets  with  respect  to  each  other  and  the 
sun,  and  also,  in  some  cases,  with  respect  to  the  nodes  and  peri- 
helia of  their  orbits.  Whenever  these  configurations  become 
the  same,  as  they  will  periodically,  the  arguments,  and  therefore 
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the  inequalities  themselves,  will  have  the  same  value.    It  fol- 
lows, therefore,  that  the  inequalities  in  question  are  periodic. 

The  interval  of  time  in  which  an  inequality  passes  through  all 
its  gradations  of  positive  and  negative  value,  is  called  the  Period 
of  the  inequality.  It  is  manifestly  equal  to  the  interval  of  time 
employed  by  the  argument  in  increasing  from  zero  to  360° ;  for, 
in  this  interval  sin  A  or  cos  A  takes  all  its  values,  both  positive 
and  negative,  and  at  the  expiration  of  it  recovers  the  same  value 
again. 

270.  It  has  been  stated,  that  the  elements  of  the  elliptic  orbits 
of  the  planets  are,  for  the  most  part,  subject  to  a  slow  variation 
from  century  to  century.  Investigations  in  Physical  Astronomy 
have  established  that  the  variations  of  the  elements  are  due  to 
the  action  of  the  disturbing  ibrces  of  the  planets,  and  that  they 
are  not  progressive  (except  in  the  cases  of  the  longitude  of  the 
node  and  the  longitude  of  the  perihelion),  but  are  really  periodic 
inequalities,  whose  periods  comprise  many  centuries.  From  the 
great  lengths  of  their  periods  these  inequalities  are  termed  Secti- 
lar  InequcUUieSj  in  order  to  distinguish  them  from  the  inequali- 
ties of  the  elliptic  motion,  denominated  Periodic  Inequalities^ 
the  periods  of  which  are  comparatively  short. 

Physical  Astronomy  furnishes  expressions  called  Secular 
EqucUionSj  which  give  the  value  of  an  element  at  any  assumed 
time. 

271.  The  inequalities  of  the  moon's  motions  arise  from  the 
disturbing  action  of  the  sun.  The  attractions  of  the  planets  for 
&e  moon  and  earth  are  sensibly  equal  and  parallel.  The  lunar 
inequalities  are  investigated  upon  the  same  principles  as  the 
planetary,  and  are  represented  by  eqv4xtions  of  the  same  general 
form,  that  is,  consisting  of  a  constant  coefficient  and  the  sine  or 
cosine  of  a  variable  argument.  They  far  exceed  in  number  and 
magnitude  those  of  any  single  planet. 

272.  There  are  three  lunar  inequalities  of  longitude  which 
ue  prominent  above  the  rest,  and  were  early  discovered  by 
observation. 
The  most  considerable  is  called  the  Erection^  and  was  disco- 
^  v-V  ^^  by  Ptolemy  in  the  first  century  of  the  Christian  era.  It 
-^x\  ^  ^^'  i^  argument,  doable  the  angular  distance  of  the  moon 
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from  the  sun  minus  the  mean  anomaly  of  the  moon,  and  amounts 
when  greatest  to  1°  20'  30." 

The  second  is  called  the  Variation,  and  was  discoyered  in 
the  sixteenth  century  by  Tycho  Brah^.  Its  argument  is  double 
the  angular  distance  of  the  moon  from  the  sun,  and  its  fnATimnm 
value  is  35'  42." 

The  third  is  denominated  the  Annual  Equationy  firom  die 
circumstance  of  its  period  being  an  anomalistic  year.  Its  argu- 
ment is  the  mean  anomaly  of  the  sun.  When  greatest,  it 
amounts  to  11'  12". 

273.  The  discovery  of  the  other  lunar  inequalities  (with  the 
exception  of  one  inequality  of  latitude)  is  due  to  Phjrsical 
Astronomy. 

The  whole  number  of  lunar  inequalities  of  longitude,  accord- 
ng  to  Burckhardt,  is  32. 

274.  To  present  now  at  one  view,  the  entire  process  of  finding 
the  exact  heliocentric  place  of  a  planet,  or  the  geocentric  place 
of  the  moon,  at  any  assumed  time. 

1.  Seek  the  elements  of  the  elliptic  orbit  fiom  a  table  of  ele- 
ments, such  as  Table  II  or  III,  allowing  for  the  proportional  part 
of  the  secular  variation,  or  (more  exactly)  obtain  them  firom  their 
secular  equations  (Art.  270). 

9.  Compute  the  longitude,  latitude,  and  radius  vector,  by  the 
elliptic  theory  (Arts.  245,  246). 

3.  Compute  the  values  of  the  inequalities  in  longitude  and 
latitude  and  of  radius  vector  by  means  of  their  equations  (Art 
266),  and  apply  them  individually  with  their  proper  signs,  as 
corrections  to  the  elliptic  values  of  the  longitude,  latitude  and 
radius  vector. 

276.  If  we  suppose  the  sun  to  be  in  motion,  instead  of  the 
earth,  its  inequalities  will  be  the  same  as  those  to  which  the 
motion  of  the  earth  is  actually  subject. 

276.  When  the  heliocentric  place  of  a  planet  has  been  found, 
its  geocentric  place,  if  required,  may  be  determined  by  the  pro- 
cess explained  in  Art.  247. 

Construction  of  Tables. 

277.  The  determination  of  the  place  of  the  sun  or  mocm,  or 
of  a  planet,  may  be  greatly  facilitated  by  the  use  of  tabie0- 
The  principles  and  modes  of  construction  of  tables  ad^>ted  to 
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this  purpose  are  nearly  the  same  for  each  body.  We  will  first 
explain  the  mode  of  constructing  tables  for  facilitating  the  com- 
putation  of  the  sim's  longitude.    We  have  the  equation, 

True  long.  =  mean  long.  +  equa.  of  centre  +  inequalities  + 

nutation. 

If,  then,  tables  can  be  constructed  that  will  furnish  by  inspec- 
tion  the  mean  longitude,  the  equation  of  the  centre,  the  amounts 
of  the  various  inequalities  in  longitude,  and  the  nutation  in 
longitude,  at  any  assumed  time,  we  may  easily  find  the  true 
longitude  at  the  same  time. 

278.  1.  For  the  mean  longitude.  The  sun's  mean  motion  in 
longitude  in  a  mean  tropical  year,  is  360°.  From  this  we  may 
find  by  proportion,  the  mean  motions  in  a  common  year  of  365 
days  and  a  bissextile  year  of  366  days. 

With  these  results  and  the  mean  longitude  for  the  epoch  of 
Jan.  1,  1801,  we  may  easily  derive  the  mean  longitude  at  the 
beginning  of  each  of  the  years  prior  and  subsequent  to  the  year 
1801.  The  second  column  of  Table  XVIII  contains  the  mean 
longitude  of  the  sun  at  the  beginning  of  each  of  the  years 
inserted  in  the  first  column.  The  third  column  of  this  table 
contains  the  mean  longitude  of  the  perigee  at  the  same  epochs : 
it  was  constructed  by  means  of  the  mean  longitude  of  the  peri- 
gee found  for  the  beginning  of  the  year  1800,  and  its  mean 
yearly  motion  in  longitude,  which  is  61".52.* 

Having  the  sun's  mean  daily  motion  in  longitude  (Art.  176), 
we  obtain  by  proportion  the  motion  in  any  proposed  number  of 
months,  days,  hours,  minutes,  or  seconds.     Table  XIX  contains 
the  respective  amounts  of  the  sun's  motion  from  the  commence- 
ment of  the  year  to  the  close  of  each  month  ;  Table  XX,  the 
son's  mean  motion  for  days  from  1  to  31,  and  for  hours  from 
I  to  24 ;  and  Table  XXI,  the  same  for  minutes  and  seconds 
&om  1  to  60.    With  these  tables,  the  sim's  mean  motion  in  lon- 
gitade  in  the  interval  between  any  given  time  in  any  year  and 

the  beginning  of  the  year,  may  be  had  :  and  if  this  be  added  to 

the  epoch  for  the  given  year,  taken  out  from  Table  XVIII,  the 


■  The  ({luntities  in  Table  XVUI  are  called  Epochs.    The  Epoch  of  a  qaantity 
ii  its  nine  at  some  choeen  epoch. 
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result  will  be  the  mean  longitude  at  any  given  time.  (See 
Problem  IX.) 

279.  Tables  XIX  and  XX  also  contain  the  motions  of  the 
sun's  perigee,  from  which  and  the  epoch  given  by  Table  XVIII, 
results  the  longitude  of  the  perigee  at  any  proposed  time.  The 
longitude  of  the  perigee  is  given  in  the  Solar  Tables,  for  the 
purpose  of  making  known  the  mean  anomaly,  the  mean  anom- 
aly being  equal  to  the  mean  longitude  minus  the  longitude  of 
the  perigee. 

280.  2.  For  the  eqiuUian  of  the  centre.  To  find  the  equation 
of  the  centre  of  an  orbit  we  have  the  following  equation  : 

Equa.  of  centre  =  Asin^  +  Bsin2^  +  Csin3^  +  dkc. ; 

in  which  A,  B,  C,  &c.  are  constants  that  rapidly  decrease  in 
value,  and  which  may  be  determined  for  any  particular  orbit, 
and  6  the  mean  anomaly.  Now,  by  giving  to  the  mean  anomaly 
6  in  this  equation,  a  series  of  values  increasing  by  small  equal 
differences  (of  1°,  for  instance,)  from  zero  to  360°,  and  comput- 
ing the  corresponding  values  of  the  equation  of  the  centre ; 
then  registering  in  a  colunm  the  different  values  assigned  to  ^, 
and  in  another  colunm  to  the  right  of  this,  the  computed  values 
of  the  equation  of  the  centre,  we  shall  obtain  a  table  which  will 
give  on  inspection  the  equation  of  the  centre  corresponding  to 
any  particular  mean  anomaly.  In  this  manner  was  constructed 
Table  XXV.  In  this  table,  however,  for  the  sake  of  compact- 
ness, the  values  of  the  equation,  instead  of  being  registered  in 
one  column,  are  put  in  as  many  different  columns  as  there  may 
be  different  numbers  of  signs  in  the  value  of  the  mean  anomaly ; 
each  colunm  answering  to  the  particular  number  of  signs  placed 
at  the  head  of  it. 

K  the  equation  of  the  centre  at  an  assumed  time  be  required, 
find  the  mean  anomaly  by  the  tables  (Art.  279),  and  with  the  value 
found  for  it  take  out  the  equation  of  the  centre  firom  Table 


The  given  quantity  with  which  a  quantity  is  taken  from  a 
table,  is  called  the  Argument.  Accordingly  the  mean  anomaly 
is  the  argument  of  the  equation  of  the  centre  in  Table  XXV. 

281.  3.  JFV  the  ineqticUities.  The  equations  of  the  inequali- 
ties, as  we  have  already  stated,  are  of  the  form  C  sin  A,  thd 
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a^ument  A  being  the  difference  between  the  longitude  of  the 
disturbing  planet  and  that  of  the  earth,  or  some  multiple  of  this 
difference.  With  the  equations  of  the  inequalities,  a  table  of 
each  inequality  may  be  constructed,  upon  the  same  principles  as 
Table  XXV.  But,  as  the  expression  for  the  whole  perturbation 
in  longitude  (Art.  263),  produced  by  any  one  planet,  involves 
<»ily  two  variables,  the  longitude  of  the  earth  and  the  longitude 
of  the  planet,  it  is  thought  to  be  more  convenient  to  have  a  table 
of  double  entry,  which  will  give  the  amount  of  the  perturbation 
by  means  of  the  two  variables  as  arguments.  Such  a  table  may 
be  constructed,  by  assigning  to  the  longitude  of  the  earth  and 
the  longitude  of  the  disturbing  planet  a  series  of  values  increas- 
ing by  a  common  difference,  and  computing  with  each  set  of  the 
values  of  these  quantities,  the  corresponding  amount  of  the 
perturbation. 

In  connection  with  the  tables  of  the  perturbations,  we  must  have 
tables  that  make  known  the  values  of  the  arguments  at  any  given 
time.    Now,  the  mean  longitude  of  the  sun  may  be  found  by 
the  solar  tables  (Art.  278),  and  thence  the  mean  heliocentric 
longitude  of  the  earth  by  subtracting  180^ ;  and  the  mean  longi- 
tude of  the  disturbing  planet  may  be  had  from  similar  tables. 
The  columns  of  Table  XVIII,  marked  I,  H,  III,  IV,  V,  VI,  Vn, 
contain  the  arguments  of  all  the  perturbations,  for  the  beginning 
of  each  of  the  years  registered  in  the  first  column,  expressed  in 
thousandth  parts  of  a  circle.    Tables  XIX  and  XX  contain  the 
variations  of  the  arguments  for  months  and  hours.    Their  varia- 
tions for  minutes  and  seconds  are  too  small  to  be  taken  into 
accoimt.    With  these  tables  and  Table  XVlll,  the  values  of  the 
arguments  at  any  given  time  may  be  found,  and  by  means  of  the 
arguments  the  perturbations  may  be  taken  from  Tables  XXVIII, 
XXIX,  XXX,  XXXI,  XXXn,  and  XXXIU. 

282.  4.   For    the   nutation.     The   formula   for   the  lunar 
nutation  in  longitude,  is  17".3  sin   N,  —  0".2    sin  2  N,  in 
which  N  denotes  the  supplement   of  the  longitude  of  the 
:\      moon's  ascending  node.    With  this  formula  the  second  col- 
umn of  Table  XXVII  was  constructed.      The  value  of  N, 
in  thousandth  parts  of  a  circle,  results  from  Tables  XVIII, 
^X,  and  XX.    The  solar  nutation  is  also  given  by  Table 

YYVTT 
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^3.  Tables  may  also  be  constructed  that  will  facilitate  the 
computation  of  the  radius  vector.    We  have, 

True  rad.  vector  =  elliptic  rad.  vector  +  perturbations. 

A  table  of  the  elliptic  radius  vector  may  be  formed  by  means  of 
the  polar  equation  of  the  orbit,  and  tables  of  the  perturbations 
from  their  analytical  expressions  (Art.  266).  The  tables  of  the 
perturbations  will  have  the  same  arguments  as  the  tables  of  the 
perturbations  of  longitude. 

284.  Limar  and  planetary  tables  are  constructed  upon  the 
same  principles  as  the  solar  tables  we  have  been  describing, 
which  serve  to  make  known  the  orbit  longitude  and  radius 
vector.  But  other  tables  are  necessary  in  the  case  of  these 
bodies,  for  the  computation  of  the  ecliptic  longitude  and  the 
latitude. 

285.  The  difference  between  the  orbit  longitude  and  the  eclip- 
tic longitude,  is  called  the  Reduction  to  the  ecliptic.  A  formula 
for  the  reduction  has  been  investigated,  in  which  the  variable  is 
the  difference  between  the  orbit  longitude  and  the  longitude  of 
the  node.  If  this  formula  be  reduced  to  a  table,  by  taking  the 
reduction  from  the  table  and  adding  it  to  the  orBit  longitude  we 
shall  have  the  ecliptic  longitude.  Table  LIII  is  a  table  of  reduc- 
tion, for  the  moon. 

286.  Fhr  theUUitudey  we  have  the  equation 

True  lat.  =  lat.  in  orbit  +  perturbations. 
We  have  already  seen  (Art.  246),  that 
sin  (lat.  in  orbit)  =  sin  (orbit  long.  —  long,  of  node),  sin  inclina. 

A  table  constructed  from  this  formula,  will  have  for  its  argument 
the  orbit  longitude  minus  the  longitude  of  the  node,  which  is  also 
the  argument  of  reduction.    (See  Table  LV). 

The  tables  of  the  perturbations  in  latitude  are  constructed  upon 
the  same  principles  as  the  tables  of  the  perturbations  in  longitude 
and  radius  vector. 

287.  A  table  exhibiting  the  longitude  and  latitude,  right  ascen- 
sion and  declination,  distance,  parallax,  semi-diameter,  &c.,  of  the 
sun  or  other  body,  at  stated  periods  of  time,  as  at  noon  of  each  day 
throughout  the  year,  is  called  an  Ephemeris  of  the  body.  Ad 
ephemeris  of  the  sun,  of  the  moon,  and  of  each  of  the  planets,  is 
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published  for  each  year  in  advance,  in  the  English  Nautical  Alma- 
nac,  and  in  the  Connaissance  des  Tems. 


CHAPTER    XI. 

OF   THE   MOTIONS   OF   THE   COMETS. 

288.  When  first  seen,  a  comet  is  ordinarily  at  some  distance 
from  the  sun,  and  moving  towards  him.  After  this  it  continues 
to  approach  the  sun  for  a  certain  time,  and  then  recedes  from 
him  to  a  greater  or  less  distance,  and  finally  disappears.  In 
many  instances  comets  have  come  so  near  the  sun  as  to  be  for  a 
time  lost  in  his  beams. 

289.  Comets  resemble  the  planets  in  their  changes  of  apparent 
place  amongst  the  fixed  stars,  but  they  differ  from  them  in  never 
having  been  observed  to  perform  an  entire  circuit  of  the  heavens. 
Their  apparent  motions  are  also  more  irr^ular  than  those  of  the 
planets,  and  they  are  confined  to  no  particular  region  of  the  hea- 
vens, but  traverse  indifferently  every  part. 

290.  Sir  Isaac  Newton,  from  observations  that  had  been  made 
upon  the  remarkable  comet  of  1680,  ascertained  that  this  comet 
described  a  parabolic  orbit,  having  the  sun  at  its  focus,  or  an  el- 
liptic orbit  of  so  great  an  eccentricity  as  to  be  undistinguishable 
from  a  parabola,  and  that  its  radius  vector  described  equal  areas 
in  equal  times.  Since  then,  the  orbits  of  about  140  comets  have 
been  computed,  and  found  to  be,  with  a  few  exceptions,  of  a 
parabolic  form,  or  sensibly  so. 

291.  It  was  demonstrated  by  Newton,  on  the  theory  of  gravi- 
tation, that  a  body  projected  in  space  may  describe  about  the 
son  as  a  focus,  either  one  of  the  conic  sections,  and  that  the 
form  of  the  orbit  will  depend  upon  the  projectile  velocity  alone. 
With  one  particular  velocity  the  orbit  will  be  a  parabola ;  with 
any  less  velocity,  it  will  be  an  ellipse  or  circle ;  and  with  any 
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greater  velocity,  it  will  be  a  hyperbola.  Now,  as  there  is  but  one 
velocity  from  which  a  parabolic  orbit  will  result,  and  a^  any 
comet,  which  may  have  originally  moved  in  a  hyperbola,  must 
have  passed  its  perihelion,  and  receded  beyond  the  limits  of  the 
solar  system,  it  may  be  inferred,  with  great  probability,  that  the 
orbits  of  the  comets  whose  observed  courses  are  not  distinguish- 
able from  parabolic  arcs,  are  in  fact  ellipses  of  great  eccentri- 
city. This  is  the  theory  of  the  cometary  motions  proposed 
by  Newton. 

The  orbits  of  some  of  the  comets  are  known  from  observation 
to  be  very  eccentric  ellipses. 

292.  The  eletnents  of  a  comeVs  orbit  are  the  longitude  of  the 
ascending  node,  the  inclination  of  the  orbit,  the  longitude  of  the 
perihelion,  the  perihelion  distance,  and  the  epoch  of  the  perihe- 
lion passage.  These  make  known  the  position  and  dimensions 
of  the  orbit,  on  the  supposition  that  it  is  a  parabolei,  and  thus  ap- 
pertain only  to  the  motions  of  the  comet  for  the  period  during 
which  it  is  visible. 

293.  Assuming  that  the  radius  vector  of  a  comet  describes 
areas  proportional  to  the  times,  the  elements  of  its  orbit  may  be 
computed  from  three  observed  geocentric  places.  The  problem 
is,  however,  one  of  considerable  difficulty. 

294.  Astronomers  do  not  seek  to  deduce  from  the  observations 
made  during  one  appearance  of  a  comet,  its  entire  elliptic  orbit 
It  is  impossible,  from  such  observations,  to  compute  the  major 
axis  of  its  orbit  and  its  period  with  any  accuracy,  inasmuch  as 
in  the  interval  during  which  they  are  made  the  comet  describes 
but  a  small  portion  of  its  entire  orbit. 

The  only  mode  of  obtaining  the  period  of  a  comet's  revolu- 
tion, is  by  noting  the  time  of  its  return  to  the  perihelion  of  its 
orbit  A  comet  cannot  be  recognized  at  a  second  appearance  by 
its  aspect,  for,  this  is  liable  to  great  alterations.  It  may,  however, 
be  identified  by  means  of  the  elements  of  its  orbit,  as  it  is  ex- 
tremely improbable  that  the  elements  of  the  orbits  of  two  diflFer- 
ent  comets  will  agree  throughout.  This  method  of  identifying 
a  comet  on  a  second  appearance  may  sometimes  fail  of  applica- 
tion, inasmuch  as  the  orbit  of  a  comet  may  experience  great  al- 
terations from  the  attractions  of  the  planets. 

296.  Owing  to  the  great  lengths  of  the  periods  of  most  of  the 
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comets,  and  the  comparatively  short  interval  during  which  their 
motions  have  been  carefully  observed,  there  are  but  three  comets, 
the  periods  and  entire  orbits  of  which  have  been  determined. 
These  are  denominated  Enck^s  Cornet^  B%eld!s  Cornet^  and  Hal' 
ley's  Comet.  The  two  former  are  small  telescopic  objects,  but  the 
latter,  when  near  its  perihelion,  is  distinctly  visible  to  the  naked 
eye. 

296.  Encke's  Comet  is  so  called  from  Professor  Encke,  of  Ber- 
lin, who  first  ascertained  its  periodical  return.  It  accomplishes 
its  revolution  in  the  short  period  of  1207  days,  or  about  3|  years, 
and  moves  in  an  orbit  incUned  under  a  small  angle  to  the  plane  of 
the  ecUptic,  and  whose  perihelion  is  at  the  distance  of  the  planet 
Mercury,  and  aphelion  nearly  at  the  distance  of  Jupiter.  This 
discovery  was  made  on  the  occasion  of  its  fourth  recorded  appear- 
ance, in  1819.  Since  then,  it  has  returned  several  times  to  its 
periheUon,  and  in  every  instance  very  nearly  as  predicted.  Its 
last  return  took  place  in  1835,  its  next  will  happen  in  the  fall  of 
the  present  year  (1838). 

297.  Biela's  Comet,  as  it  is  called,  was  discovered  by  M.  Biela, 
of  Johannisberg,  on  the  27th  February,  1836.  Its  period  is  about 
6}  years.  Its  orbit  is  inclined  under  a  small  angle  to  the  plane  of 
the  ecliptic,  and  lies  mostly  between  the  orbits  of  the  earth  and  of 
JujHter.  By  a  remarkable  coincidence,  the  orbit  of  this  comet 
very  nearly  intersects  the  orbit  of  the  earth.  Its  last  appearance 
took  place,  according  to  prediction,  in  1832 ;  the  next  will  be  in 
1838. 

298.  Bailey's  Comet  is  so  called  from  Sir  Edmund  Halley, 
who  discovered  its  period,  and  correctly  predicted  its  return. 
From  a  comparison  of  the  elements  of  the  orbits  described  by  the 
comets  of  1631,  1607,  and  1682,  he  concluded  that  the  same 
comet  had  made  its  appearance  in  these  several  years,  and  pre- 

j      dieted  that  it  would  again  return  to  its  perihelion  in  the  year  1759, 
I      as  it  actually  did.    Assuming  the  earth's  mean  distance  from  the 
son  to  be  unity,  the  perihelion  distance  of  this  comet  is  0.58,  and 
aphelion  distance  35.32.    Accordingly,  it  approaches  the  sun  to 
i      within  one  half  the  distance  of  the  earth,  and  recedes  from  him 
fer  beyond  the  orbit  of  Uranus.    Its  period  is  about  76  years,  but 
is  liable  to  a  variation  of  a  year  or  more,  fifom  the  efiect  of  the  at- 
tractions of  the  planets.    The  last  perihelion  passage  took  place 
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on  the  16th  of  November,  1835,  within  a  few  days  of  the  pre- 
dicted time.    The  next  will  occur  about  the  year  1912. 

299.  Of  the  comets  which  have  been  observed,  some  have  a  di- 
rect and  others  a  retrograde  motion.  The  perihelia  of  their  or- 
bits, for  the  most  part,  lie  within  the  orbit  of  the  earth,  and  the 
aphelia  far  without  the  orbit  of  Uranus.  Many  of  them  come 
into  close  proximity  to  the  sun.  The  great  comet  of  1680,  ac- 
cording to  the  computation  of  Newton,  came  166  times  nearer 
the  sun  than  the  earth  is.  The  planes  of  the  orbits  are  inclined 
under  every  variety  of  angle  to  the  plane  of  the  ecliptic. 

300.  The  motions  of  the  comets  are  liable  to  great  derange- 
ments from  the  attractions  of  the  planets.  As  their  orbits  cross 
the  orbits  of  the  planets,  they  may  come  into  proximity  with 
these  bodies,  and  be  strongly  attracted  by  them.  The  comet  of 
1770,  commonly  called  Lexel's  Comet,  offers  a  striking  example 
of  the  disturbances  to  which  the  cometary  motions  are  exposed. 
From  observations  made  upon  this  comet  in  the  year  1770,  Lexel 
made  out  that  its  period  was  6^  years ;  still  it  has  not  since  been 
seen.  According  to  Burckhardt,  this  comet,  previous  to  the  j^ear 
1767,  moved  in  an  orbit  which  answered  to  a  period  of  60  years, 
and  never  approached  near  enough  to  the  earth  and  sun  to  become 
visible.  Early  in  the  year  1767  it  came  so  near  the  planet  Jupi- 
ter,  that  his  attraction  changed  its  orbit  to  one  of  5^  years.  It 
thus  became  visible  in  1770,  and  would  have  again  been  seen  in 
1776,  had  it  not  been  so  situated  with  regard  to  the  earth  as  to  be 
entirely  hid  by  the  sun's  rays.  In  the  yeai  1779  it  again  met 
with  Jupiter,  and  its  orbit  was  so  much  enlarged  by  his  attraction, 
that  it  now  employs  twenty  years  in  completing  a  revolution,  and 
no  longer  comes  near  enough  to  the  earth  to  be  visible. 
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CHAPTER   XII. 

OP   THE   MOTIONS   OF   THE   SATELLITES. 

301.  As  it  has  already  been  remarked,  the  planets  which  have 
satellites  are  Jupiter,  Saturn,  and  Uranus.  The  number  of  Ju- 
piter's satellites  is  four;  of  Saturn's,  seven  ;  of  Uranus',  six. 

302.  The  satellites  of  Jupiter  are  perceptible  with  telescopes 
of  moderate  power.  It  is  found  by  repeated  observations,  that 
they  are  continually  changing  their  positions  with  respect  to  one 
another  and  the  planet,  being  sometimes  all  to  the  right  of  the 
planet,  and  sometimes  all  to  the  left  of  it,  but  more  frequently 
some  on  each  side.  They  are  distinguished  from  each  other  by 
the  distance  to  which  they  recede  from  the  planet,  that  which 
recedes  to  the  least  distance  being  called  the  First  Satellite,  that 
which  recedes  to  the  next  greater  distance  the* Second,  and 
80  on. 

The  satellites  of  Jupiter  were  discovered  by  Galileo,  in  the 
year  1610. 

303.  The  satellites  of  Saturn  and  of  Uranus  cannot  be  seen 
except  through  excellent  telescopes.  They  experience  changes 
of  apparent  position,  similar  to  those  of  Jupiter's  satellites. 

304.  The  apparent  motion  of  Jupiter's  satellites  alternately 

&om  one  side  to  the  other  of  the  planet,  leads  to  the  supposition 

that  they  actually  revolve  around  the  planet.     This  inference  is 

confirmed  by  other  phenomena.    While  a  satellite  is  passing 

&om  the  eastern  to  the  western  side  of  the  planet,  a  small  dark 

spot  is  frequently  seen  crossing  the  disc  of  the  planet  in  the  same 

direction :    and  again,  while  the  satellite  is  passing  from  the 

vestem  to  the  eastern  side,  it  often  disappears,  and  after  remaining 

fcr  a  time  invisible,  re-appears  at  another  place.    These  phe- 

i^omena  are  easily  explained,  if  we  suppose  that  the  planet  and 

itssateUites  are  opake  bodies,  illuminated  by  the  sun,  and  that 

^6  satellites  revolve  around  the  planet  from  west  to  east.     On 

^  hypothesis,  the  dark  spot  seen  traversing  the  disc  of  the 

16 
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planet,  is  the  shadow  cast  upon  it  by  the  satellite  on  passing 
between  the  planet  and  the  sun,  and  the  disappearance  of  the  sa- 
tellite  is  an  eclipse,  occasioned  by  its  entering  the  shadow  of  the 
planet. 

As  the  transit  of  the  shadow  occurs  during  the  passage  of  the 
satellite  from  the  eastern  to  the  western  side  of  the  planet,  and  the 
eclipse  of  the  satellite  during  its  passage  from  the  western  to  the 
eastern  side,  the  direction  of  the  motion  must  be  from  west 
to  east. 

305.  Analogous  conclusions  may  be  drawn  from  similar  phe- 
nomena exhibited  by  the  satellites  of  Saturn.  The  satellites  of 
Uranus  also  revolve  around  their  primary,  but  the  direction  of 
their  motion  is  from  east  to  west. 

306.  Let  us  now  examine  into  the  principal  circumstances  of 
the  eclipses  of  Jupiter's  satellites,  and  of  the  transits  of  their 
shadows  across  the  disc  of  the  primary.  Let  E  E'  E"  (Fig.  47)  rep- 
resent the  orbit  of  the  earth,  P  P'  P"  the  orbit  of  Jupiter,  and  s  s'  s^' 
that  of  one  of  its  satellites.  Suppose  that  E  is  the  position  of  the 
earth,  and  P  that  of  the  planet,  and  conceive  two  lines,  a  a',  b  6', 
to  be  drawn  tangent  to  the  sun  and  planet :  then,  while  the  satel- 
lite is  moving  from  ^  to  ^'  it  will  be  eclipsed,  and  while  it  is 
moving  from/  to  /'  its  shadow  will  fall  upon  the  planet.  Again, 
if  E  c,  E  c'  represent  two  lines  drawn  from  the  earth  tangent  to 
the  planet  on  either  side,  the  satellite  will,  while  moving  from 
g  to  g',  traverse  the  disc  of  the  planet,  and  while  moving  from 
h  to  A',  be  behind  the  planet,  and  thus  concealed  from  view. 
It  will  be  seen  on  an  inspection  of  the  figure,  that  during  the 
motion  of  the  earth  from  E",  the  position  of  opposition,  to  E', 
that  of  conjunction,  the  disappearances  or  immersions  of  the 
satellite  will  take  place  on  the  western  side  of  the  planet ;  and 
that  the  em£rsionSy  if  visible  at  all,  can  be  so  only  when  the 
earth  is  so  far  from  opposition  and  conjunction  that  the  line  E  ^, 
drawn  from  the  earth  to  the  point  of  emersion,  will  lie  to  the  west 
of  E  c.  It  will  also  be  seen,  that  during  the  passage  of  the  earth 
from  E'  to  E"  the  emersions  will  take  place  on  the  eastern  side 
of  the  planet,  and  that  the  immersions  cannot  be  visible,  unless 
the  line  F  s,  drawn  from  the  earth  to  the  point  of  immersion, 
passes  to  the  east  of  the  planet.  It  appears  from  observaticmy 
that  the  immersion  and  emersion  are  never  both  visible  at  the 


PEBIODS   AND   MEAN  MOTIONS  OF  THE   SATELLITES.         123 

same  period,  except  in  the  case  of  the  third   and   fourth 
satellites. 

If  the  orbits  of  the  satellites  lay  in  the  plane  of  Jupiter's  orbit, 
an  eclipse  of  each  satellite  would  occur  every  revolution,  but,  in 
point  of  fact,  they  are  somewhat  inclined  to  this  plane,  from 
which  cause  the  fourth  satellite  sometimes  escapes  an  eclipse. 

307.  The  periods  and  other  particulars  of  the  motions  of  the 
satellites,  result  from  observations  upon  their  eclipses.  The 
middle  point  of  time  between  the  satellite  entering  and  emerging 
from  the  shadow  of  the  primary,  is  the  time  when  the  satellite  is 
in  the  direction,  or  nearly  so,  of  a  line  joining  the  centres  of  the 
sun  and  primary.  If  the  latter  continued  stationary,  then  the 
interval  between  this  and  the  succeeding  central  eclipse  would 
be  the  periodic  time  of  the  satellite.  But,  the  primary  planet 
moving  in  its  orbit,  the  interval  between  two  successive  eclipses 
is  a  synodic  revolution.  The  synodic  revolution,  however, 
being  observed,  and  the  period  of  the  primary  being  known,  the 
periodic  time  of  the  satellite  may  be  computed. 

308.  The  mean  motions  of  the  satellites  differ  but  little  from 
their  true  motions :  and  hence  the  forms  of  their  orbits  must  be 
nearly  circular.  The  orbit,  however,  of  the  third  satellite  of  Ju- 
piter has  a  small  eccentricity ;  that  of  the  fourth,  a  larger. 

309.  The  distances  of  the  satellites  from  their  primary  are 
determined  from  micrometrical  measurements  of  their  apparent 
distances  at  the  times  of  their  greatest  elongations. 

A  comparison  of  the  mean  distances  of  Jupiter's  satellites  with 
their  periodic  times,  proves  that  Kepler's  third  law  with  respect  to 
the  planets  applies  also  to  these  bodies ;  or,  that  the  squares  of 
th^  sidereal  revolutions  are  as  the  cubes  of  their  mean  distances 
from  the  primary. 

The  same  law  also  has  place  with  the  satellites  of  Saturn  and 
Uranus. 

310.  The  computation  of  the  place  of  a  satellite  for  a  given 
time,  is  effected  upon  similar  principles  with  that  of  the  place  of  a 
planet  The  mutual  attractions  of  Jupiter's  satellites  occasion 
sensible  perturbations  of  their  motions,  of  which  account  must  be 
taken  when  it  is  desired  to  determine  their  places  with  accuracy. 

311.  Laplace  has  shown  from  the  theory  of  gravitation,  that,  by 
reason  of  the  mutual  attractions  of  the  first  three  of  Jupiter's  satel- 
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lites,  their  mean  motions  and  mean  longitudes  aie  pennanently 
connected  by  the  following  remarkable  relations. 

1.  The  mean  motion  of  the  first  satellite  plus  twice  that  of  the 
third  is  equal  to  three  times  thai  of  the  second. 

2.  The  mean  longitude  of  the  first  satellite  plus  twice  that  of 
the  third  m^inus  three  times  that  of  the  second  is  equal  to  180^. 

312.  It  follows  from  this  last  relation,  that  the  longitudes  of  the 
three  satellites  can  never  be  the  same  at  the  same  time,  and  conse- 
quently that  they  can  never  be  all  eclipsed  at  once. 


CHAPTER    XIII. 

ON   THE    MEASUREMENT   OF    TIME. 

Different  Kinds  of  Time. 

313.  In  Astronomy,  as  we  have  already  stated,  three  kinds  of 
time  are  used :  Sidereal,  True  or  Apparent  Solar y  and  Mean 
Solar  Time.  Sidereal  time  being  measured  by  the  diurnal  mo- 
tion of  the  vernal  equinox,  true  or  apparent  solar  time  by  that  of 
the  sun,  and  mean  solar  time  by  that  of  an  imaginary  sim  called 
the  Mean  sun,  conceived  to  move  uniformly  in  the  equator  with 
the  real  sun's  mean  motion  in  right  ascension  or  longitude. 

314.  The  sidereal  day  and  the  mean  solar  day  are  each  of 
uniform  duration,  but  the  length  of  the  true  solar  day  is  varia- 
ble, as  we  will  now  proceed  to  show. 

The  sun's  daily  motion  in  right  ascension,  expressed  in  time, 
is  equal  to  the  excess  of  the  solar  over  the  sidereal  day.  Now 
this  arc,  and  therefore  the  true  solar  day,  varies  from  two 
causes,  viz : 

1.  The  inequality  of  the  sun^s  daily  metion  in  longitude. 

2.  The  obliquity  of  the  ecliptic  to  the  equator. 

If  the  ecliptic  were  coincident  with  the  equator,  the  daily  arc 
of  right  ascension  would  be  equal  to  the  daily  arc  of  longitude, 
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and  therefore  would  vary  between  the  limits  67'  11"  and  61'  10"^ 
which  would  answer  respectively  to  the  apogee  and  perigee. 
But,  owing  to  the  obliquity  of  the  ecliptic,  the  inclination  of  the 
daily  arc  of  longitude  to  the  equator  is  subject  to  a  variation ; 
and  this,  it  is  plain,  will  be  attended  with  a  variation  in  the 
daily  arc  of  right  ascension.  The  tendency  of  this  cause  is  ob- 
viously to  make  the  daily  arc  of  right  ascension  least  at  the 
equinoxes,  where  the  obliquity  of  the  arc  of  longitude  is 
greatest,  and  greatest  at  the  solstices,  where  the  obliquity  is 
least. 

315.  As  the  length  of  the  apparent  solar  day  is  variable,  it 
cannot  conveniently  be  employed  for  the  expression  of  intervals 
of  time ;  moreover,  a  clock,  to  keep  apparent  solar  time,  requires 
to  be  frequently  adjusted.  These  inconveniences  attending  the 
Qse  of  apparent  solar  time,  led  astronomers  to  devise  a  new 
method  of  measuring  time,  to  which  they  gave  the  name  of 
mean  solar  time.  By  conceiving  an  imaginary  sun  to  move 
miifonnly  in  the  equator  with  the  real  sun's  mean  motion,  a 
day  was  obtained,  of  which  the  length  is  invariable,  and  equal 
to  the  mean  length  of  all  the  apparent  solar  days  in  a  tropical 
year ;  and  by  supposing  the  right  ascension  of  this  fictitious 
sun  to  be,  at  the  instant  of  the  sun's  arrival  at  the  perigee  of  his 
orbit,  equal  to  the  sun's  true  longitude,  and  consequently  at  all 
times  equal  to  the  sun's  mean  longitude,  the  time  deduced  from 
its  position  with  respect  to  the  meridian,  was  made  to  corres- 
pond very  nearly  with  apparent  solar  time. 

316.  To  find  the  excess  of  the  mean  solar  day  over  the 
sidereal  day,  we  have  the  proportion 

360° :  24  sid.  hours  : :  69'  8".33  :  :p  =  3m.  56.655s. 

A  mean  solar  day,  comprising  24  mean  solar  hours,  is,  there- 
fore, 24  h.  3  m.  56.656  s.  of  sidereal  time.    Hence,  a  clock  regu- 
lated to  sidereal  time  will  gain  3  m.  56.665  s.  in  a  mean  solar 
day. 
317.  In  order  to  find  the  expression  for  the  sidereal  day  in 

mean  solar  time,  we  must  use  the  proportion, 

24h.  3m.  56.566s.  :24h. :  :  24h.  :  x  =  23h.  66m.  4.092s. 

The  difference  between  this  and  24  hours  is  3m.  55.908s.;  and 
therefore,  a  mean  solar  clock  will  lose  with  respect  to  a  sidereal 
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clock,  or  with  respect  to  the  fixed  stars,  Sm.  65.908  s.  in  a  si- 
dereal day,  and  proportionally  in  other  intervals.  This  is  called 
the  daily  (acceleration  of  the  fixed  stars. 

318.  To  express  any  given  period  of  sidereal  time  in  mean 

solar  time,  we  must  subtract  for  each  hour  — 1— jr-| ."  =  9.83s., 

and  for  minutes  and  seconds  in  the  same  proportion.  And,  on 
the  other  hand,  to  express  any  given  period  of  mean  solar  time 

in  sidereal  time,  we  must  add  for  each  hour --J *= 9.86  s., 

and  for  minutes  and  seconds  in  the  same  proportion. 

319.  It  is  the  practice  of  astronomers  to  adjust  the  sidereal 
clock  to  the  motions  of  the  true  instead  of  the  mean  equinox. 
The  inequality  of  the  diurnal  motion  of  this  point  is  too  small  to 
occasion  any  practical  inconvenience.  Sidereal  time,  as  deter- 
mined by  the  position  of  the  true  equinox,  will  not  deviate  from 
the  same  as  indicated  by  the  position  of  the  mean  equinox,  more 
than  2.3  s.  in  19  years. 

320.  Another  species  of  time,  called  Mean  Equinoctial  Time^ 
has  recently  been  introduced  to  some  extent  into  astronomical 
calculations.  Mean  equinoctial  time  signifies  the  mean  time 
elapsed  since  the  instant  of  the  Mean  Yemal  Equinox.  Its  use 
is  to  afford  an  uniform  date,  which  shall  be  independent  of  the 
difierent  meridians,  and  of  all  inequalities  in  the  sun's  motion, 
and  shall  thus  save  the  necessity,  when  speaking  of  the  time  of 
any  event's  happening,  of  mentioning  at  the  same  time  the  place 
where  it  was  observed  or  computed.  Thus,  it  is  the  same  thing 
to  say  that  a  comet  passed  its  perihelion  on  January  6th,  1837, 
at  6h.  47m.  0.0s.,  mean  time  at  Greenwich ;  at  6h.  66nL  21.6s., 
mean  time  at  Paris ;  or  at  1836  y.  289  d.  6h.  16  m.  40.96  s.,  equi- 
noctial time ;  bur  the  former  dates  make  the  localities  of  Green- 
wich and  Paris  enter  as  elements  of  the  expression ;  whereas  the 
latter  expresses  the  period  elapsed  since  an  epoch  common  to  all 
the  world,  and  identifiable  independently  of  all  localities.  By 
this  means  all  ambiguities  in  the  reckoning  of  time  are  supposed 
to  be  avoided. 

Conversion  of  One  Species  of  T\me  into  Another. 
321.  The  difference  between  the  apparent  and  mean  time  is 
called  the  Equation  of  Time.    The  equation  of  time,  when 
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known,  serves  for  the  conversion  of  mean  time  into  apparent, 
and  the  reverse. 

322.  To  find  the  equation  of  time.  The  hour  angle  of  the 
sun  (p.  11,  def.  16)  varies  at  the  rate  of  360^  in  a  solar  day,  or 
15°  per  solar  hour.  If,  therefore,  its  value  at  any  moment  be  di- 
vided by  16,  the  quotient  will  be  the  apparent  time  at  that  mo- 
ment. In  like  manner,  the  hour  angle  of  the  mean  sun,  divided 
by  15,  gives  the  mean  time.  Now,  let  the  circle  V  S  D  (Fig. 
48)  represent  the  equator,  V  the  vernal  equinox,  M  the  point  of 
the  equator,  which  is  on  the  meridian,  and  Y  S  the  right  ascen- 
sion of  the  sun,  and  we  shall  have, 

,.    ^     MS     VM  — VS 

appar.  time  =  --—  = 5- 

15  15 

Again,  if  we  suppose  the  circle  V  M  D  to  represent  the  mean 

equator,  V  the  mean  equinox,  and  S'  the  position  of  the  mean 

sun,  (V  S'  being  equal  to  the  mean  longitude  of  the  sim,)  we  shall 

have, 

MS'     VM  — VS'     VM— (V'S'  +  VV). 

mean  time  =  ----  = ^^ = —ns—^ • 

15  15  15 

thus, 

y  g /y*  g*    1   y  y'\ 

equa.  of  time =mean  time  —  ap.  time = ^  *" V^)] 

or,  the  etjfJuUion  of  time  is  equal  to  the  difference  between  the 
9unfs  true  right  ascension  and  mean  longitude^  corrected  by 
the  equation  of  the  equinoxes  in  right  ascension,  and  con- 
verted  into  time. 

A  formula  has  been  investigated,  and  reduced  to  a  table, 
which  makes  known  the  equation  of  time  by  means  of  the  sun's 
mean  longitude  as  an  argument.  (See  Table  XII.)  The  value 
of  the  equation  of  time  at  noon,  on  any  day  of  the  year,  is  also 
to  be  found  in  the  ephemeris  of  the  sun,  published  in  the  Nauti- 
cal Almanac  and  other  works.  If  its  value  for  any  other  time 
than  noon  be  desired,  it  may  be  obtained  by  simple  proportion. 

The  value  of  the  equation  of  time,  determined  from  formula 
(T4),  is  to  be  applied  with  its  sign  to  the  apparent  time  to  obtain 
the  mean,  and  with  the  opposite  sign  to  the  mean  time  to  obtain 
the  apparent 

323.  The  equation  of  time  is  zero,  or  mean  and  true  time  are 
the  same  four  times  in  the  year,  viz :  about  the  16th  of  April) 
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the  16th  of  June,  the  Ist  of  September,  and  the  24th  of  Decem- 
ber. Its  greatest  additive  value  (to  apparent  time)  is  about  14^ 
minutes,  and  occurs  about  the  11th  of  February ;  and  its  greatest 
subtractive  value  is  about  16^  minutes,  and  occurs  about  the  3d 
of  November. 

324.  To  convert  sidereal  time  into  mean  time^  and  vice  versa. 
Making  use  of  Fig.  48  already  employed,  the  arc  Y  M,  called  the 
Right  Ascension  of  Mid-Heaven^  expressed  in  time,  is  the  si- 
dereal time ;  y  S'  is  the  right  ascension  of  the  mean  sun,  esti- 
mated from  the  true  equinox,  or  the  mean  longitude  of  the  sun 
corrected  for  the  equation  of  the  equinoxes  in  right  ascension 
(Art.  322) ;  and  M  S'  expressed  in  time,  is  the  mean  time.  Let 
the  arcs  V  M,  M  S'  and  V  S',  converted  into  time,  be  denoted 
respectively  by  S,  M,  and  L.    Now, 

VM  =  MS'-f  VS'; 

or,  S  =  M  +  L.  .  (76);  andM=S  — L  .  .  (76). 

If  M  4-  L  in  equation  (76)  exceeds  24  hours,  24  hours  must  be 
subtracted ;  and  if  L  exceeds  S  in  equation  (76),  24  hours  must 
be  added  to  S,  to  render  the  subtraction  possible. 

This  problem  may  in  practice  be  solved  most  easily  by  means  of 
an  ephemeris  of  the  sun,  which  gives  the  value  of  S,  or  the  side^ 
real  time  at  the  instant  of  mean  noon  of  each  day,  together  with  a 
table  of  the  acceleration  of  sidereal  on  mean  solar  time,  and  the 
corresponding  table  of  the  retardation  of  mean  on  sidereal  time. 

325.  The  conversion  of  apparent  time  into  sidereal,  or  sidereal 
time  into  apparent,  may  be  effected  by  first  obtaining  the  mean 
time,  and  then  converting  this  into  sidereal  or  apparent  time,  as 
the  case  may  be. 

Determination  of  the  Tims  and  Regulation  of  Clocks  by 

Astronomical  Observations, 

326.  The  regulation  of  a  clock  consists  in  finding  its  error  and 
its  rate. 

327.  The  error  of  a  mean  solar  clock  is  most  conveniently 
determined,  firom  observations  with  a  transit  instrument  of  the 
time,  as  given  by  the  clock,  of  the  meridian  passage  of  the  sun's 
centre.  The  time  noted  will  be  the  clock  time  at  apparent  noon, 
and  the  exact  mean  time  at  apparent  noon  may  be  obtained  by 
Implying  to  the  apparent  time  the  equation  of  time  with  its  proper 
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s^n,  which  may  for  this  purpose  be  taken  from  the  Nautical  Alma- 
nac by  simple  inspection.  A  comparison  of  the  clock  time  with 
the  exact  mean  time  will  give  the  error  of  the  clock. 

328.  The  daily  rate  of  a  mean  solar  clock  may  be  ascertained 
by  finding  as  above  the  error  at  two  successive  apparent  noons. 
If  the  two  errors  are  the  same  and  lie  the  same  way,  the  clock 
goes  accurately  to  mean  solar  time  ;  if  they  are  different,  their 
difference  or  sum,  according  as  they  Ue  the  same  or  opposite 
ways,  will  be  the  daily  gain  or  loss,  as  the  case  may  be. 

329.  To  find  the  error  of  a  sidereal  clock,  compute  the  true 
light  ascension  of  some  one  of  the  fixed  stars,  (see  Prob.  XXI,) 
and  note  the  time  of  its  transit ;  the  difference  between  the  time 
observed  and  the  right  ascension  in  time  will  be  the  error.  The 
error  of  the  daily  rate  is  determined  by  observing  two  successive 
transits  of  the  same  star.  The  variation  of  the  time  of  the  second 
transit  from  that  of  the  first  will  be  the  error  in  question. 

The  error  and  rate  may  be  determined  more  accurately  from 
observations  upon  several  stars,  taking  a  mean  of  the  individual 
results.  Stars  at  a  distance  firom  the  pole  are  to  be  selected,  for 
reasons  which  have  been  already  assigned. 

330.  In  default  of  a  transit  instrument,  the  time  may  be 
obtained,  and  time-keepers  regulated,  by  observations  made  out 
of  the  meridian.  There  are  two  methods  by  which  this  may 
be  accomplished,  called,  respectively,  the  method  of  Single 
Altitudes,  and  the  method  of  Double  Altitudes  or  of  Equal 
AUitiides.    These  we  will  now  explain. 

1.  To  determine  the  time  from  a  measured  altitude  of  the 
sun,  or  of  a  star,  its  declination  and  also  the  latitude  of  the- 
place  being  given. 

Let  us  first  suppose  that  the  altitude  of  the  sun  is  taken ; 
correct  the  measured  altitude  for  refraction  and  parallax,  and 
also,  if  the  sextant  is  the  instrument  used,  for  the  semi- 
diameter  of  the  sun.  Then,  if  Z  (Fig.  13)  represents  the 
zenith,  P  the  elevated  pole,  and  S  the  sun ;  in  the  triangle  Z  P  S 
we  shall  know  Z  P  =  co-latitude,  P  S  =  co-declination,  and  Z  S  = 
co-altitade,  firom  which  we  may  compute  the  angle  Z  P  S  (=  P), 
which  is  the  angular  distance  of  the  sun  from  the  meridian, 
or,  if  expressed  in  time,  the  time  of  the  observation  from  appa- 
rent noon,  by  the  following  equations  (App.,  Resolution  of 
oblique-angled  spherical  triangles,  Case  I), 

17 
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2A:  =  ZP  +  PS  +  ZS  =  co-lat.  +  co-dec.  +  co-aIt  .  .  .  (77). 

sin«  iP ^si^(fe-ZP)sin(^^-PS)  ^  ^     ^ 
'  sinZPsinPS  ^     ^ 

or,       sin«  iP  =  sin(A:-co4a9siny-co-d^^^  g 

sm  (co-lat.)  sin  (co-dec.) 

The  value  of  P  being  derived  from  these  equations  and  con- 
verted into  time  (see  Prob.  Ill),  the  result  will  be  the  appa- 
rent time  at  the  instant  of  the  observation,  if  it  was  made  in  the 
afternoon ;  if  not,  what  remains  after  subtracting  it  from  24 
hours  will  be  the  apparent  time.  The  apparent  time  being 
found,  the  mean  time  may  be  deduced  from  it  by  applying  the 
equation  of  time. 

A  more  accurate  result  will  be  obtained  if  several  altitudes 
be  measured,  the  time  of  each  measurement  noted,  and  the  mean 
of  all  the  altitudes  taken  and  regarded  as  corresponding  to  tlie 
mean  of  the  times.  The  correspondence  will  be  suflSciently 
exact  if  the  measurements  be  all  made  within  the  space  of  10 
or  12  minutes,  and  when  the  sun  is  near  the  prune  vertical. 
If  an  even  number  of  altitudes  be  taken,  and  alternately  of  the 
upper  and  lower  limb,  the  mean  of  the  whole  will  give  the  alti- 
tude of  the  sun's  centre,  without  it  being  necessary  to  know 
his  apparent  semi-diameter.  In  practice,  the  declination  of  the 
sun  may  be  taken  for  the  solution  of  this  problem  from  an 
ephemeris  of  the  sun.  For  this  purpose  the  time  of  the  obser- 
vation and  the  longitude  of  the  place  must  be  approximately 
known.  • 

Example.  On  the  1st  of  June,  1838,  at  about  10  h.  45  m. 
A.  M.,  the  altitude  of  the  sun's  lower  limb  was  measured  at 
New  York  with  a  sextant,  and  found  to  be  64°  65'  5".  What 
was  the  correct  time  of  the  observation  ? 

Measured  alt.  of  sun's  lower  limb,     .         64°  55'     5" 
Sun's  semi-diam.,  by  Conn,  des  Tems,  15   48 

Appar.  alt.  of  sun's  centre,        .        .         65    10   63 
Parallax  in  alt.  (Table  X),       .        .        .  -f-  4 

Refraction  (Table  Vni),  .        .  —27 


Trae  alt  of  sun's  centre,  .        .         66    10  30 
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N.  York  approx.  time  of  observation,    lOh.  46  m. 
DiflF.  of  long,  of  Paris  and  N.  York,        5        5 


Paris,  approx.  time  of  obs. 


4      20     P.  M. 


Sun's  declin.  June  1st,  M.  noon  at  Paris,     22°    2'  27" 
«        "      June  2d,  «  "  22    10   31 


Change  of  declin.  in  24  hours,  . 

24h.  :  8'  4"  : :  4h.  20m.  :  1'  27". 


8     4 


Declin.  June  1st,  M.  noon  at  Paris,    .        22°    2'  27" 
Change  of  declin.  in  4  h.  20  m.  .  -f  1    27 


Declin.  at  time  of  obs. 

• 

.      .        22      3   54 

90° 

0' 

0" 

Lat  of  N.  York,  40 

42 

40 

logarithms. 

Co-lat     .      .    49 

17 

20    . 

ai.  CO.  sin.  0.12033 

Co-dec.    .      .    67 

56 

6     . 

ar.  CO.  sin.  0.03303 

Co-alt.      .      .    24 

49 

30 

2)142 

2 

56 

k           .        .    71 

1 

28 

k     co-lat.      .    21 

44 

8    . 

.    .     sin.  9.66868 

k — co-dec.     .      3 

5 

22    . 

.    .     sin.  8.73164 

2 )  18.46348 

JP=   9    42  13    . 

P  =  19    24  26 

4 


.        . 


sin.  9.22674 


Ih.  17m.  37s.  44 


m 


10    42    22  A.M. 
Equa.  of  time,         —  2    34 


M.tiiQeofobs.   10    39    48  A.M. 
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In  case  the  altitude  of  a  star  is  taken,  the  value  of  P  derived 
from  formula  (79),  when  converted  into  time,  will  express  the 
distance  in  time  of  the  star  from  the  meridian,  and  being  added 
to  the  right  ascension  of  the  star,  if  the  observation  be  made  to 
the  westward  of  the  meridian,  or  subtracted  from  the  right 
ascension  (increased  by  24 h.,  if  n^essary,)  if  the  observation 
be  made  to  the  eastward,  will  give  the  sidereal  time  of  the  ob- 
servation. 

2.  To  determine  the  time  of  noon  from  equal  altitudes  of  the 
sunj  the  times  of  the  observations  being  given. 

If  the  sun's  declination  did  not  change  while  he  is  above  the 
horizon,  he  would  have  equal  altitudes  at  equal  times  before 
and  after  apparent  noon.  Hence,  if  to  the  time  of  the  first 
observation  one  half  the  interval  of  time  between  the  two  obser- 
vations should  be  added,  the  result  would  be  the  time  of  noon, 
as  shown  by  the  clock  or  watch  employed  to  note  the  times  of 
the  observations.  The  deviation  from  12  o'clock  would  be  the 
error  of  the  clock  with  respect  to  apparent  time.  The  difference 
between  this  error  and  the  equation  of  time  would  be  the  error 
of  the  clock  with  respect  to  mean  time. 

But,  as  in  point  of  fact  the  sun's  declination  is  continually 
changing,  equal  altitudes  will  not  have  place  precisely  at  equal 
times  before  and  after  noon,  and  it  is  therefore  necessary  in  order 
to  obtain  an  exact  result,  to  apply  a  correction  to  the  time  thus 
obtained.  This  correction  is  called  the  Equation  of  Equal 
Altitudes.  Tables  have  been  constructed,  by  the  aid  of  which 
the  equation  is  easily  obtained.  This  is  at  the  same  time  a  very 
simple  and  very  accurate  method  of  finding  the  time,  and  the 
error  of  a  clock. 

If  equal  altitudes  of  a  star  should  be  observed,  it  is  evident 
that  half  the  interval  of  time  elapsed  would  give  the  time  of 
the  star  passing  the  meridian,  without  any  correction.  From 
this  the  error  of  the  clock  (if  keeping  sidereal  time)  may  be 
found,  as  explained  in  Art.  329. 

Of  the  Calendar. 

331.  The  sun  naturally  regulates  the  beginnings,  ends,  and 
durations  of  the  seasons ;  and  the  calendar  is  constructed  to  dis- 
tribute and  arrange  the  smaller  portions  of  the  year. 
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332.  The  calendar  diyides  the  year  into  12  months,  contain- 
ng  in  all  366  days.    Now,  it  is  desirable  that  it  should  always 
denote  the  same  parts  of  the  same  season  by  the  same  days  of 
the  same  months,  that,  for  instance,  the  summer  and  winter  sol- 
stices, if  once  happening  on  the  21st  of  June  and  21st  of  Decem- 
ber, should  ever  after  be  reckoned  to  happen  on  the  same  days  ; 
that  the  date  of  the  sun's  entering  the  equinox,  the  natural  com- 
mencement of  spring,  should,  if  once,  be  alwap  on  the  20th  of 
March.     For  thus  the  labours  of  agriculture,  which  really  de- 
pend on  the  situation  of  the  sun  in  the  heavens,  would  be  simply 
and  truly  regulated  by  the  calendar. 

This  would  happen,  if  the  cipil  year  of  365  days  were  equal 
to  the  astronomical ;  but  the  latter  is  greater ;  therefore,  if  the 
calendar  should  invariably  distribute  the  year  into  366  days,  it 
would  fall  into  this  kind  of  confusion,  that  in  progress  of  time, 
and  successively,  the  vernal  equinox  would  happen  on  every 
day  of  the  civil  year.    Let  us  examine  this  more  nearly. 

Suppose  the  excess  of  the  astronomical  year  above  the  civil  to 
be  exactly  6  hours,  and,  on  the  noon  of  March  20th  of  a  certain 
year,  the  sun  to  be  in  the  equinoctial  point ;  then,  after  the  lapse 
of  a  civil  year  of  366  days,  the  sun  would  be  on  the  meridian, 
but  not  in  the  equinoctial  point ;  it  would  be  to  the  west  of  that 
point,  and  would  have  to  move  6  hours  in  order  to  reach  it,  and 
to  complete  the  astronomical  or  tropical  year.  At  the  comple- 
tions of  a  second  and  a  third  civil  year,  the  sun  would  be  still 
more  and  more  remote  from  the  equinoctial  point,  and  would  be 
obliged  to  move,  respectively,  for  12  and  18  liours  before  he 
could  rejoin  it  and  complete  the  astronomical  year. 

At  the  completion  of  a  fourth  civil  year  the  sun  would  be  more 
distant  than  on  the  two  preceding  ones,  from  the  equinoctial 
point  In  order  to  rejoin  it,  and  to  complete  the  astronomical 
year^he  must  move  for  24  hours ;  that  is,  for  (me  whole  day.  In 
other  words,  the  astronomical  year  would  not  be  completed  till 
the  begiiming  of  the  next  astronomical  day ;  till,  in  civil  reckon- 
ing, the  noon  of  March  2lst. 

At  the  end  of  four  more  common  civil  years,  the  sun  would 
be  in  the  equinox  on  the  noon  of  March  22d.  At  the  end  of  8 
^  64  years,  on  Blarch  23d  and  April  6th,  respectively ;  at  the 
^d  of  736  years,  the  sun  would  be  in  the  vernal  equinox  on 
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September  20th  ;  and  in  a  period  of  about  1508  years,  the  sun 
would  have  been  in  every  sign  of  the  zodiac  on  the  same  day  of 
the  calendar,  and  in  the  same  sign  on  every  day. 

333.  If  the  excess  of  the  astronomical  above  the  civil  year 
were  really  what  we  have  supposed  it  to  be,  6  hours,  this  confu- 
sion of  the  calendar  might  be  most  easily  avoided.  It  would  be 
necessary  merely  to  make  every  fourth  civil  year  to  consist  of 
366  days  ;  and,  for  that  purpose,  to  interpose,  or  to  intercalate^  a 
day  in  a  month  previous  to  March.  By  this  intercalation^ 
what  would  have  been  March  21st  is  called  March  20th,  and 
accordingly  the  sun  would  be  still  in  the  equinox  on  the  same 
day  of  the  month. 

334.  This  mode  of  correcting  the  calendar  was  adopted  by 
Julius  Cajsar.  The  fourth  year  into  which  the  intercalary  day 
is  introduced  was  called  Bissextile  ;  it  is  now  frequently  called 
the  Leap  year.  The  correction  is  called  the  Julian  correction, 
and  the  length  of  a  mean  Julian  year  is  365  d.  6h. 

By  the  Julian  Calendar^  every  year  thai  is  divisible  by  i  is  a 
leap  year,  and  the  rest  conwion  years. 

335.  The  astronomical  year  being  equal  to  365d.  5h.  48m. 
47.6s.,  it  is  less  than  the  mean  Julian  by  11m.  12.4s.  or 
0.007783d.  The  Julian  correction,  therefore,  itself  needs  correc- 
tion. The  calendar  regulated  by  it,  would,  in  process  of  time, 
become  erroneous,  and  would  require  reformation. 

The  intercalation  of  the  Julian  correction  being  too  great,  its 
effect  would  be  to  antedate  the  happening  of  the  equinox. 
Thus  (to  return  to  the  old  illustration)  the  sun,  at  the  comple- 
tion of  the  fourth  civil  year,  now  the  Bissextile,  would  have 
passed  the  equinoctial  point  by  a  time  equal  to  four  times 
0.007783d. ;  at  the  end  of  the  next  Bissextile,  by  eight  times 
0.007783d. ;  at  the  end  of  130  years,  by  about  one  day.  In 
other  words,  the  sun  would  have  been  in  the  equinoctial  point 
24  hours  previously,  or  on  the  noon  of  March  l^th. 

In  the  lapse  of  ages  this  error  would  continue  and  be  in- 
creased. Its  accumulation  in  1300  years  would  amount  to  10 
days,  and  then  the  vernal  equinox  would  be  reckoned  to  happen 
on  March  10th. 

336.  The  error  into  which  the  calendar  had  fallen,  and  would 
continue  to  fall,  was  noticed  by  Pope  Gregory  in  1682.    At  hi^ 
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time  the  length  of  the  year  was  known  to  greater  precision  than 
at  the  time  of  Julius  Csesar.    It  was  supposed  equal  to  365d. 
5h.  49m.  16.23s.    Gregory,  desirous  that  the  vernal  equinox 
should  be  reckoned  on  or  near  March  21st  (on  which  day  it 
happened  in  the  year  325,  when  the  Council  of  Nice  was  held), 
ordered  that  the  day  succeeding  the  4th  of  October,  1582,  in- 
stead of  being  called  the  5th,  should  be  called  the  15th  ;  thus 
suppressing  10  days,  which,  in  the  interval  between  the  years 
325  and  1582,  represented  nearly  the  accumulation  of  error 
arising  from  the  excessive  intercalation  of  the  Julian  correction. 
This  act  reformed  the  calendar.    In  order  to  correct  it  in  fu- 
ture ages,  it  was  prescribed  that,  at  certain  convenient  periods, 
the  intercalary  day  of  the  Julian  correction  should  be  omitted. 
Thus  the  centurial  years  1700, 1800, 1900,  are,  according  to  the 
Julian  calendar.  Bissextiles,  but  on  these  it  was  ordered  that  the 
intercalary  day  should  not  be  inserted ;  inserted  again  in  2000, 
but  not  inserted  in  2100,  2200,  2300  ;  and  so  on  for  succeeding 
centuries.     By  the  Gregorian  calendar^  then,  every  centurial 
year  that  is  divisible  by  400  is  a  Bissextile  or  Leap  year^  and 
the  others  common  years.    For  other  than  centurial  years,  the 
nile  is  the  same  as  with  the  Julian  calendar. 

337.  This  is  a  most  simple  mode  of  regulating  the  calendar. 
It  corrects  the  insufficiency  of  the  Julian  correction,  by  omitting, 
in  the  space  of  400  years,  3  intercalary  days.  And  it  is  eeisy  to 
estimate  the  degree  of  its  accuracy.  For,  the  real  error  of  the 
Julian  correction  is  0.007783  d.  in  1  year,  consequently  400  x 
0.007783d.  or  3.1132d.  in  400  years.  Consequently,  0.1132d.  or 
2h.  43m.  0.5s.  in  400  years,  or  1  day  in  3533  years,  is  the  mea- 
sure of  the  degree  of  inaccuracy  in  the  Gregorian  correction. 

338.  The  Gr^orian  calendar  was  adopted  immediately  on  its 
promulgation,  in  all  Catholic  countries,  but  in  those  where  the 
Protestant  religion  prevailed,  it  did  not  obtain  a  place  till  some 
time  after.  In  England,  "  the  change  of  style,"  as  it  was  called, 
took  place  after  the  2d  of  September,  1752,  eleven  nominal  days 
being  then  struck  out ;  so  that  the  last  day  of  Old  Style  being  the 

!  2d,  the  first  of  New  Style  (the  next  day)  was  called  the  14th,  in- 
stead of  the  3d.  The  same  legislative  enactment  which  estab- 
lished the  Gregorian  calendar  in  England,  changed  the  time  of 
the  b^;inning  of  the  year  from  the  25th  of  March  to  the  1st  of 
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January.  Thus  the  year  1762,  which  hy  the  old  reckoning' 
would  have  commenced  with  the  26th  of  March,  was  made  to 
begin  with  the  1st  of  January :  so  that  the  number  of  the  year 
is,  for  dates  falling  between  the  1st  of  January  and  the  26th  of 
March,  one  greater  by  the  new  than  by  the  old  style.  In  con- 
sequence of  the  intercalary  day  omitted  in  the  year  1800,  there 
is  now,  for  all  dates,  12  days  difference  between  the  old  and 
new  style. 

Russia  is  at  present  the  only  Christian  country  in  which  the 
Gregorian  calendar  is  not  used. 

339.  The  calendar  months  consist,  each  of  them,  of  30  or  31 
days,  except  the  second  month,  February,  which,  in  a  common 
year,  contains  28  days,  and  in  a  Bissextile,  29  days  ;  the  inter- 
calary day  being  added  at  the  last  of  this  month. 

340.  To  find  the  number  of  days  comprised  in  any  number 
of  civil  years,  multiply  366  by  the  number  of  yeais,  and  add  to 
the  product  as  many  days  as  there  are  Bissextile  years  in  the 
period. 


PART  II. 

ON  THE  PHENOMENA  RESULTING  FROM  THE  MO- 
TIONS OF  THE  HEAVENLY  BODIES,  AND  ON 
THEIR    APPEARANCES,    DIMENSIONS, 
AND  PHYSICAL  CONSTITUTION. 


CHAPTER    XIV. 

OP  THE   SUN    AND    THE    PHENOMENA     ATTENDING     ITS    APPA- 
RENT   MOTIONS. 

Inequality  of  Days.* 
341.  At  all  places  north  or  south  of  the  equator  the  observer  is 
in  an  oblique  sphere ;  the  celestial  equator,  and  the  parallels  of 
declination  are  oblique  to  the  horizon ;  and  the  equator  is  bisect- 
ed by  the  horizon,  while  the  parallels  are  divided  by  it  into  une- 
qual parts.     This  position  of  the  sphere  is  represented  in  Fig.  7, 
where  H  O  R  is  the  horizon,  Q  O  E  the  equator,  and  ncr,  s  c  t 
&c.  parallels  of  declination.     Now,  the  length  of  the  day  is  mea- 
sured by  the  portion  of  the  parallel  to  the  equator  described  by  the 
sun,  which  lies  above  the  horizon.     On  inspecting  Fig.  7,  it  will 
be  evident  that  this  diminishes  continually  while  the  sun  is  mov- 
ing from  the  position  of  greatest  northern  declination  to  that  of 
greatest  southern  declination,  and  increases  continually  while  he 
is  moving  from  the  position  of  greatest  southern  to  that  of  great- 
est northern  declination.    Whence  it  appears  that  the  day  will 
diminish  in  length  from  the  summer  to  the  winter  solstice,  and 
increase  in  length  from  the  winter  to  the  summer  solstice. 

*  The  day,  here  eoondered,  ii  the  interral  between  ranriBe  and  tronBOt. 

18 
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342.  As  the  equator  is  bisected  by  the  horizon,  at  the  equinoxes 
the  day  and  night  must  be  each  12  hours  long. 

343.  When  the  sun  is  north  of  the  equator,  the  greater  part  of 
its  diurnal  circle  lies  above  the  horizon,  in  northern  latitudes ; 
and  therefore  from  the  vernal  to  the  autumnal  equinox  the  day 
is,  in  the  northern  hemisphere,  more  than  12  hours  in  length. 
On  the  other  hand,  when  the  sun  is  south  of  the  equator,  the 
greater  part  of  its  circle  lies  below  the  horizon,  and  hence  from 
the  autumnal  to  the  vernal  equinox  the  day  is  less  than  12 
hours  in  length. 

In  the  latter  interval  the  nights  will  obviously,  at  correspond- 
ing periods,  be  of  the  same  length  as  the  days  in  the  former. 

344.  The  variation  in  the  length  of  the  day  in  the  course  of 
the  year,  will  increase  with  the  latitude  of  the  place  ;  for  the 
greater  is  the  latitude  the  more  oblique  are  the  circles  described 
by  the  sun  to  the  horizon,  and  the  greater  is  the  disparity  be- 
tween the  parts  into  which  they  are  divided  by  the  horizon. 
This  will  be  obvious,  on  referring  to  Fig.  7,  where  H  0  R, 
H*  O  R',  represent  the  positions  of  the  horizons  of  two  different 
places  with  respect  to  these  circles,  H'  O  R'  being  the  hori- 
zon for  which  the  latitude  or  the  altitude  of  the  pole  is  the 
greatest. 

For  the  same  reason,  the  days  will  be  the  longer  as  we  proceed 
from  the  equator  northward,  during  the  period  that  the  sun  is 
north  of  the  equinoctial,  and  the  shorter,  during  the  period 
that  he  is  south  of  this  circle. 

345.  At  the  equator  the  horizon  bisects  all  the  diurnal  circles, 
and  consequently  the  day  and  night  are  there  each  12  hours  in 
length  throughout  the  year. 

346.  At  the  arctic  circle  the  day  will  be  24  hours  long  at  the 
time  of  the  summer  solstice ;  for,  the  polar  distance  of  the  sun 
will  then  be  66^°,  which  is  the  same  as  the  latitude  of  the 
arctic  circle,  whence  it  follows  that  the  diurnal  circle  of  the  sun 
at  this  epoch,  will  correspond  to  the  circle  of  perpetual  appari- 
tion for  the  parallel  in  question. 

On  the  other  hand,  when  the  sun  is  at  the  winter  solstice,  the 
night  will  be  24  hours  long  on  the  arctic  circle. 

347.  To  the  north  of  the  arctic  circle,  the  sun  will  remain 
continually  above  the  horizon,  during  the  period  that  his  north 
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polar  distance  is  less  than  the  latitude  of  the  place,  and  continu- 
ally below  the  horizon  during  the  period  that  his  south  polar  dis- 
tance is  less  than  the  latitude  of  the  place. 

At  the  north  pole,  as  the  horizon  is  coincident  with  the  equa- 
tor, the  sun  will  be  above  the  horizon  while  passing  from  the  ver- 
nal to  the  autumnal  equinox,  and  below  it  while  passing  from 
the  autumnal  to  the  vernal  equinox.  Accordingly,  at  this  locality 
there  will  be  but  one  day  and  one  night  in  the  course  of  a  year, 
and  each  will  be  of  six  months'  duration. 

348.  The  circumstances  of  the  duration  of  light  and  dark- 
ness are  obviously  the  same  in  the  southern  hemisphere  as  in 
the  northern,  for  corresponding  latitudes  and  corresponding  de- 
clinations of  the  sun. 

349.  ThelcUitude  of  the  place  and  the  declination  of  the  sun 
being  given^  to  find  the  times  of  the  sun^s  rising  and  setting 
and  the  length  of  the  day. 

Let  H  P  R  (Fig.  49)  be  the  meridian,  H  M  R  the  horizon,  and 
B  *  D  the  diurnal  circle  described  by  the  sun.  The  hour  angle 
E  P  /,  or  its  measure  E  /,  which  converted  into  time  expresses 
the  interval  between  the  rising  or  setting  of  the  sun  and  his  pas- 
sage over  the  meridian,  is  called  the  Semi-diumal  Arc,    Now, 

E/  =  EM+M^  =  90o+M^; 

which  gives,  cos  E  /  =  —  sin  M  ^ ; 

and  we  have  by  Napier's  rules, 

sin  M  /  =  cot ^  M  ^  tang ts  =  tang  P M  H  tang  E  B  =  tang P H 

tang  E  6 ; 

whence,  cos  E  ^  =  —  tang  P  H  tang  E  B, 

or, 
cos  (semi-diumal  arc)  =  —  tang  lat.  x  tang  dec.  .  .  .  (80). 

The  semi-diumal  arc  (in  time)  expresses  the  apparent  time  of 
the  sun's  setting ;  and  subtracted  from  12  hours,  gives  the  appa- 
rent time  of  its  rising.  The  double  of  it  will  be  the  length  of 
the  day. 

In  resolving  this  problem  it  will,  in  practice,  generally  answer 
to  niake  use  of  the  declination  of  the  sun  at  noon  of  the  given 
day,  which  may  be  taken  from  an  ephemeris. 

Sxam.  1.  Let  it  be  required  to  find  the  apparent  times  of  the 
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sun's  rising  and  setting,  and  the  length  of  the  day  at  New  York, 

at  the  summer  solstice. 

Log.  tang  lat.  (4(P  42'  40")       .        .        9.93474  — 
Log.  tang  dec.  (23^  27'  40")      .        .        9.63749 

Log.  cos  (semi-diurnal  arc)       .        .        9.57223  — 

Semi-diurnal  arc      ....  llio   56'    40" 

Time  of  sun's  setting        .        .        .  7h.  27nL  43s. 

Time  of  sun's  rising         .        .        .  4    32      17 

Length  of  day           .        .        .        .  14    55      26 

Exam.  2.  What  are  the  lengths  of  the  longest  and  shortest 
days  at  Boston ;  the  latitude  of  that  place  being  42°  21'  15"  N. 

Ans.  15h.  6m.  28s.  and  8h.  53m.  32s. 

Exam.  3.  At  what  hours  did  the  sun  rise  and  set  on  May  1st, 
1837,  at  Charleston  ;  the  latitude  of  Charleston  being  32°  47', 
and  the  declination  of  the  sun  being  15°  6'  0"  N. 

Ans.  Time  of  rising,  5h.  19m.  58s.    Time  of  setting,  6h.40m.  2s. 

350.  To  find  the  time  of  the  surCs  apparent  rising  or  setting  ; 
the  latitude  of  the  place  and  the  declination  of  the  sun  being 
given. 

At  the  time  of  his  apparent  rising  or  setting,  the  sun  as  seen 
from  the  centre  of  the  earth  will  be  below  the  horizon  a  dis- 
tance s  S  (Fig.  49)  equal  to  the  refraction  minus  the  parallax. 
The  mean  difference  of  these  quantities  is  33'  42".  Let  it  be 
denoted  by  R.  Now  to  find  the  hour  angle  Z  P  S  (=  P),  the 
triangle  Z  P  S  gives  (see  Appendix), 

,      ZP  +  PS+ZS     CO.  lat.  +  CO.  dec.  +  (90°  +  R)         ,q.. 
k  = 2 = 2 ^^ '-  .  .  (ol), 

sin-iP  =  !lL(^-ZP)^^^(^-PS). 
'  sin  Z  P  sin  P  S  ' 

«;«» 1  T>    sin  (A:  —  co.  lat).  sin  (k  —  co.  dec.)         .qq. 

or,  sm''iP= — i— r— - — -  /.    .  \ ^— ^ i  .  •  (82). 

sm  (co.  lat.).  sm  (co.  dec) 

*  The  value  of  P,  (in  time),  will  be  the  interval  between  appa- 
rent noon  and  the  time  of  the  apparent  rising  or  setting. 

If  the  time  of  the  rising  or  setting  of  the  upper  limb  of  the  sun, 
instead  of  its  centre,  be  required,  we  must  take  for  R^  33'  42"  + 
sun's  semi-diameter,  or  49'  43". 

Unless  very  accurate  results  axe  desired,  it  will  be  sufficient  to 
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take  the  declinatioqs  of  the  sun  at  6  o'clock  in  the  morning  and 
evening.  When  the  greatest  precision  is  required,  the  times  of 
true  rising  and  setting  must  be  computed  by  equation  (80),  and 
the  declinations  found  for  these  times, 

Twilighi. 

351.  When  the  sun  has  descended  below  the  horizon,  its  rays 
still  continue  to  fall  upon  a  certain  portion  of  the  body  of  air 
that  lies  above  it,  and  are  thence  reflected  down  upon  the  earth, 
so  as  to  occasion  a  certain  degree  of  light,  which  gradually 
diminishes,  as  the  sun  descends  farther  below  the  horizon  and 
the  portion  of  the  air  posited  above  the  horizon,  that  is  directly 
illuminated,  becomes  less.  The  same  effect,  though  in  a  reverse 
order,  takes  place  in  the  morning  previous  to  the  sun's  rising. 
The  light  thus  produced  is  called  the  Crepusctdum,  or 
Tunlight. 

352.  The  close  of  the  evening  twilight  is  marked  by  the 
appearance  of  faint  stars  over  the  western  horizon,  and  the 
beginning  of  the  morning  twilight,  by  the  disappearance  of  faint 
stars  situated  in  the  vicinity  of  the  eastern  horizon.  It  has  been 
ascertained  from  numerous  observations,  that,  at  the  beginning  of 
the  morning  and  end  of  the  evening  twilight,  the  sun  is  about 
18^  below  the  horizon. 

353.  The  latitude  of  the  place  and  the  suvUs  declination  being 
given,  to  find  the  time  of  the  beginning  or  end  of  twilight. 

The  zenith  distance  of  the  sun  at  the  beginning  of  morning 
or  end  of  evening  twilight,  is  90°  +  18° :  wherefore,  we  may 
solve  this  problem  by  means  of  equations  (81)  and  (82),  taking  R 
=  18o. 

If  the  time  of  the  commencement  of  morning  twilight  be  sub- 
tracted from  the  time  of  sunrise,  the  remainder  will  be  the  dura- 
tion of  twilight. 

At  the  latitude  49°,  the  sun  at  the  time  of  the  summer  sol- 
stice is  only  18°  below  the  horizon,  at  midnight ;  for,  the  alti- 
tude of  the  pole  at  a  place  the  latitude  of  which  is  49°,  dif- 
fers only  18°  from  tfie  polar  distance  of  the  sun  at  this 
epoch.  At  this  latitude,  therefore,  twilight  will  continue  all 
i^ht,  at  the  summer  solstice.  This  will  be  true  for  a  still 
I       stronger  reason  at  greater  latitudes. 
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354.  The  duration  of  twilight  varies  with  the  latitude  of  the 
place  and  with  the  time  of  the  year.  At  all  places  in  the  north- 
em  hemisphere,  the  summer  are  longer  than  the  winter  twi- 
lights; and  the  longest  twilights  take  place  at  the  sunmier  sol- 
stice ;  while  the  shortest  occur  when  the  sun  has  a  small 
southern  declination,  different  for  each  latitude.*  The  summer 
twilights  increase  in  length  from  the  equator  northward. 

355.  At  the  Pole  twilight  commences  about  a  month  and  a  half 
before  the  sun  appears  above  the  horizon,  and  lasts  about  a  month 
and  a  half  afler  he  has  disappeared. 

The  Seasons, 

356.  The  amount  of  heat  received  from  the  sun  in  the  course 
of  24  hours,  depends  upon  two  particulars,  the  time  of  the  sun's 
continuance  above  the  horizon,  and  the  obliquity  of  his  rays  at 
noon.  By  reason  of  the  obliquity  of  the  ecliptic,  both  of  these  cir- 
cumstances vary  materially  in  the  course  of  the  year ;  whence 
arises  a  variation  of  temperature  or  a  change  of  seasons. 

357.  The  tropics  and  the  arctic  circles  divide  the  earth  into 
five  parts  called  Zones,  throughout  each  of  which  the  yearly 
change  of  the  temperature  is  occasioned  by  a  similar  change  in 
the  circumstances  upon  which  it  depends. 

The  part  contained  between  the  two  tropics,  is  called  the 
Torrid  Zone ;  the  two  parts  between  the  tropics  and  polar 
circles,  are  called  the  Temperate  Zones ;  and  the  other  two  parts, 
within  the  polar  circles,  are  called  Frigid  2kmes. 

358.  At  all  places  in  the  north  temperate  zone  the  sun  will 
always  pass  the  meridian  to  the  south  of  the  zenith ;  for,  the  lati- 
tudes of  all  such  places  exceed  23J°,  the  greatest  declination  of 
the  sun.  The  meridian  zenith  distance  will  be  greatest  at  the 
winter  solstice,  when  the  sun  has  its  greatest  southern  declina- 


*  The  duration  of  shortest  twilight  is  given  by  the  following  formola  : 

•in  9«» 
sin  as ^__ 

cos  lat. 
Twice  the  angle  a,  converted  into  time,  expresses  the  duration  of  shortest  twilight 
To  find  the  son's  declination  at  the  time  of  shortest  twilight,  we  have, 

sin  dec.  =s  —  tang  9°  sin  lat. 
(For  the  investigation  of  this  and  the  preceding  formula,  see  Gummore's  Astron> 
omy,  pages  87  and  88.) 
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lion,  and  least  at  the  summer  solstice,  when  the  sun  has  its 
greatest  northern  declination ;  and  it  will  vary  continually  be- 
tween the  values  which  obtain  at  these  epochs.  The  day  will  be 
longest  at  the  summer  solstice,  and  the  shortest  at  the  winter  sol- 
stice, and  will  vary  in  length  progressively  from  ttie  one  d^te  to 
the  other. 

We  infer,  therefore,  that  throughout  the  zone  in  question  the 
greatest  anK)unt  of  heat  will  be  received  from  the  sun  at  the  sum- 
mer solstice,  and  the  least  at  the  winter  solstice ;  and  that  the 
amount  received  will  gradually  increase,  or  decrease,  from  one 
of  these  epochs  to  the  other.  The  solstices  are  not,  however,  the 
epochs  of  maximum  and  minimum  temperature,  but  are  found 
from  observation  to  precede  these  by  about  a  month.  The  reason 
of  this  circumstance  is,  that  the  earth  continues  for  a  month,  or 
thereabouts,  after  the  summer  solstice,  to  receive  during  the  day 
more  heat  than  it  loses  during  the  night,  and  for  about  the  same 
length  of  time  after  the  winter  solstice,  continues  to  lose  during 
the  night  more  heat  than  it  receives  during  the  day. 

359.  Within  the  torrid  zone  the  length  of  the  day  varies  after 
the  same  manner  as  in  the  temperate  zone,  though  in  a  less  de- 
gree ;  but  the  motion  of  the  sun  with  respect  to  the  zenith,  is 
different.    At  all  places  in  the  torrid  zone  the  sun  passes  the 
meridian  during  a  certain  portion  of  the  year  to  the  south  of  the 
zenith,  and  during  the  remaining  portion  to  the  north  of  it ;  for, 
all  places  so  situated  have  their  zeniths  between  the  tropics  in 
the  heavens,  and  the  sun  moves  from  one  tropic  to  the  other,  and 
back  again  to  its  original  position,  in  a  tropical  year.    Through- 
oat  the  torrid  zone,  therefore,  the  sun  will  be  in  the  zenith  twice 
in  the  course  of  the  year,  and  will  be  at  its  maximum  distance 
bom  it  on  the  one  side  and  the  other,  at  the  solstices. 

An  inhabitant  of  the  equator  or  its  vicinity,  will  have  summer 
at  the  two  periods  when  the  sun  is  in  the  zenith,  and  winter,  (or 
a  period  of  minimum  temperature,)  both  at  the  summer  and  win- 
ter solstice.    Near  the  tropics,  there  will  be  but  little  variation  in 
1     the  daily  amount  of  heat  received,  during  the  period  that  the  sun 
'- '     is  north  of  the  zenith. 

360.  At  the  frigid  zone  a  new  cause  of  a  change  of  temperature 
^ts;  the  sun  remains  continually  above  the  horizon,  for  a 
gicater  or  less  number  of  days  about  the  summer  solstice,  and 
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continually  below  it  for  the  same  number  of  days  about  the 
winter  solstice. 

361.  The  amount  of  the  yearly  variation  of  temperature  in- 
creases with  the  latitude  of  the  place ;  for,  the  greater  is  the  lati- 
tude, the  greater  will  be  the  variation  in  the  length  of  the  day. 
Also,  the  mean  yearly  temperature  is  lower,  as  we  recede  from 
the  equator  and  approach  the  poles ;  for,  since  the  sun  is,  in  the 
course  of  the  year,  the  same  length  of  time  above  the  horizon, 
at  all  places,  the  mean  yearly  temperature  must  depend  altogether 
upon  the  mean  obliquity  of  the  sun's  rays  at  noon,  and  this  in- 
creases with  the  latitude. 

362.  The  yearly  change  in  the  sun's  distance  from  the  earth, 
has  but  little  effect  in  producing  a  variation  of  temperature  upon 
the  earth's  surface.  The  change  of  its  heating  power  from  this 
cause  amounts  to  no  more  than  j\. 

363.  It  is  important  to  observe,  that,  although  in  the  main  cli- 
mate varies  with  the  latitude  after  the  manner  explained  in  the 
foregoing  articles,  it  is  still  dependent  more  or  less  upon  local 
circumstances,  such  as  the  vicinity  of  lakes,  seas,  and  mountains, 
prevailing  winds  of  some  particular  direction,  &c. 

364.  In  the  north  temperate  zone.  Springy  Summer j  AtUumn, 
and  Winter,  the  four  seasons  into  which  the  year  is  divided,  are 
considered  as  respectively  commencing  at  the  times  of  the  Ver- 
nal  Equinox,  Sum/mer  Solstice,  Autumnal  Equinox,  and  Win- 
ter Solstice. 

365.  Let  V  (Fig.  60)  represent  the  vernal,  and  A  the  autumnal 
equinox ;  S  the  summer,  and  W  the  winter  solstice.  The  perigee 
of  the  sun's  apparent  orbit  is  at  present  about  10°  10'  to  the  east  of 
the  winter  solstice.  Let  P  denote  its  position.  The  lengths  of 
the  seasons  are,  agreeably  to  Kepler's  law  of  areas,  respectively 
proportional  to  the  areas  V  E  S,  SEA,  A  E  W,  and  W  ET. 
Thus,  the  winter  is  the  shortest  season,  and  the  sununer  the 
longest ;  and  spring  is  longer  than  autumn.  Spring  and  sum- 
mer, taken  together,  are  about  7  days  longer  than  autumn  and 
winter  united. 

366.  Since  the  perigee  of  the  sun's  orbit  has  a  progressiva 
motion,  the  relative  lengths  of  the  seasons  must  be  subject  to  ^ 
continual  variation. 

367.  At  the  beginning  of  the  year  1800,  the  longitude  of  tb^ 
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sun's  perigee  was  279°  30'  8".39.  If  from  this  we  take  ISO^,  the 
longitude  of  the  autumnal  equinox,  the  remainder,  99^  30'  8".39, 
is  the  distance  of  the  perigee  from  the  autumnal  equinox  at  that 
epoch.  The  motion  of  the  perigee  in  longitude  is  at  the  rate  of 
61".62  per  year.  Dividing  99°  30'  8".39  by  61".62,  the  quotient 
is  5822.  Hence  it  appears  that  about  6800  years  anterior  to  the 
year  1800,  the  perigee  coincided  with  the  autumnal  equinox, 
and  the  apogee  with  the  vernal  equinox.  It  is  perhaps  worthy 
of  remark,  that  this  is  about  the  period  at  which  most  chronolo- 
gists  fix  the  first  residence  of  man  upon  the  earth. 

Appearance^  Dimensions,  and  Physical  Constitution  of  the  Sfun. 

368.  The  sun  presents  the  appearance  of  a  luminous  circular 
disc.  But  it  does  not  necessarily  follow  from  this  that  its  sur- 
face is  really  flat ;  for,  such  is  the  appearance  of  all  globular 
bodies,  when  viewed  at  a  great  distance.  It  is  ascertained  from 
observations  with  the  telescope,  that  the  sun  has  a  rotatory  mo- 
tion :  this  being  the  fact,  its  surface  must  in  reality  be  of  a  spheri- 
cal form ;  for,  otherwise,  it  would  not,  in  presenting  all  its  sides, 
always  appear  under  the  form  of  a  circle. 

369.  The  sun's  real  diameter  is  determined  from  his  apparent 
diameter  and  horizontal  parallax.  Let  A  C  B  (Fig.  61)  repre- 
sent the  sim  or  other  heavenly  body,  and  E  the  place  of  the 
earth ;  and  let  6  =  A  E  B  the  sun's  apparent  diameter,  d  =  2  A 
S  his  real  diameter,  D  =  E  S  his  distance  from  the  earth,  and  R 
=  the  radius  of  the  earth.    We  have  from  the  triangle  A  E  S, 

A  S  =  E  S  tang  JAEB,  or,2AS  =  2ES  tang  J  A  E  B  ^ 

and  thus,  <2  =  2Dtang^6; 

but,  D  =  -?:«.  .  .  .  (equa.  9) ; 

smH 

The  mean  apparent  diameter  of  the  sun  is  32'  1".8,  and  his 
QKan  horizontal  parallax  8".68.  Accordingly  we  have,  for  the 
leal  diameter  of  the  sun, 

«i  =  2R^lJ;!^j  =  2Rxll2(nearly). 


H  /V 
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Thus  the  diameler  of  the  sun  is  aboat  112  times  the  diameter 
of  the  earth.  The  volame  of  the  son  then*  exceeds  that  of  the 
earth  nearly  in  the  proportion  112>  to  1%  or  1407168  to  1. 

370.  From  equation  (83),  we  may  derive  the  proportion 

<i  :  2  R  :  :  a  :  2  H. 
Thus,  the  real  diameter  of  a  heavenly  body  is  to  the  diameter 
of  the  earth,  as  the  apparent  diameter  of  the  body  is  to  daubk 
its  horizontal  parallax. 

371.  When  the  sun  is  viewed  with  a  telescope  of  considerable 
power  and  provided  with  colored  glasses,  black  spots  of  an  ins- 
ular form,  surrounded  by  a  dark  border,  or  penumbra,  are  oAen 
seen  on  its  disc.  Their  number,  magnitude,  and  position  on  the 
disc,  are  extremely  variable.  In  some  years  they  are  very  frequent, 
and  appear  in  large  numbers;  in  others,  none  whatever  are 
seen.  In  some  instances,  as  many  as  fifty,  of  various  forms  and 
sizes,  have  been  counted.  Their  absolute  magnitude  is  often 
very  great  Spots  are  not  unfrequently  seen  tfiat  subtend  an 
angle  of  I'  or  60".  Now,  the  apparent  diameter  of  the  earth  as 
viewed  at  the  distance  of  the  sun,  is  equal  to  double  the  sun's 
horizontal  parallax,  or  17" :  the  breadth  of  such  spots  must 
therefore  exceed  three  times  the  diameter  of  the  earth,  or  24,000 
miles.  Spots  two  or  three  times  as  large  as  this  have  been 
seen. 

372.  The  form  and  size  of  the  spots  are  subject  to  rapid  and 
almost  incessant  variations.  When  watched  from  day  to  day, 
or  even  from  hour  to  hour,  they  are  seen  to  enlarge  or  contract, 
and  at  the  same  time  to  change  their  forms.  When  a  spot  dis- 
appears, it  always  contracts  into  a  point,  and  vanishes  before 
the  penumbra.  Some  spots  disappear  almost  immediately  after 
they  become  visible  ;  others  remain  for  weeks,  or  even  months. 

373.  Spots  and  streaks  more  luminous  than  the  general  body 
of  the  sun  are  also  frequently  perceived  upon  parts  of  his  disc, 
especially  in  the  region  of  large  spots,  or  of  extensive  groups  of 
spots.  These  are  called  FaculcR.  The  penumbra  which  sur- 
rounds each  black  spot  is  also  abruptly  terminated  by  a  border 
of  light  more  brilliant  than  the  rest  of  the  disc. 

374.  When  the  positions  of  the  spots  on  the  disc  are  observed 
from  day  to  day,  it  is  perceived  that  they  all  have  a  common, 
motion  in  a  direction  from  east  to  west.    Some  of  the  spot^ 
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close  up  and  vanish  before  they  reach  the  western  limb  ;  others 
disappear  at  the  western  limb,  and  are  never  afterwards  seen ;  a 
few,  after  becoming  visible  at  the  eastern  limb,  have  been  seen 
to  pass  entirely  across  the  disc,  disappear  from  view  at  the  west- 
em  limb,  and  re-appear  again  at  the  eastern  limb.  The  time 
employed  by  a  spot  m  traversing  the  sun's  disc,  is  about  14  days. 
The  same  time  is  occupied  in  passing  from  the  western  to  the 
eastern  limb,  while  it  is  invisible.  The  motions  of  the  spots  are 
accounted  for,  in  all  their  circumstances,  by  supposing  that  the 
sun  has  a  motion  of  rotation  from  west  to  east,  around  an  axis 
nearly  perpendicular  to  the  plane  of  the  ecliptic ;  and  that  the 
spots  are  portions  of  the  solid  body  of  the  sun.  The  truth  of 
this  explanation  of  the  appcurent  motions  of  the  sun's  spots,  is 
confirmed  by  the  changes  which  are  observed  to  take  place  in 
the  magnitude  and  form  of  the  more  permanent  spots  during 
their  passage  across  the  disc.  When  they  first  come  into  view 
at  the  eastern  limb,  they  appear  as  a  narrow  dark  streak.  As 
they  advance  towards  the  middle  of  the  disc,  they  gradually 
open  out,  and  increase  in  magnitude;  and  after  they  have 
passed  the  middle  of  the  disc,  contract  by  the  same  degrees  un* 
til  they  are  again  seen  as  a  mere  dark  line  upon  the  western 
limb. 

375.  A  spot  returns  to  the  same  position  on  the  disc  in  about 
27^  days.  This  is  not,  however,  the  precise  period  of  the  sun's 
rotation ;  for,  during  this  time  the  sun  has  apparently  moved 
forward  nearly  a  sign  in  the  ecliptic ;  the  spot  will  therefore 
have  accomplished  so  much  more  than  a  complete  revolution, 
vhen  it  is  again  seen  by  an  observer  on  the  earth  in  the  same 
position  on  the  disc. 

376.  The  apparent  position  of  a  spot  with  respect  to  the  sun's 
centre  may  be  accurately  determined,  from  day  to  day,  by  ob- 
Krving,  when  the  sun  is  crossing  the  meridian,  the  right  as- 
censions and  declinations  both  of  the  spot  and  centre.  From 
Aree  or  more  observations  of  this  kind  the  period  of  the  sun's 
lotatioQ  and  the  position  of  his  equator  may  be  ascertained. 

377.  *Vhe  time  of  the  sun's  rotation  on  his  axis  is  about  25^ 
4^ ;  the  inclination  of  his  equator  to  the  ecliptic  7°  30' ;  and 
Ae  heliocentric  longitude  of  the  ascending  node  of  the  equator 
8O07'. 


t.4tt^  ABTROIIOIIT. 

3t&  Tlw  oAly  theories  relative  to  the  physical  ecmatitaticMi 
oi*  iIm  mii»  vhich  deserve  notice,  are  those  of  Lqilace  and  Her- 
-njirri  La^ace  supposed  that  the  sun  was  an  immense  globe  of 
j^iUi  UMitler  in  a  state  of  ignition,  and  that  the  spots  upon  his 
4m  were  lanpe  cavities,  wheie  there  was  a  temporary  intermia- 
Mii  ui  the  evolution  of  luminous  matter.  Sir  W.  Herachel  was 
of  opiiuoa  that  the  sun  was  an  opake  solid  body,  surrounded  by 
iwo  alinosiAeres,  of  which  the  first  was  opake  and  non-lumi- 
iMiM^  and  the  second  luminous.  On  this  hypothesis  the  spots 
ai#  «MC00unted  for  by  supposing  that  openings  occasionally  take 
ylM)e  in  the  atmospheres,  through  which  the  dark  body  of  the 
lAHU  is  seen.  The  penumbra  is  the  portion  of  the  obscure  at- 
motphere,  situated  immediately  around  the  opening  made  in  it. 
*flus  theory  seems  to  account  for^  all  the  circumstances  of  the 
HSIpeot  and  variation  of  the  form  and  magnitude  of  the  spots, 
which  the  other  does  not  do.  Moreover,  M.  Fourier  has  re- 
UNMked,  that  the  light  given  out  by  incondescent  gases  is  not 
l^riaed,  while  that  emitted  by  solids  or  liquids  in  combustion, 
in ;  and  M.  Arago  has  ascertained  that  the  light  of  the  sun,  in 
«Aot»  does  not  possess  the  properties  of  polarized  light  in  any 
mMiaible  degree,  which  seems  to  prove  that  it  emanates  from 

STtt«  There  has  been  observed,  in  connection  with  the  sun,  at 
O^aiu  {wriods  of  the  year,  a  &int  light  that  is  visible  before 
Miuris^  and  after  simset,  to  which  has  been  given  the  name  of 
%U»  Xwtiacal  Light,  from  the  circumstance  of  its  being  mostly 
\HUU|utthoudod  within  the  zodiac.  Its  colour  is  white,  and  its 
a^^wnuit  tiguro  that  of  a  spindle,  the  base  of  which  rests  on  the 
«UUi  aiul  the  axis  of  which  lies  in  the  plane  of  the  sun's  equator ; 
«uoh  as  would  be  the  appearance  of  an  ellipsoid  of  revolution, 
lu^viug  its  centre  coincident  with  that  of  the  sun,  and  its  trans- 
wx^  axis  in  the  plane  of  the  solar  equator.  Its  extent  varies 
with  the  season  of  the  year  and  the  state  of  the  atmosphere ; 
b^iug  aometimes  more  than  ICKP,  and  at  other  times  not  more 
than  4t)^^  or  60^.  No  satisfactory  explanation  has  yet  been 
givfiu  of  this  singular  phenomenon.  It  was  long  supposed  to  be 
iIh^  atuioHphero  of  the  sun,  but  Laplace  has  shown  that  this  hy- 
yMlhvttis  is  opposed  to  the  theory  of  gravitatioi}. 

SMK  The  lodiacal  light  is  seen  most  distinctly  in  our  north- 
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em  climates,  early  in  the  spring  just  after  sunset,  and  early  in 
the  fall  just  before  sunrise.  During  the  month  of  March  it  may 
be  seen  directed  towards  the  star  Aldebaran.  Towards  the 
summer  solstice,  it  is  said  to  be  discernible,  in  a  very  pure  state 
of  the  atmosphere,  both  in  the  morning  and  evening.  The  rea- 
son of  these  variations  in  the  distinctness  of  the  zodiacal  light, 
is  found  in  the  change  of  its  inclination  to  the  horizon  at  the 
time  of  sunset  or  sunrise.  As  its  length  lies  in  the  plane  of  the 
sun's  equator,  its  inclination  to  the  horizon  will  be  different, 
like  that  of  this  plane,  according  to  the  different  positions  of  the 
sun  in  the  ecliptic.  Since  the  sun's  equator  makes  but  a  small 
angle  with  the  ecliptic,  at  sunset,  the  zodiacal  light  will  be  most 
inclined  to  the  horizon,  and  therefore  extend  higher  up  in  the 
heavens,  towards  the  vernal  equinox,  when  the  inclination  of  the 
ecliptic  to  the  horizon  at  sunset  is  at  its  maximum ;  and,  at  sun- 
rise, it  will  be  most  inclined  to  the  horizon  towards  the  autum- 
nal equinox,  when  the  inclination  of  the  ecliptic  to  the  horizon 
at  sunrise  is  the  greatest 


CHAPTER   XV. 

OF    THE   MOON   AND    ITS    PHENOMENA. 

Phases  of  the  Moan. 

381.  The  most  conspicuous  of  the  phenomena  exhibited  by 
the  moon,  is  the  periodical  change  that  is  observed  to  take 
place  in  the  form  and  size  of  its  disc.  The  different  appear- 
ances which  the  disc  presents  are  called  the  Phases  of  the 
moon. 

The  phenomenon  in  question  is  a  simple  consequence  of  the 
revolution  of  the  moon  around  the  earth.  Let  E  (Fig.  62)  re- 
present the  position  of  the  earth,  ABC,  &c.  the  orbit  of  the  moon^ 
which  we  will  suppose  for  the  present  to  lie  in  the  plane  of  the 
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ecliptic,  and  E  S  the  direction  of  the  gun.  As  the  distance  of 
the  sun  from  the  earth  is  about  400  times  the  distance  of  the 
moon,  lines  drawn  from  the  sun  to  the  diiferent  parts  of  the 
moon's  orbit,  may  be  considered,  without  material  error,  as  par- 
rallel  to  each  other.  If  we  regard  the  moon  as  an  opake  non- 
luminous  body,  that  hemisphere  which  is  turned  towards  the 
sun,  will  continually  be  illuminated  by  him,  and  the  other  will 
be  in  the  dark.  Now,  by  virtue  of  the  moon's  motion,  the  en- 
lightened hemisphere  is  presented  to  the  eartli  under  every 
variety  of  aspect  in  the  course  of  a  synodical  revolution  of  the 
moon.  Thus,  when  the  moon  is  in  conjunction,  as  at  A,  this 
hemisphere  is  turned  entirely  away  from  the  earth,  and  she  is  in- 
visible. Soon  after  conjunction,  a  portion  of  it  on  the  right  b^^ins 
to  be  seen,  and  as  this  is  comprised  betwen  the  right  half  of  the 
circle  which  limits  the  vision,  and  the  right  half  of  the  circle 
which  separates  the  enlightened  and  dark  hemispheres  of  the 
moon,  called  the  Circle  of  lUwninatUm^  it  will  obviously  pre- 
sent the  appearance  of  a  crescent  with  the  horns  turned  from  the 
sun,  as  represented  at  B.  As  the  moon  advances,  more  and  more 
of  the  enlightened  half  becomes  visible,  and  thus  the  crescent 
enlarges,  and  the  eastern  limb  becomes  less  concave.  At  the 
point  C,  90°  distant  from  the  sun,  one  half  of  it  is  seen^  and  the 
disc  is  a  semi-circle,  the  eastern  limb  being  a  right  line.  Beyond 
this  point,  more  than  half  becomes  visible  ;  the  nearer  half  of  the 
circle  of  illumination  falls  to  the  left  of  the  moon's  centre,  as 
seen  from  the  earth,  and  thus  becomes  convex  outwards.  This 
phase  of  the  moon  is  represented  at  D.  When  the  moon  appears 
under  this  shape,  it  is  said  to  be  Gibbous.  In  advancing  towards 
opposition,  the  disc  will  enlarge,  and  the  eastern  limb  become 
continually  more  convex ;  and  finally  at  opposition,  where  the 
whole  illuminated  face  is  seen  from  the  earth,  it  will  become  a 
full  circle.  From  opposition  to  conjunction,  the  nearer  half  of 
the  circle  of  illumination  will  form  the  right  or  western  limb, 
and  this  limb  will  pass  in  the  inverse  order  through  the  same 
variety  of  forms,  as  the  eastern  limb  in  the  interval  between  con- 
junction and  opposition.  The  diflferent  phases  are  delineated  in 
the  figure. 

382.  The  moon's  orbit  is,  in  fact,  somewhat  inclined  to  the 
plane  of  the  ecliptic,  instead  of  lying  in  it,  as  we  have  sup- 
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posed;  but,  it  is  plain  that  its  inclination  cannot  change  the 
order,  nor  the  period  of  the  phases,  and  that  it  can  have  no  other 
effect  than  to  alter  somewhat  the  size  of  the  disc,  at  partic- 
ular angular  distances  from  the  sun.  In  consequence  of  the 
smallness  of  the  inclination,  this  alteration  is  too  slight  to  be 
noticed. 

383.  Yi/lien  the  moon  is  in  conjunction,  it  is  said  to  be  New 
Moon ;  and  when  in  opposition,  Full  Moon,  At  the  time  be- 
tween new  and  full  moon,  when  the  difference  of  the  longitudes 
of  the  moon  and  sun  is  90^,  it  is  said  to  be  the  First  Quarter. 
And  at  the  corresponding  time  between  full  and  new  moon,  it  is 
said  to  be  the  L<ist  Quarter.  In  both  these  positions  the  moon 
appears  as  a  semi-circle,  and  is  said  to  be  dichotomized.  The 
two  positions  of  conjunction  and  opposition,  are  called  Syzigies  ; 
and  those  of  the  first  and  last  quarter.  Quadratures.  The  four 
points  midway  between  the  syzigies  and  quadratures,  are  called 
Octants. 

384.  The  interval  from  new  moon  to  new  moon  again,  is 
called  a  Lunar  Mouthy  and  sometimes  a  Lunation. 

The  mean  daily  motion  of  the  sun  in  longitude  is  59'  8".33, 
and  that  of  the  n:oon  13^  10'  35".03  ;  wherefore  the  moon  sepa- 
rates from  the  sun  at  the  mean  rate  of  12°  11'  26".70  per  day  ; 
^  and  hence,  to  find  the  mean  length  of  a  lunar  month,  we  have 
the  proportion, 

12°  11'  26".70  :  Id.  :  :  360<^ :  x  =  29d.  12h.  44m.  2.7s. 

385.  To  determine  the  time  of  mean  new  or  fuU  moon  in 
euiy  given  month. 

Let  the  mean  longitude  of  the  sun,  and  also  the  mean  longi- 
tude of  the  moon,  at  the  beginning  of  the  year,  be  found,  and  let 
the  former  be  subtracted  from  the  latter  (adding  360°  if  neces- 
sary); the  remainder,  which  call  R,  will  be  the  mean  distance  of 
the  moon  to  the  east  of  the  sun,  at  the  beginning  of  the  year. 
J     Asthe  moon  separates  from  the  sun  at  the  mean  rate  of  12°  11' 

26".70perday,  i     Q^„yA  will  express  the  number  of  days 

and  fractions  of  a  day,  which  at  this  epoch  have  elapsed  since  the 

last  new  moon.     This  interval  is  called  the  Astronomical  Epact. 

'■  "     If  we  subtract  it  from  29d.  12h.  44m.  2.7s.  we  shall  have  the  time 
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of  mean  new  moon  in  January.  This  being  known,  the  time  of 
mean  new  moon  in  any  other  month  of  the  year  results  very 
readily  from  the  known  length  of  a  lunar  month. 

The  time  of  mean  new  moon  in  any  month  being  known,  the 
time  of  mean  full  moon  in  the  same  month  is  obtained  by  the 
addition  or  subtraction,  as  the  case  may  be,  of  half  a  lunar 
month. 

This  problem  is  in  practice  most  easily  resolved  with  the  aid 
of  tables.    (See  Problem  XXVII). 

386.  The  time  of  true  new  moon  differs  from  the  time  of  mean 
new  moon,  for  the  same  reasons  that  the  true  longitudes  of  the 
sun  and  moon  differ  from  the  mean.  The  same  is  true  of  the 
time  of  true  full  moon.  For  the  mode  of  computing  the  time 
of  true  new  or  full  moon  from  that  of  mean  new  or  full  moon,  (see 
Problem  XXVU.) 

387.  The  earth,  as  viewed  from  the  moon,  goes  through  the 
S€une  phases  in  the  course  of  a  lunar  month  that  the  moon  does 
to  an  inhabitant  of  the  earth.  But,  at  any  given  time,  the  phase 
of  the  earth  is  just  the  opposite  to  the  phase  of  the  moon.  About 
the  time  of  new  moon,  the  earth,  then  near  its  fiill,  reflects  so 
much  light  to  the  moon  as  to  render  the  obscure  part  visible. 

Moofis  Rising  J  Setting,  and  Passage  over  the  Meridian. 

388.  To  find  the  time  of  the  meridian  passage  of  the  moon  on 
a  given  day. 

Let  S  and  M  denote,  respectively,  the  right  ascension  of  the 
sun,  and  the  right  ascension  of  the  moon,  at  noon  on  the  given 
day,  and  M,  S  the  hourly  variations  of  the  right  ascension  of  the 
sun  and  moon  :  also  let  t  =  the  required  time  of  the  meridian  pas- 
sage.   At  the  time  t  the  right  ascensions  will  be. 

For  the  moon,    .        ,        .    M  +  f  m, 

For  the  sun,       .        .        .      S  +  f  *  ; 

and,  as  the  moon  is  on  the  meridian,  the  difference  of  these 
will  be  equal  to  the  hour  angle  t ;  whence, 

t=M  —  S  +  t{m  —  s)^i 

or,  if  all  the  quantities  be  expressed  in  seconds, 

/  =  M  — S  +  t^^*.  .  .(84). 

3600  •    ' 
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Thus,  we  find  for  the  time  of  the  meridian  passage, 

3600  — (m  — 5)  ^     ^ 

The  quantities  M,  S,  m,  Sj  are,  in  practice,  to  be  taken  from 
ephemerides  of  the  sun  and  moon. 

Bxample.  What  was  the  time  of  the  passage  of  the  moon's 
centre  over  the  meridian  of  New  York,  on  the  1st  of  August, 
1837? 

When  it  is  noon  at  New  York,  it  is  4h.  56m.  4s.  at  Greenwich, 
Now,  by  the  Nautical  Almanac, 

Aug.  1st,  at  4h.  J 's  R.  Ascen.    .    .    8  >»•  58  "•  36.7  ■• 
"        at5h.    «        "...    9      0      38.3 


Ih.  :  66m.  4s.  : :  2m.    l.6s. :  Im.  63.6s, 


Aug.  1st,  at  4h.  j's  R.  Ascen.    .    .    8^-  58°»-  36.7 
Yariation  of  R.  Ascen.  in  56m.  4s. .  1     63.6 


> 's  R.  Ascen.  at  M.  Noon  at  N.York,  9      0     30.3 

Aug.  1st,  O's  hourly  Variation  of  R.  Ascen.  .    .    .  9.704s. 

Ih. :  4h.  66m.  4s.  : :  9.704s.  :  47.8s. 

Aug.  1st,  M.  NoonatGreenw.,  0'sR.Asc.  8^-  45°»-  31.6*- 
Yariation  of  R.  Ascen.  in  4h.  56m.  4s.  47.8 


O's  R.  Ascen.  at  M.  Noon  at  N.  York,       8    46  19.3  (S) 

>'8    «  «  "  9      0  30.3  (M) 

M  —  S  =  14  11.0  =  851.0s, 

Atig.  Ist,  M.  Noon  at  Greenw.,  J 's  R.  Asc.  8^-  60 "•  27.7«- 

Aug.  2d,      «  «  "  9    38  18.7 

24  )  47  51.0 

Aug.  1st,  >'s  mean  hourly  Yaria.  of  R.  Asc.      1  59.6  {m) 
"      O's      "               "               «  9.7  {s) 


tn  —  s^l     49.9  =  109.9s. 
20 


r 
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3600 loff.  3.55630 

M  —  S  =  851.0 log.  2.92993 

3600  —  {m  —  3)  =  3490.1  .    .     ar.  co.  log.  6.45716  . 

Appar.  time  of  mend,  passage,  14m.  37.8s.  =  877.8s.    log.  2.94339 
Equa.  of  time  by  Almanac,       5     58 

Mean  time  of  merid.  pass.,  Oh.  20m.  36s. 

The  Nautical  Almanac  gives  the  time  of  the  moon's  passage 
over  the  meridian  of  Greenwich  for  every  day  of  the  year.  From 
this,  the  time  of  the  passage  across  the  meridian  of  any  other 
place  may  easily  be  determined,  as  follows :  subtract  the  time  of 
the  meridian  passage  at  Greenwich  on  the  given  day,  from  that 
on  the  following  day,  and  say,  as  24h. :  the  difference  :  :  the 
longitude  of  the  place  :  a  fourth  term.  This  fourth  term  added 
to  die  time  of  the  meridian  passage  at  Greenwich  on  the  given 
day,  will  give  the  approximate  time  of  the  meridian  passage  on 
the  same  day  at  the  given  place.  The  fourth  term  of  the  pre- 
ceding proportion  may  be  corrected,  and  a  more  exact  result 
obtained  by  stating  the  proportion,  as  24h.  :  24h.  +  differ- 
ence above  mentioned  : :  fourth  term  in  question  :  the  same 
corrected. 

389.  Since  the  moon  has  a  motion  with  respect  to  the  sun,  the 
time  of  its  rising  and  setting  must  vary  from  day  to  day.  When 
first  seen  after  conjunction,  it  will  set  soon  after  the  sun.  After 
this  it  will  set  (at  a  mean)  about  one  hour  later  every  succeeding 
night  At  the  first  quarter,  it  will  set  about  midnight ;  and  at  fiiU 
moon,  will  set  about  sunrise  and  rise  about  sunset.  During  this 
interval  it  will  rise  in  the  day  time,  and  all  along  from  sunrise  to 
sunset.  From  fiill  to  new  moon,  it  will  rise  at  night,  and  set 
during  the  day ;  and  the  time  of  the  rising  and  setting  will  be 
about  an  hour  later  on  every  succeeding  night  and  day ;  thus,  at 
the  last  quarter  it  will  rise  about  midnight  and  set  about 
midday. 

390.  To  find  the  time  of  the  moorCs  rising  or  setting  on  any 
given  day. 

Compute  the  moon's  semi-diurnal  arc  from  equation  (82),  or 
(80),  according  as  it  is  the  time  of  the  apparent  rising  or  setting, 
or  the  time  of  the  true  rising  or  setting,  that  is  desired.     Correct 
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it  for  the  moon's  change  of  right  ascension  in  the  interval  between 
the  moon's  passage  over  the  meridian  and  setting,  by  the  follow- 
ing proportion,  24h.  :  2A+m  —  S  (Art.  388)  :  :  semi-diurnal 
arc  :  corrected  semi-diurnal  arc ;  and  add  it  to  the  time  of  the 
moon's  meridian  passage,  found  as  explained  in  Art  388.  The 
result  will  be  the  time  of  the  moon's  setting ;  and  if  this  be  sub- 
tracted from  24  hours,  the  remainder  will  be  the  time  of  the 
moon's  rising. 

In  consequence  of  the  change  of  the  moon's  declination  in  the 
interval  between  its  rising  and  setting,  it  would  be  more  accurate 
to  compute  the  semi-diurnal  arc  separately  for  the  moon's  rising. 
In  computing  the  semi-diurnal  arc  by  equation  (80),  the  declina- 
tion 6  hours  before  or  after  the  meridian  passage  may  be  used  at 
first ;  and  afterwards,  if  a  more  accurate  result  be  desired,  the  cal- 
culation may  be  repeated  with  the  declination  found  for  the  com- 
puted approximate  time.  In  equation  (82),  R  =  refraction  — 
paraUax  =  33'  61"  —  67'  1"  (at  a  mean)  =  —  23'  10". 

Rotation  and  lAbrations  of  the  Moon. 

391.  The  moon  presents  continually  nearly  the  same  face 
towards  the  earth  ;  for,  the  same  spots  are  alwajrs  seen  in  nearly 
the  same  position  upon  the  disc.  It  follows,  therefore,  that  it 
rotates  on  its  axis  in  the  same  direction,  and  with  the  same  an- 
gular velocity,  or  nearly  so,  that  it  revolves  in  its  orbit. 

392.  The  spots  on  the  moon's  disc,  although  they  constantly 
preserve  very  nearly  the  same  situations,  are  not,  however,  strictly 
stationary.  When  carefully  observed,  they  are  seen  alternately 
to  approach  and  recede  from  the  edge.  Those  that  are  very  near 
the  edge  successively  disappear  and  again  become  visible.  Thii^ 
vibratory  motion  of  the  moon's  spots  is  called  lAbration. 

393.  There  are  three  librations  of  the  moon,  that  is,  a  vibratory 
motion  of  its  spots  firom  three  distinct  causes. 

h  The  moon's  motion  of  rotation  being  uniform,  small  por- 
tioDs  on  its  east  and  west  sides  alternately  come  into  sight  and  dis- 
appear, in  consequence  of  its  unequal  motion  in  its  orbit.  The 
periodical  oscillation  of  the  spots  in  an  easterly  and  westerly  direc- 
tion from  this  cause,  is  called  the  lAbration  in  Longitude. 

2.  The  lunar  spots  have  also  a  small  alternate  motion  from 
north  to  south.  This  is  called  the  lAbration  in  Latitude^  and  is 
accounted  for,  by  supposing  that  the  moon's  axis  is  not  exactly 
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perpendicular  to  the  plane  of  its  orbit,  and  that  it  remains  contin- 
ually parallel  to  itself.  On  this  supposition  we  ought  some- 
times to  see  beyond  the  north  pole  of  the  moon,  and  sometimes 
beyond  the  south  pole. 

3.  Parallax  is  the  cause  of  a  third  libration  of  the  moon.  The 
spectator  upon  the  earth's  surface  being  removed  from  its  centre, 
the  point  towards  which  the  moon  continually  presents  the  same 
hemisphere,  he  will  see  portions  of  the  moon  a  little  different 
according  to  its  different  positions  above  the  horizon.  The  diur- 
nal motion  of  the  spots  resulting  from  the  parallax,  is  called  the 
Diurnal  or  Parallactic  Libration. 

394.  The  exact  position  of  the  moon's  equator,  like  that  of  the 
sun's,  is  derived  from  accurate  observations  of  the  situations  of 
the  spots  upon  the  disc.  From  calculations  founded  upon  such 
observations,  it  has  been  ascertained  that  the  plane  of  the  moon's 
equator  is  constantly  inclined  to  the  plane  of  the  ecliptic  under 
an  angle  of  1^  30',  and  intersects  it  in  a  line  which  is  always 
parallel  to  the  line  of  the  nodes.  It  follows  from  the  last  men- 
tioned circumstance,  that  if  a  plane  be  supposed  to  pass 
through  the  centre  of  the  moon,  parallel  to  the  ecliptic,  it  will 
intersect  the  plane  of  the  moon's  equator  and  that  of  its  orbit,  in 
the  same  line  in  which  these  planes  intersect  each  other.  The 
plane  in  question  will  lie  between  the  plane  of  the  equator  and 
that  of  the  orbit.  It  will  make  with  the  first  an  angle  of  1^  SO', 
and  with  the  second  an  angle  of  5°  9'. 

Dimensions  and  Physical  Constitution  of  the  Moon. 

395.  The  phases  of  the  moon  prove  it  to  be  an  opake  spherical 
body.    Its  diameter  is  found  by  means  of  equation  (83),  viz : 

where  d  denotes  the  diameter  sought,  R  the  radius  of  the  earth,  ^ 
the  apparent  diameter  of  the  moon  at  a  given  distance,  and  H  its 
horizontal  parallax  at  the  same  distance. 

The  greatest  equatorial  horizontal  parallax  of  the  moon  is  61' 
24",  and  the  corresponding  apparent  diameter  33'  31"  :  thus  w^ 
have, 

rf  =  2R |L||:  =  2  R^  (very nearly)  =  2161  mUes. 
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396.  The  diameter  of  the  moon  being  to  the  diameter  of  the 
earth  as  3to  11,  the  surface  of  the  moon  is  to  the  surface  of  the 
earth  as  3"  to  IP,  or  as  1  to  13 ;  and  the  volume  of  the  moon  is  to 
the  volume  of  the  earth  as  3*  to  11*,  or  as  1  to  49. 

397.  When  the  moon  is  viewed  with  a  telescope,  the  edge  of 
the  disc,  which  borders  upon  the  dark  portion  of  the  face,  is  seen  to 
be  very  irr^[ular  and  serrated.  It  is  hence  inferred  that  the 
surface  of  the  moon  is  diversified  with  mountains  and  valleys. 
The  truth  of  this  inference  is  confirmed,  by  the  fact,  that  bright 
insulated  spots  are  frequently  seen  on  the  dark  part  of  the  face 
near  the  edge  of  the  disc,  which  gradually  enlarge  until  they  be- 
come united  to  it.  These  bright  spots  are  doubtless  the  tops  of 
mountains  illuminated  by  the  sun,  while  the  surrounding  regions 
that  are  less  elevated,  are  involved  in  darkness.  The  disc  is  also 
diversified  with  spots  of  diSerent  shapes  and  different  degrees  of 
brightness.  The  brighter  parts  are  supposed  to  be  elevated  land 
and  the  dark  to  be  valleys  or  cavities. 

.  398.  The  number  of  the  lunar  mountains  is  very  great. 
Their  form  and  grouping  is  for  the  most  part,  similar  to  what 
obtains  in  volcanic  districts  of  the  earth :  from  which  it  is  in- 
ferred that  they  are  of  volcanic  origin. 

399.  From  measurements  made  with  the  micrometer,  of  the 
lengths  of  their  shadows,  or  of  the  distance  of  their  summits, 
when  first  illuminated,  from  the  adjacent  boundary  of  the  disc, 
the  heists  of  a  number  of  the  lunar  mountains  have  been  com- 
puted. According  to  Herschel,  the  altitude  of  the  highest  is 
about  If  English  miles.* 

400.  There  seems  to  be  no  large  bodies  of  water  upon  the  sur- 
face of  the  moon,  or,  at  least,  upon  the  hemi^here  which  is 
tamed  towards  the  earth ;  for,  the  boundary  of  the  illuminated 
hemisphere  is  in  all  its  positions  irregular  throughout,  whereas, 
if  it  ever  fell  upon  any  large  body  of  water,  it  would,  for  the  ex- 
tent of  it,  be  an  unbroken  and  regular  curve. 

The  moon  also  has  no  atmosphere,  or,  if  it  has  any,  it  is  so  rare 
,     as  not  sensibly  to  diminish  or  refract  the  light  of  the  stars,  passing 


*  Sdhroeter  makei  the  alaTition  of  lome  of  the  lunar  mountain!  to  ozoeed  5 
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throng  it;  for,  when  a  star  experiences  an  occultation  from 
the  moon,  it  does  not  disappear  until  the  body  of  the  moon 
reaches  it,  and  the  duration  of  the  occultation  is  as  it  is  com- 
puted, without  making  any  allowance  for  the  refraction  of  the 
atmosphere. 


CHAPTER     XVr. 

ECLIPSES   OF  THE    SUN   AND   MOON. — OCCULTATIONS  OF 

THE   FIXED   STARS. 

401.  An  eclipse  of  a  heavenly  body  is  a  privation  of  its  light, 
occasioned  by  the  interposition  of  some  opake  body  between  it 
and  the  eye,  or  between  it  and  the  sun.  Eclipses  are  divided, 
with  respect  to  the  objects  eclipsed,  into  eclipses  of  the  sun,  of 
the  mooHj  and  of  the  satellites  (Art.  304) ;  and,  with  respect  to 
circumstances,  into  totals  partial,  annular,  and  central.  A 
total  eclipse  is  one  in  which  the  whole  disc  of  the  luminary  is 
darkened ;  a  partial  one  is  when  only  a  part  of  the  disc  is  dark- 
ened. In  an  annular  eclipse  the  whole  is  darkened,  except  a 
ring  or  annulus,  which  appears  round  the  dark  part  like  an  illu- 
minated border ;  the  definition  of  a  central  eclipse  will  be  given 
in  another  place. 

Eclipses  of  the  Moon. 

402.  An  eclipse  of  the  moon  is  occasioned  by  an  interposition 
of  the  body  of  the  earth  directly  between  the  sun  and  moon,  and 
thus  intercepting  the  light  of  the  sun ;  or  the  moon  is  eclipsed 
when  it  passes  through  part  of  the  shadow  of  the  earth,  as  pro- 
jected from  the  sun.  Hence  it  is  obvious  that  lunar  eclipses 
can  happen  only  at  the  time  of  full  moon,  for  it  is  then  only 
that  the  earth  can  be  between  the  moon  and  the  sun. 

403.  Since  the  sun  is  much  larger  than  the  earth,  the  shadow 
of  the  earth  must  have  the  form  of  a  cone,  the  length  of  which 
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"will  depend  on  the  relative  magnitudes  of  the  two  bodies  and 
their  distance  from  each  other.    Let  the  circles  A  O  B,  a^  6, 
(Fig.  53),  be  sections  of  the  sun  and  earth  by  a  plane  passing 
through  their  centres  S  and  E ;  A  a,  B  6  tangents  to  these  cir- 
cles on  the  same  side,  and  Ad^Bc  tangents  on  different  sides. 
The  triangular  space  aC  b  will  be  a  section  of  the  earth's  sha- 
dow or  Umbroj  as  it  is  sometimes  called.     The  line  E  C  is 
called  the  Axis  of  the  Shadow,    If  we  suppose  the  line  cp  to 
leYolve  about  E  C,  and  form  the  surface  of  the  frastum  of  a 
cone,  of  which  p  c  d  g  is  a,  section,  the  space  included  within 
that  surface  and  exterior  to  the  umbra,  is  called  the  Penumbra. 
It  is  plain,  that  points  situated  within  the  umbra  will  receive  no 
light  from  the  sun ;  and  that  points  situated  within  the  penum- 
bra will  receive  light  from  a  portion  of  the  sun's  disc,  and  from 
a  greater  portion  the  moro  distant  they  aro  from  the  umbra. 
404.  Thjmd  the  length  of  the  eartKs  shadow. 
Let  L = the  length  of  the  shadow ;  R  =  the  radius  of  the  earth ; 
j= son's  apparent  semi-diameter ;  and  p  =  sun's  parallax.     The 
light  angled  triangle  E  a  C  (Fig.  54)  gives, 

EC=_^^! 

tang  E  C  a 

Ea=R;  and  E  C  a=  S  E  A  — E  A  C  =  4~p;  whence, 

^==tsErV^-"^^®-^ 

As  the  angle  {i  —  p)ia  only  about  16',  it  will  differ  but  Uttle 
fiom  its  tangent,  and  therefore, 

L  =  R (nearly) ; 

0 — p 

or, if  4  andp  be  expressed  in  seconds, 

L  =  R  ?^5£!:8  ^^^^jyj       ^  ^gyj 

The  shadow  will  obviously  be  the  shortest  when  the  sun  is  the 
nearest  to  the  earth.  We  then  have  ^  =  16'  18",  and  p  =  9", 
^riiich  gives  L  =  213  R.  The  greatest  distance  of  the  moon  is  a 
litde  less  than  64  R.  It  appears  then,  that  the  eartKs  shadow 
olwofs  extends  to  more  than  three  times  the  distance  of  the 

flIOOfl. 

406.  Let  Ar  M  A  be  a  circular  arc,  described  about  E  the  cen- 
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tie  of  the  earth,  and  with  a  radius  equal  to  the  distance  between 
the  centres  of  the  earth  and  moon  at  the  time  of  opposition. 
The  angle  M  E  m,  the  apparent  semi-diameter  of  a  section  o[ 
the  earth's  shadow,  made  at  the  distance  of  the  moon's  centre,  is 
called  the  Semi-diameter  of  the  EartKs  Shadow.  And  the 
angle  M  E  A,  the  apparent  semi-diameter  of  a  section  of  the 
penumbra,  at  the  same  distance,  is  called  the  Semi-diameter  of 
the  Penumbra, 

406.  Were  the  plane  of  the  moon's  orbit  coincident  with  the 
plane  of  the  ecliptic,  there  would  be  a  lunar  eclipse  at  every  M 
moon ;  but,  as  it  is  inclined  to  it,  an  eclipse  can  happen  only 
when  the  full  moon  takes  place  either  in  one  of  the  nodes  of  the 
moon's  orbit,  or  so  near  it  that  the  moon's  latitude  does  not  ex- 
ceed the  sum  of  the  apparent  semi-diameters  of  the  moon  and  of 
the  earth's  shadow. 

To  determine  the  distance  from  the  node,  beyond  which  there 
can  be  no  eclipse,  we  must  ascertain  the  semi-diameter  of  the 
earth's  shadow.  Let  this  be  denoted  by  A,  and  let  P=  the  moon's 
parallax, 

ME  w=Ema  — ECw(Fig.  64); 

butEma=^P;  andECw  =  5  —  p  (Art.  404);  therefore, 

MEm  =  A  =  P  +  p  — 6  .  .  .  (88). 

407.  The  semi-diameter  of  the  shadow  is  the  least  when  the 
moon  is  in  its  apogee  and  the  sun  is  in  its  perigee,  or  when  P 
has  its  maximum,  and  6  its  minimum  value.  In  these  positions 
of  the  moon  and  sun,  P  =  53'  48",  6  =  16'  18",  and  p  =  9".  Sub- 
stituting, we  obtain  for  the  least  semi-diameter  of  the  earth's 
shadow  37'  39",  and  for  its  least  diameter  V>  15'  18".  The 
greatest  apparent  diameter  of  the  moon  is  33'  31".  Whence  it 
appears,  that  the  diameter  of  the  earth's  shadow  is  always  more 
than  tvnce  the  diameter  of  the  moon. 

The  mean  values  of  P,  p,  and  6  are  respectively  57'  1",  and 
16'  1" ;  which  gives  for  the  mean  semi-diameter  of  the  earth's 
shadow  41'  9". 

408.  If  to  P  -f  /)  —  ^,  the  semi-diameter  of  the  earth's  shadow, 
we  add  (2,  the  semi-diameter  of  the  moon,  the  sum  P  -f  ji  -j-  d  —  ^ 
will  express  the  greatest  latitude  of  the  moon  in  opposition,  at 
which  an  eclipse  can  happen. 
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It  is  easy  for  a  given  value  of  P+p  +  rf  —  6,  and  for  agiven 
Qclination  of  the  moon's  orbit,  to  determine  within  what  dis- 
ance  from  the  node  the  moon  must  be,  in  order  that  an  eclipse 
nay  take  place.  By  taking  the  least  and  greatest  inclinations 
)f  the  orbit,  the  greatest  and  least  values  of  P  +/>  +  rf  —  J,  and 
ilso  taking  into  view  the  inequalities  in  the  motions  of  the  sun 
ind  moon,  it  has  been  found,  that  when  at  the  time  of  mean 
bill  mooUj  the  difference  of  the  mean  longitudes  of  the  moon  and 
node  exceeds  13°  21',  there  cannot  be  an  eclipse  ;  but  when  this 
difference  is  less  than  7°  47'  there  must  be  one.  Between  7°  47' 
and  13^  21'  the  happening  of  the  eclipse  is  doubtful.  These 
numbers  are  called  the  Lunar  Ecliptic  Limits. 

409.  To  determine  at  what  full  moons  in  the  course  of  any 
one  year  there  will  be  an  eclipse,  find  the  time  of  each  mean  full 
moon  (Art.  385) ;  and  for  each  of  the  times  obtained  find  the 
mean  longitude  of  the  sun,  and  also  of  the  moon's  node,  and 
compare  the  difference  of  these  with  the  lunar  ecliptic  limits. 
Should,  however,  the  difference,  in  any  instance,  fall  between 
the  two  limits,  farther  calculation  will  be  necessary. 

This  problem  may  be  solved  more  expeditiously  by  means  of 
tables  of  the  sun's  mean  motion  with  respect  to  the  moon's  node. 
(See  Prob.  XXVUI.) 

410.  The  magnitude  and  duration  of  an  eclipse,  depend  upon 
the  proximity  of  the  moon  to  the  node  at  the  time  of  opposition. 
In  order  that  the  centre  of  the  moon  may  be  on  the  same  right 
line  with  the  centres  of  the  sun  and  earth,  or,  in  technical  lan- 
guage, that  a  central  eclipse  may  happen,  the  opposition  must 
take  place  precisely  in  the  node.  A  strictly  central  eclipse,  there- 
fore, seldom,  if  ever,  occurs.  As  the  mean  semi-diameter  of  the 
earth's  shadow  is  41'  9"  (Art.  407),  and  the  mean  hourly  motion 
of  the  moon  with  respect  to  the  sun,  30'  29",  the  mean  duration 
of  a  central  eclipse  would  be  about  2^  h. 

411.  Since  the  moon  moves  from  west  to  east,  an  eclipse  of 
the  moon  must  commence  on  the  eastern  Umb,  and  end  on 
the  western. 

412.  In  the  investigations  in  Arts.  404  and  406,  we  have  sup- 
posed the  cone  of  the  earth's  shadow  to  be  formed  by  lines  drawn 
from  the  edge  of  the  sun,  and  touching  the  earth's  surface.  This, 
probably,  is  not  the  exact  case  of  nature ;  for,  the  duration  of  the 

21 
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eclipse,  and,  by  consequence,  the  apparent  diameter  of  the  earth's 
shadow,  is  found,  by  observation,  to  be  somewhat  sweater  than 
would  result  from  this  supposition.  This  circumstance  b  ac- 
counted for,  by  supposing  those  solar  rays,  that,  from  their  direc- 
tion, would  glance  by  and  rase  the  earth's  surface,  to  be  stopped 
and  absorbed  by  the  lower  strata  of  the  atmosphere.  In  such  a 
case  the  conical  boundary  of  the  earth's  shadow  would  be 
formed  by  certain  rays  exterior  to  the  former,  and  would  be 
larger. 

The  moon  in  approaching  and  receding  from  the  earth's  total 
shadow,  or  umbra,  passes  through  the  penumbra,  and  thus  its 
light,  instead  of  being  extinguished  and  recovered  suddenly,  expe- 
riences at  the  beginning  of  the  eclipse  a  gradual  diminution,  and 
at  the  end  a  gradual  increase.  On  this  account  the  times  of  the 
beginning  and  end  of  the  eclipse  cannot  be  noted  with  precision, 
and  in  consequence  astronomers  differ  as  to  the  amount  of  the 
increase  in  the  size  of  the  earth's  shadow  from  the  cause  above 
mentioned.  It  is  the  practice,  however,  in  computing  an  eclipse 
of  the  moon,  to  increase  the  semi-diameter  of  the  shadow  by  a  ^\ 
part ;  or,  which  amounts  to  the  same,  to  add  as  many  seconds  as 
the  semi-diameter  contains  minutes. 

413.  It  is  remarked  in  total  eclipses  of  the  sun,  that  the  moon 
is  not  wholly  invisible,  but  appears  with  a  dull  reddish  light. 

This  phenomenon  is  doubtless  another  effect  of  the  earth's 
atmosphere,  though  of  a  totally  different  nature  from  the  preced- 
ing. Certain  of  the  sun's  rays,  instead  of  being  stopped  and 
absorbed,  are  bent  from  their  rectilinear  course  by  the  refracting 
power  of  the  atmosphere,  so  as  to  form  a  cone  of  faint  light, 
interior  to  that  cone  which  has  been  mathematically  described 
as  the  earth's  shadow,  which  falling  upon  the  moon  renders  it 
visible. 

414.  As  an  eclipse  of  the  moon  is  occasioned  by  a  real  loss  of 
its  light,  it  must  begin  and  end  at  the  same  instant,  and  present 
precisely  the  same  appearance,  to  every  spectator  who  sees  the 
moon  above  his  horizon  during  the  eclipse.  It  will  be  shown 
that  the  case  is  different  with  eclipses  of  the  sun. 

CalculcUion  of  an  Eclipse  of  the  Moon, 

415.  The  apparent  distance  of  the  centre  of  the  moon  from 
the  axis  of  the  earth's  shadow,  and  the  arcs  passed  over  by  the 
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centre  of  the  moon  and  the  axis  of  the  shadow  during  an  eclipse 
of  the  moon,  being  necessarily  small,  they  may  without  material 
error  be  considered  as  right  lines.  We  may  also  consider  the 
i^parent  motion  of  the  sun  in  longitude,  and  the  motions  of  the 
moon  in  longitude  and  latitude,  as  uniform  during  the  eclipse. 
These  suppositions  being  made,  the  calculation  of  the  circum- 
stances of  an  eclipse  of  the  moon  is  very  simple. 

Let  N  F  (Fig.  65)  be  a  part  of  the  ecliptic,  N  the  moon's  as- 
cending node,  N  L  a  part  of  the  moon's  orbit,  C  the  centre  of  a 
section  of  the  earth's  shadow  at  the  moon,  C  K  perpendicular  to 
N  F  a  circle  of  latitude,  and  C  the  centre  of  the  moon  at  the 
instant  of  opposition :  then  C  C,  which  is  the  latitude  of  the 
moon,  in  opposition,  is  the  distance  of  the  centres  of  the  shadow 
and  moon  at  that  time.  The  moon  and  shadow  both  have  a 
motion,  and  in  the  same  direction,  as  from  N  towards  F  and  L. 
It  is  the  practice,  however,  to  regard  the  shadow  as  stationary,  and 
'  to  attribute  to  the  moon  a  motion  equal  to  the  relative  motion  of 
the  moon  and  shadov/.  The  orbit  that  would  be  described  by 
the  moon's  centre  if  it  had  such  a  motion,  is  called  the  Relative 
Orbit  of  the  moon.  Inasmuch  as  the  circumstances  of  the  eclipse 
depend  altogether  upon  the  relative  motion  of  the  moon  and 
shadow,  this  mode  of  proceeding  is  obviously  allowable. 

As  the  shadow  has  no  motion  in  latitude,  the  relative  motion 
of  the  moon  and  shadow  in  latitude  will  be  equal  to  the  moon's 
actual  motion  in  latitude.  And  since  the  centre  of  the  earth's 
shadow  moves  in  the  plane  of  the  ecliptic  at  the  same  rate  as  the 
sun,  the  relative  motion  of  the  moon  and  shadow  in  longitude 
will  be  equal  to  the  difference  between  the  motions  of  the  sun 
and  moon  in  longitude.  We  obtain,  therefore,  the  relative  posi- 
tion of  the  centres  of  the  moon  and  shadow  at  any  interval  t, 
following  opposition,  by  lapng  off  C  m  equal  to  the  difference 
of  the  motions  of  the  sun  and  moon  in  longitude  in  this  interval, 
through  m  drawing  m  M  perpendicular  to  N  F,  and  cutting  off 
m  M  equal  to  the  latitude  at  opposition  plus  the  motion  in  lati- 
tude in  the  interval  t :  M  will  be  the  position  of  the  moon's  cen- 
tre in  the  relative  orbit,  the  centre  of  the  shadow  being  supposed 
to  be  stationary  at  C.  As  the  motion  of  the  sun  in  longitude, 
and  of  the  moon  in  longitude  and  latitude,  is  considered  uniform, 
the  ratio  of  C  m'  (=  C  m,  the  difference  between  the  motions  of 
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the  sun  aiid  moon  in  longitude,)  to  M  m'  the  moon's  motion  in 
latitude,  is  the  same,  whatever  may  be  the  length  of  the  interval 
considered.  It  follows,  therefore,  that  the  relative  orbit  of  the 
moon  N'  C  M  is  a  right  line, 

416.  The  relative  orbit  passes  through  C,  the  place  of  the 
moon's  centre  at  opposition :  its  position  will  therefore  be 
known,  if  its  inclination  to  the  ecliptic  be  found.  Now,  we 
have, 

♦««  •     T  Mm'  moon's  motion  in  latitude 

tan  mcima.  =  -- —  = : — . ; ; — 

C  m    moon's  mot.  m  long.  —  sun  s  mot.  in  long. 

417.  The  following  data  are  requisite  in  the  calculation  of 
the  circumstances  of  a  lunar  eclipse : 

T  =  time  of  opposition. 
M  =  moon's  hourly  motion  in  longitude. 
n  =  moon's  hourly  motion  in  latitude. 
m  =  sun's  hourly  motion  in  longitude. 
X  =  moon's  latitude  at  opposition. 
d  =  moon's  semi-diameter. 
6  =  sun's  semi-diameter. 
P  =  moon's  horizontal  parallax. 
p  =  sun's  horizontal  parallax. 
s  =  semi-diameter  of  earth's  shadow. 
I  =  inclination  of  relative  orbit. 
h  =  moon's  hourly  motion  on  relative  orbit. 

T,  M,  w,  m,  X,  rf,  6j  P,  and  p,  are  derived  from  Tables  of  the 
sun  and  moon.    (See  Problems  IX  and  XIV.) 

The  quantities  s,  I  and  A,  may  be  determined  from  these, 
s=:'P+p  —  6  +  ^\(P+p  —  6){AitsA06andAl2)  ...  (89); 

tanff  I  =  —^ —  (Art.  416) .  .  .  (90). 
M  —  m 

The  triangle  C  M  m'  gives, 

C'M  =  _^L-,or,A  =  *Izi^.  .  .(91). 
cos  M  C  w'  cos  I  ^     ' 

418.  The  above  quantities  being  supposed  to  be  known,  let  N' 
C  F  (Fig.  56)  represent  the  ecliptic,  and  C  the  stationary  centre 
of  the  earth's  shadow.  Let  C  C  =  X,  and  let  N'  C  L'  represent 
the  relative  orbit  of  the  moon.    We  here  suppose  the  moon  to  be 
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north  of  the  ecliptic  at  the  time  of  opposition,  and  near  its  ascend- 
ing node ;  when  it  is  south  of  the  ecliptic,  X  is  to  be  laid  off  below 
N'  C  F,  and  when  it  is  approaching  either  node,  the  relative  orbit 
is  inclined  to  the  right  Let  the  circle  K  F  K'  R,  described  about 
the  centre  C,  represent  the  section  of  the  earth's  shadow  at  the 
moon;  and  let/,/'  and  g^  g*  be  the  respective  places  of  the 
moon's  centre,  at  the  beginning  and  end  of  the  eclipse,  and  at 
the  beginning  and  end  of  the  total  eclipse.  C/=  C/'  =5  +  rf, 
and  C  g-G  g'=:s  —  d.  Draw  C  M  perpendicular  to  N'  C  L', 
and  M  will  represent  the  place  of  the  moon's  centre  when  near- 
est the  centre  of  the  shadow :  it  will  also  be  its  place  at  the  mid- 
dle of  the  eclipse  ;  for,  since  C/=  C/,  and  C  M  is  perpendicu- 
lar to  N' C'/,  C'/=  C'/'. 

419.  Middle  of  the  eclipse. 

The  time  of  opposition  being  known,  that  of  the  middle  of  the 
eclipse  will  become  known  when  we  have  found  the  interval 
{x)  employed  by  the  moon  in  passing  from  M  to  C.    Now, 

(expressed  in  parts  of  an  hour)  x  =  — ^— ' ; 

A 

and  in  the  right  angled  triangle  C  C  M,  we  have  C  C  =  X,  and 
/I  C  C  M  =  ii  C  N'  C  =  I ;  and  therefore  M  C  =  Xsin  I ;  whence, 
by  substitution, 

X  =?^I=  AiinJ  (equa.  91)  =  LfJBif^j 
h        M  —  m  M  —  m 

cos  I 

or,  (expressed  in  seconds)  x  = X  sin  I .  .  .  (92). 

M  —  tn 

Hence,  if  M  =  time  of  middle,  we  have, 

M  =  T±2r  =  T=F  36Ws^_cosJ[  x.  sm  I  .  .  .  (93). 

M  —  m 

It  is  obvious  that  the  upper  sign  is  to  be  used  when  the  lati- 
tude is  increasing^  and  the  lower  sign  when  it  is  decreasing. 

The  distance  of  the  centre  of  the  moon  from  the  centre  of  the 
shadow  at  the  middle  of  the  eclipse, 

=  C  M  =  C  C  cos  C  C  M  =  X  cos  I  .  .  .  (94). 

420.  Beginning  and  end  of  the  eclipse. 

Let  any  point  I  of  the  relative  orbit  be  the  place  of  the  moon's 
centre  at  the  time  of  any  given  phase  of  the  eclipse.    Let  t » the 
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inteiral  of  time  between  the  given  phase  and  the  middle  ;  and 

k^Cl,  the  distance  of  the  centres  of  the  moon  and  shadow.     In 

the  interval  t  the  moon's  centre  will  pass  over  the  distance  M  / ; 

hence, 

M  ;     M  ;  cos  I 


t  = 


h        M  —  7/1 ' 


but,         M  Z  =  v/  cT— C  M'  =  -^  k"  —  >?  cos'*  I  (equa.  94), 
and  therefore,  t  —  ^^5? — J  ia %« nns*  T  • 

or,  (in  seconds)  t  =    ^j^^^     \/  (A+Xcosl)  (k—\  cos  I) . .  (95). 

Let  T'  denote  the  time  of  the  supposed  phase  of  the  eclipse, 
and  M  the  time  of  the  middle ;  and  we  shall  have, 

T'  =  M  +  ^,  or  T'  =  M  —  ^, 

according  as  the  phase  follows  or  precedes  the  middle. 
Now  at  the  beginning  and  end  of  the  eclipse,  we  have, 

k^CfoTGf  =  s  +  d\ 

substituting  in  equation  (95)  we  obtain. 

,,     3600s.  cos  I 

t'  =         _ s^  («  +  d  +  Xcos  I)  (5  +  rf  —  Xcos  I  .  .  (96)  ; 

t  being  found,  the  time  of  the  beginning  (B),  and  the  time  of  the 
end  (E),  result  from  the  equations, 

B  =  M— /',  E  =  M  +  ^'. 

421.  Beginning  and  end  of  the  total  eclipse. 

At  the  beginning  and  end  of  the  total  eclipse,  k^C  g=^C  g* 
-  5  —  rf  J  whence  by  equation  (95), 

w,        3600s.  cos  I     ,"7 T"T-T tTT J :: ¥^  ir\^\ 

^' =  _^ V  (tf  —  rf  +  XcosI)(5 — d  —  XcosI)  .  .  (97); 

M  —  m  /         V     /7 

and,  denoting  the  time  of  the  beginning  by  B'  and  the  time  of 
the  end  by  E',  we  have, 

B'  =  M— r,E'  =  M+r. 

422.  Quantitf/  of  the  eclipse. 

In  a  partial  eclipse  of  the  moon  the  magnitude  or  quantity  of 
the  eclipse  is  measured  by  the  relative  portion  of  that  diameter 
of  the  moon,  which,  if  produced,  would  pass  through  the  centre 
of  the  earth's  shadow,  that  is  involved  in  the  shadow.     The 
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whole  diameter  is  divided  into  twelve  equal  parts,  called  Digits^ 
and  the  quantity  is  expressed  by  the  number  of  digits  and  frac- 
tions of  a  digit  in  the  part  immersed.  When  the  moon  passes 
entirely  within  the  shadow,  as  in  a  total  eclipse,  the  quantity  of 
the  eclipse  is  expressed  by  the  number  of  digits  contained  in  the 
part  of  the  same  diameter  prolonged  outwards,  which  is  com- 
prised between  the  edge  of  the  shadow  and  the  inner  edge  of  the 
moon.  Thus  the  number  of  digits  contained  in  S  N  (Fig.  56), 
expresses  the  quantity  of  the  eclipse  represented  in  the  figure. 
Hence,  if  Q  =  the  quantity  of  the  eclipse,  we  shall  have, 

r^__    NS     _  12  N  S  _  12  (N  M  +  M  S)  _ 
tVNV       NV"  NV 

12(NM  +  CS— CM)_12(rf  +  ^  — XcosI . 
NV  2d 

Q    =    6(^+d-XC0Sl)  (ggj 

d 

If  X  COS  I  exceeds  {s  +  d)  there  will  be  no  eclipse.  If  it  is 
intermediate  between  {s  +  d)  and  {s  — d  )  Jthere  will  be  a  partial 
eclipse  ;  and  if  it  is  less  than  {s  —  d)  the  eclipse  will  be  total. 

Construction  of  an  Eclipse  of  the  Moon. 
423.  The  times  of  the  different  phases  of  an  eclipse  of  the 
moon  may  easily  be  determined  by  a  geometrical  construction, 
within  a  minute  or  two  of  the  truth.  Draw  a  right  line  N'  P 
(Fig.  57)  to  represent  the  ecliptic ;  and  assume  upon  it  any 
point  C,  for  the  position  of  the  centre  of  the  earth's  shadow  at 
the  time  of  opposition.  Then,  having  fixed  upon  a  scale  of 
equal  parts,  lay  off  C  R  =  M  —  m  the  difference  of  the  hourly 
motions  of  the  sun  and  moon  in  longitude  ;  and  draw  the  per- 
pendiculars C  C  =  X  the  moon's  latitude  in  opposition,  and  R 
L'  =  X  ±  n  the  moon's  latitude  an  hour  after  opposition.  The 
right  line  C  L'  drawn  through  C  and  L',  will  represent  the 
moon's  relative  orbit.  It  should  be  observed,  that  if  the  lati- 
tudes are  south,  they  must  be  laid  off  below  N'  F,  and  that  N'  C 
L'  will  be  inclined  to  the  right  when  the  latitude  is  decreasing. 
With  a  radius  C  R  =  5  (equation  89)  describe  the  circle  E  K  F 
K',  which  will  represent  the  section  of  the  earth's  shadow.  With 
a  radius  =  s  +  d,  and  another  radius  =  s  —  rf,  describe  about  the 
centre  C  arcs  intersecting  N'  L'  in/,/*,  and  g, g' ;  /and/'  will 
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be  the  places  of  the  moon's  centre  at  the  beginning  and  end  of 
the  eclipse,  and  g  and  g'  the  places  at  the  b^inning  and  end 
of  the  total  eclipse.  From  the  point  C  let  fcJl  upon  N'  C  L' 
the  perpendicular  C  M  ;  and  M  will  be  the  place  of  the  moon's 
centre  at  the  middle  of  the  eclipse.  To  render  the  construction 
explicit,  let  us  suppose  the  time  of  opposition  to  be  7h.  23ni.  15s. 
At  this  time  the  moon's  centre  will  be  at  C  To  find  its  place 
at  7h.,  state  the  proportion,  60m. :  23m.  15s. : :  moon's  hourly  mo- 
tion on  the  relative  orbit :  a  fourth  term.  This  fourth  term  will 
be  the  distance  of  the  moon's  centre  from  tlie  point  C  at  7 
o'clock,  and  if  it  be  taken  in  the  dividers  and  laid  off  on  the 
relative  orbit  from  C  backwards  to  the  point  7,  it  will  give  tlie 
moon's  place  at  that  hour.  This  being  found,  take  in  the  divi- 
ders the  moon's  hourly  motion  on  the  relative  orbit,  and  lay  it 
off  repeatedly,  both  forwards  and  backwards  from  the  point  7, 
and  the  points  marked  off,  8,  9,  10, 6,  5,  will  be  the  moon's 
places  at  those  hours  respectively.  Now,  the  object  being  to 
find  the  times  at  which  the  moon's  centre  is  at  the  points/,/', 
g^  g\  and  M,  let  the  hour  spaces  thus  found  be  divided  into  quar- 
ters, and  these  subdivided  into  5  minute  or  minute  spaces,  and 
the  times  answering  to  the  points  of  division  that  fall  nearest  to 
these  points,  will  be  within  a  minute  or  so  of  the  times  in  ques- 
tion. For  example,  the  point/'  falls  between  9  and  10,  and  thus 
the  end  of  the  eclipse  will  occur  somewhere  between  9  and  10 
o'clock.  To  find  the  number  of  minutes  after  9  at  which  it 
takes  place,  we  have  only  to  divide  the  space  from  9  to  10  into 
four  equal  parts  or  15  minute  spaces,  subdivide  the  part  which 
contains  /  into  three  equal  parts  or  5  minute  spaces,  and  again 
that  one  of  these  smaller  parts  within  which  /'  lies,  into  five 
equal  parts  or  minute  spaces. 

Eclipses  of  the  Sun. 

424.  An  eclipse  of  the  sun  is  caused  by  the  interposition  of  the 
moon  between  the  sun  and  earth ;  whereby  the  whole,  or  part  of 
the  sun's  light,  is  prevented  from  falling  upon  certain  parts  of  the 
earth's  surface. 

Let  A  G  B  and  ag  b  (Fig.  58)  be  sections  of  the  sun  and  earth 
by  a  plane  passing  through  their  centres  S  and  E,  A  a,  B  6  tan- 
gents to  the  circles  A  G  B  and  a^  6  on  the  same  side,  and  A  d,  B  e 
tangents  to  the  same  on  opposite  sides.    The  figure  A  a  6  B  will 
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be  a  section  through  the  axis,  of  a  frustum  of  a  cone  formed  by 
rays  tangent  to  the  sun  and  earth  on  the  same  side,  and  the  trian- 
gular space  Fed  will  be  a  section  of  a  cone  formed  by  rays 
tangent  on  opposite  sides.  An  eclipse  of  the  sun  will  take  place 
somewhere  upon  the  earth's  surface,  whenever  the  sun  comes 
within  the  frustum  Aa&B,  and  a  total  or  an  annular  eclipse 
whenever  the  sun  comes  within  the  cone  Fed. 

425.  Let  m  m'  M  (Fig.  58)  be  a  circular  arc  described  about  the 
c^itre  E,  and  with  a  radius  equal  to  the  distance  of  the  centres  of 
the  moon  and  earth  at  the  time  of  conjunction.  The  angle 
9i»  E  S  is  the  apparent  semi-diameter  of  a  section  of  the  frustum, 
and  m'  E  S  the  apparent  semi-diameter  of  a  section  of  the  cone  at 
the  distance  of  ttie  moon.  To  find  expressions  for  these  semi- 
diameters  in  terms  of  determinate  quantities,  let  the  first  be 
denoted  by  A,  and  the  second  by  A' ;  and  let  P  -  the  parallax 
of  the  moon,  p  =  the  parallax  of  the  sun,  and  6  =  the  semi-diame- 
ter of  the  sun.    Then  we  have, 

fiiES=A=mEA  +  AES=Ema  — EAm  +  AES; 
or,  A  =  T?—p  +  6  .  .  .  (99). 

and     m'ES=w'EB  — BES  =  Em'c  — EBm'  — BES; 

or,  A'  =  P— p  — 5  .  .  .  (100). 

Taking  the  mean  values  of  P,  p,  and  6  (Art.  407),  we  find  for  the 
mean  value  of  A 1°  12'  53",  and  for  the  mean  value  of  A'  40'  51". 

426.  As  the  plane  of  the  moon's  orbit  is  not  coincident  with 

the  plane  of  the  ecliptic,  an  eclipse  of  the  sun  can  happen  only 

when  conjuncticm  or  new  moon  takes  place  in  one  of  the  nodes 

of  the  moon's  orbit,  or  so  near  it  that  the  moon's  latitude  does 

not  exceed  the  sum  of  the  semi-diameters  of  the  moon  and  of  the 

luminous  frustum  (Art  425)  at  the  moon's  orbit.    Thus,  denoting 

the  moon's  semi-diameter  by  d,  and  the  greatest  latitude  of  the 

moon  in  conjunction,  at  which  an  eclipse  can  take  place,  by  L, 

we  have, 

L  =P  — p-t-5-frf  .  .  .  (101). 

For  a  total  eclipse,  the  greatest  latitude  will  be  equal  to  the 
sum  of  the  semi-diameters  of  the  moon  and  the  luminous  cone. 
Hence,  denoting  it  by  L', 

h'^P—p  —  6+d...  (102). 
In  order  that  an  annular  eclipse  may  take  place,  the  apparent 

22 
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semi-diameter  of  the  moon  must  be  less  than  that  of  the  sun,  and 
the  moon  must  come  at  conjunction  entirely  within  the  luminous 
frustum.  Whence,  if  L"  =  the  maximum  latitude  at  which  an 
annular  eclipse  is  possible,  we  have, 

h"  =  V  —  p  +  8  —  d  .  .  .  (103). 

427.  In  the  same  manner  as  in  the  case  of  an  eclipse  of  the 
moon,  it  has  been  found  that  when  at  the  time  of  mean  new 
moon  the  difference  of  the  mean  longitudes  of  the  sun  or  moon 
and  of  the  node,  exceeds  19°  44',  there  cannot  be  an  eclipse  of  the 
Sim ;  but  when  the  difference  is  less  than  13°  33',  there  must  be 
one.     These  numbers  are  called  the  Solar  Ecliptic  Limits. 

428.  In  order  to  discover  at  what  new  moons  in  the  course 
of  a  year  an  eclipse  of  the  sun  will  happen,  with  its  approximate 
time,  we  have  only  to  find  the  mean  longitudes  of  the  sun  and 
node  at  each  mean  new  moon  throughout  the  year  (Art.  385), 
and  take  the  difference  of  the  longitudes,  and  compare  it  with 
the  solar  ecliptic  limits.  (For  a  more  direct  method  of  solving 
this  problem,  see  Prob.  XXVIII). 

429.  Eclipses  both  of  the  sun  and  moon  recur  in  nearly  the 
same  order  and  at  the  same  intervals  at  the  expiration  of  a  period 
of  223  lunations,  or  18  years  of  365  days,  and  15  days,*  which 
for  this  reason  is  called  the  Period  of  the  Eclipses,  For,  the 
time  of  a  revolution  of  the  sun  with  respect  to  the  moon's  node  is 
346.619851d.,  and  the  time  of  a  synodic  revolution  of  the  moon 
is  29.5305887d.  These  numbers  are  very  nearly  in  the  ratio 
of  223  to  19.  Thus,  in  a  period  of  223  lunations  the  sun  will 
have  returned  19  times  to  the  same  position  with  respect  to  the 
moon's  node,  and  at  the  expiration  of  this  period,  will  be  in  the 
same  position  with  respect  to  the  moon  and  node,  as  at  its  com- 
mencement. The  eclipses  which  occur  during  one  such  period 
being  noted,  subsequent  eclipses  are  easily  predicted. 

This  period  was  known  to  the  Chaldeans  and  Egyptians,  by 
whom  it  was  called  Saros. 

430.  As  the  solar  ecliptic  limits  are  more  extended  than  the 
lunar,  eclipses  of  the  sun  must  occur  more  frequently  than 
eclipses  of  the  moon. 

•  More  exactly  18  yean  (of  365  days)  plus  15d.  7h.  iSm.  390. 
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As  to  the  number  of  eclipses  of  both  luminaries,  there  cannot 
be  fewer  than  two,  nor  more  than  seven  in  one  year.     The 
most  usual  number  is  four,  and  it  is  rare  to  have  more  than  six. 
When  there  are  seven  eclipses  in  a  year,  five  are  of  the  sun 
and  two  of  the  moon  ;  and  when  but  two,  both  are  of  the  sun. 
The  reason  is  obvious.     The  sun  passes  by  both  nodes  of  the 
moon's  orbit  but  once  in  a  year,  unless  he  passes  by  one  of  them 
in  the  beginning  of  the  year,  in  which  case  he  will  pass  by  the 
same  again  a  little  before  the  end  of  the  year,  as  he  returns  to  the 
same  node  in  a  period  of  346  days.     Now,  if  the  sun  be  at  a  little 
less  distance  than  13°  33'  from  either  node  at  the  time  of  new 
moon,  he  will  be  eclipsed,  and  at  the  subsequent  opposition  the 
moon  will  be  eclipsed  near  the  other  node,  and  come  round  to  the 
next  conjunction  before  the  sun  is  13°  33'  from  the  former  node. 
And  when  three  eclipses  happen  about  either  node,  the  like 
number  commonly  happens  about  the  opposite  one ;  as  the  sun 
comes  to  it  in  173  days  afterward,  and  six  lunations  contain  only 
four  days  more.     Thus  there  may  be  two  eclipses  of  the  sun  and 
one  of  the  moon  about  each  of  the  nodes ;  and  the  twelfth  luna- 
tion from  the  eclipse  in  the  beginning  of  the  year,  may  give  a 
new  moon  before  the  year  is  ended,  which,  in  consequence  of  the 
retrogradation  of  the  nodes,  may  be  within  the  solar  ecliptic  limit ; 
and  hence  there  may  be  seven  eclipses  in  a  year,  five  of  the  sun 
and  two  of  the  moon.    But  when  the  moon  changes  in  either  of 
the  nodes,  she  cannot  be  near  enough  the  other  node,  at  the  next 
full  moon,  to  be  eclipsed,  as  in  the  interval  the  sun  will  move 
over  an  arc  of  14°  32',  whereas  the  greatest  lunar  ecliptic  limit  is 
but  13°  21',  and  in  six  lunar  montlis  afterwards  she  will  change 
near  the  other  node  ;  in  this  case  there  cannot  be  more  than  two 
eclipses  in  a  year,  both  of  which  will  be  of  the  sun.    If  the  moon 
changes  at  the  distance  of  a  few  degrees  from  either  node,  then 
an  eclipse  both  of  the  sun  and  moon  will  probably  occur  in  the 
passage  of  that  node  and  also  of  the  other. 

431.  Although  solar  eclipses  are  more  frequent  than  lunar, 
when  considered  with  respect  to  the  whole  earth,  yet  at  any 
given  place  more  lunar  than  solar  eclipses  are  seen.  The  reason 
of  this  circumstance,  is  that  an  eclipse  of  the  sun  (unlike  an 
eclipse  of  the  moon)  is  visible  only  over  a  part  of  a  hemisphere 
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of  the  earth.  To  show  this,  suppose  two  lines  to  be  drawn  from 
the  centre  of  the  moon  tangent  to  the  earth  at  opposite  points : 
they  will  make  an  angle  with  each  other  equal  to  double  the 
moon's  horizontal  parallax,  or  of  1^  54'.  Therefore,  should  an 
observer  situated  at  one  of  the  points  of  tangency,  refer  the  cen- 
tre of  the  moon  to  the  centre  of  the  sun,  an  observer  at  the  other 
would  see  the  centres  of  these  bodies  distant  from  each  other  an 
angle  of  1^  54',  and  their  nearest  limbs  separated  by  an  arc  of 
more  than  1°. 

432.  Instead  of  regarding  an  eclipse  of  the  sun  as  produced  by 
an  interposition  of  the  moon  between  the  sun  and  earth,  as  we 
have  hitherto  considered  it,  we  may  regard  it  as  occasioned  by  the 
moon's  shadow  falling  upon  the  earth.  Fig.  59  represents  the 
moon's  shadow  as  projected  from  the  sun  and  covering  a  portion 
of  the  earth's  surface.  Wherever  the  umbra  falls,  there  is  a  total 
eclipse  ;  and  wherever  the  penumbra  falls,  a  partial  eclipse. 

433.  In  order  to  discover  the  extent  of  the  portion  of  the  earth's 
surface  over  which  the  eclipse  is  visible  at  any  particular  time, 
we  have  only  to  find  the  breadth  of  the  portion  of  the  earth  cov- 
ered by  the  penumbral  shadow  of  the  moon ;  but  we  will  first 
ascertain  the  length  of  the  moon's  shadow.  As  seen  at  the  vertex 
of  the  moon's  shadow,  the  apparent  diameters  of  the  moon  and 
sun  are  equal.  Now,  as  seen  at  the  centre  of  the  earth,  they  are 
nearly  equal,  sometimes  the  one  being  a  little  greater  and  some- 
times the  other.  It  follows,  therefore,  that  the  length  of  the 
nuxnCs  shadow  is  about  equal  to  the  distance  of  the  earthy  being 
sometimes  a  little  greater  and  at  other  times  a  little  less. 

When  the  apparent  diameter  of  the  moon  is  the  greater,  the 
shadow  will  extend  beyond  the  earth's  centre ;  and  when  the 
apparent  diameter  of  the  sun  is  the  greater,  it  will  fall  short  of  it 
If  we  increase  the  mean  apparent  diameter  of  the  moon  as  seen 
from  the  earth's  centre,  viz :  31'  7",  by  ^^j  ^^^  ratio  of  the  radios 
of  the  earth  to  the  distance  of  the  moon,  we  shall  have  31'  38" 
for  the  mean  apparent  diameter  of  the  moon  ns  seen  from  the 
nearest  point  of  the  earth's  surface.  Comparing  this  with  the 
mean  apparent  diameter  of  the  sun  as  viewed  from  the  same 
point,  which  is  sensibly  the  same  as  at  the  centre  of  the  earth,  or 
32'  2",  we  perceive  that  it  is  less ;  from  which  we  conclude,  that 


PORTION  OF  earth's  SURFACE  WITHIN  THE  PENUMBRA.    173 

when  the  sun  and  moon  are  each  at  their  mean  distance  from  the 
earth,  the  shadow  of  the  moon  does  not  extend  as  far  to  the  earth's 
surface. 

434.  To  find  a  general  expression  for  the  length  of  the  moon's 
shadow,  let  A  G  B,  a'  g^  6',  and  a  gb  (Fig.  60),  be  sections  of  the 
sun,  moon,  and  earth,  by  a  plane  passing  through  their  centres 
S,  M,  and  E,  supposed  to  be  in  the  same  right  line,  and  A  a\  B 
4'  tangents  to  the  circles  A  G  B,  a'  g^'  6  :  then  a!  K  V  will  repre- 
sent the  moon's  shadow.    Let  L  =  the  length  of  the  shadow  ;  D 
=  the  distance  of  the  moon ;  D'  =  the  distance  of  the  sun ;  d  = 
apparent  semi-diameter  of  the  moon ;    and  6  =  apparent  semi- 
diameter  of  the  sun.    At  K  the  vertex  of  the  shadow,  M  K  a'  the 
apparent  semi-diameter  of  the  moon,  will  be  equal  to  S  K  A  the 
apparent  semi-diameter  of  the  sun ;  and  as  the  distance  of  this  point 
from  the  centre  of  the  earth,  even  when  it  is  the  greatest,  is  small 
in  comparison  with  the  distance  of  the  sun  (Art.  433),  the  apparent 
semi-diameter  of  the  sun  will  always  be  very  nearly  the  same  to  an 
observer  situated  at  K  as  to  one  situated  at  the  centre  of  the  earth. 
Now,  since  the  apparent  semi-diameter  of  the  moon  is  inversely 
proportional  to  its  distance, 

angle  M  K  a'  :  d  :  :  M  E  :  M  K ; 
and  thus,         6:(2::ME:MK::D:L  (nearly) ; 

whence,  L  =  D^  .  .  .  (104). 

If  a  more  accurate  result  be  desired,  we  have  only  to  repeat  the 
calculations,  after  having  diminished  ^  in  the  ratio  of  D  to 
(D  +  L). 

435.  Now,  to  find  the  breadth  of  the  portion  of  the  earth's  sur- 
&ce,  covered  by  the  penumbral  shadow,  let  the  lines  A  df,  B  c' 
(Fig.  60)  be  drawn  tangent  to  the  circles  A  G  B,  a'  5^  h\  on 
opposite  sides,  and  prolonged  on  to  the  earth.  The  space  h  c'  d' 
k  will  represent  the  penumbra  of  the  moon's  shadow,  and  the  arc 
g  k  one  half  the  breadth  of  the  portion  of  the  earth's  surface 
covered  by  it.  Let  this  arc  or  the  angle  g'  E  A  =  S,  and  denote 
theiemi-diameter  of  the  sun,  and  the  semi-diameter  and  parallax 
of  the  moon,  by  the  same  letters  as  in  previous  Articles.  The 
tnangle  M  E  A  gives, 

angleMEA=S  =  MAZ  -A  ME. 
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The  angle  A  M  E  is  the  moon's  parallax  in  altitude  at  the  sta- 
tion A,  and  M  A  Z  is  its  zenith  distance  at  the  same  station.  De- 
note tlie  former  by  P'  and  the  latter  by  Z.    Thus, 

S  =  Z  —  P  .  .  .  (105). 

The  triangle  A  M  S  gives, 

A  ME  =P'  =  MSA  +  MAS; 

M  A  S  »  c£  +  ^ ;  and  M  S  A  is  the  sun's  parallax  in  altitude  at  the 
station  A ;  let  it  be  denoted  by  p'.    We  have  then, 

P'^d-\-6-\-p'=d  +  6  (nearly)  .  .  .  (106) ; 
and  to  find  Z  we  have  (equa.  11,  p.  43), 

F  =  P  sin  Z,  orsin  Z  -  ^  .  .  .  (107). 

P'  and  Z  being  found  by  these  equations,  equa.  (105)  will  then 
make  known  the  value  of  S. 

If  great  accuracy  is  required,  the  calculation  must  be  repeated, 
giving  now  to  p'  in  equation  (106)  the  value  furnished  by  equa- 
tion (11)  which  expresses  the  relation  between  the  parallax  ia 
altitude  of  a  body  and  its  horizontal  parallax,  instead  of  ne- 
glecting it  as  before ;  and  Z  must  be  computed  from  the  follow- 
ing equation : 

sin  Z  =  ?^  .  .  .  (108). 
sm  P  ^       ^ 

The  penumbral  shadow  will  obvionsly  attain  to  its  greatest 
breadth,  when  the  sun  is  in  its  perigee  and  the  moon  is  in  its 
apogee.  The  values  of  d  6  and  P  under  these  circumstances 
are  respectively  14'  41",  16'  18",  and  63'  48".  Performing  the 
calculations,  we  find  that  ike  breadth  of  the  greatest  portion  of 
the  earth! s  surface  ever  covered  hy  the  penumbral  shadow,  is 
69°  17',  or  about  4800  miles. 

436.  The  breadth  of  the  spot  comprehended  within  the  um- 
bra, may  be  found  in  a  similar  manner.  The  arc  g  A'  (Fig.  60) 
represents  one  half  of  it :  denote  this  arc  or  the  equal  angle  g  E 
A'  by  S', 

MEA'  =  S'  =  MA'Z'  — A'ME; 

or,  S'  =  Z  — P'  .  .  .  (109). 

A'ME  =  F  =  MSA'-fMA'S; 
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but  Mh'S  =  d  —  6,  and  M  S  A'  =  p',  sun's  parallax  in  altitude  at 
h!  ]  whence, 

V'=d  —  8+p'=d— 6  (neaxly)  .  .  .  (110); 
and  we  have,  as  before, 

P'  =  PsinZ,  orsinZ=^  .  .  .  (111). 

The  greatest  breadth  will  obtain  when  the  sun  is  in  its  apo- 
gee and  the  moon  is  in  its  perigee.    We  shall  then  have, 

6  =  15'  45",  d  =  16'  45 ",  P  =  61'  24". 

Making  use  of  these  numbers,  we  deduce  for  the  mcunmum 
breadth  of  the  portion  of  the  eartKs  surface  covered  by  the 
moon^s  shadow,  1°  50',  or  127  miles. 

437.  It  should  be  observed  that  the  deductions  of  the  last  two 
articles  answer  to  the  supposition  that  the  moon  is  in  the  node, 
and  that  the  axis  of  the  shadow  and  penumbra  passes  through 
the  centre  of  the  earth.  In  every  other  case,  both  the  shadow 
and  penumbra  will  be  cut  obliquely  by  the  earth's  surface,  and 
the  sections  will  be  ovals,  and  very  nearly  true  ellipses,  the 
lengths  of  which  may  materially  exceed  the  above  determi- 
nations. 

438.  Parallax  not  only  causes  the  eclipse  to  be  visible  at 
some  places  and  invisible  at  others,  as  shown  in  Art.  431 ;  but, 
by  making  the  distance  of  the  centres  of  the  sun  and  moon  un- 
equal, renders  the  circumstances  of  the  eclipse  at  those  places 
where  it  is  visible,  different  at  each  place.  This  may  also  be 
inferred  from  the  circumstance  that  the  different  places,  covered 
at  any  time  by  the  shadow  of  the  moon,  will  be  differently  situ- 
ated within  this  shadow.  It  will  be  seen,  therefore,  that  an 
eclipse  of  the  sun  has  to  be  considered  in  two  points  of  view : 
1st.  With  respect  to  the  whole  earth,  or  as  a  general  eclipse; 
and  2d.    With  respect  to  a  particular  place. 

439.  The  following  are  the  principal  facts  relative  to  eclipses 
of  the  sun  that  remain  to  be  noticed.  1st.  The  duration  of  a 
general  eclipse  of  the  sun  cannot  exceed  about  6  hours.  2d.  A 
solar  eclipse  does  not  happen  at  the  same  time  at  all  places 
where  it  is  seen  ;  as  the  motion  of  the  moon  beyond  the  sun,  and 
consequently  of  its  shadow,  is  from  west  to  east,  the  eclipse 
must  begin  earlier  at  the  western  parts  and  later  at  the  eastern. 
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3d.  The  moon's  shadow  being  tangent  to  the  esith,  at  the  eom- 
mencement  and  end  of  the  eclipse,  the  sun  will  be  just  risii^  at 
the  place  where  the  eclipse  is  first  seen,  and  just  setting  at  the 
place  where  it  is  last  seen.  At  the  intermediate  places,  the  son 
will  at  the  time  of  the  beginning  and  end  of  the  eclipse  have 
various  altitudes.  4th.  An  eclipse  of  the  sun  begins  on  the 
western  side  and  ends  on  the  eastern.  5th.  When  the  straight 
line  passing  through  the  centres  of  the  sun  and  nK>on,  passes 
also  through  the  place  of  the  spectator,  the  eclipse  is  said  to  be 
central:  a  central  eclipse  may  be  either  annular  or  total,  ac- 
cording as  the  apparent  diameter  of  the  sun  is  greater  than  that 
of  the  moon,  or  the  reverse.  6th.  A  total  eclipse  of  the  sun  can- 
not last  at  any  one  place  more  than  eight  minutes  ;  and  an  «tn- 
nular  eclipse  more  than  twelve  and  a  half  minutes.  7th.  In 
most  solar  eclipses  the  moon's  disc  is  covered  with  a  faint  light, 
a  phenomenon  which  is  attributed  to  the  reflection  of  the  light 
from  the  illuminated  part  of  the  earth. 

Calculation  of  an  Eclipse  of  the  Sun. 
1.  Of  the  circumstances  of  the  general  eclipse. 

440.  It  is  a  simple  inference  from  what  has  been  established 
in  Art.  426,  that  an  eclipse  of  the  sun  will  begin  and  end  upon 
the  earth,  at  the  times  before  and  after  conjunction,  when  the 
distance  of  the  centres  of  the  moon  and  sun  is  equal  to  P — p  -f- 
6-\-  d\  that  the  total  eclipse  will  begin  and  end  when  this  dis- 
tance is  equal  to  P  — p  —  ^  +  rf ;  and  the  annular  eclipse  when 
the  distance  is  equal  toP  —  p  +  6  —  d. 

441.  The  times  of  the  various  phases  of  the  general  eclipse  of 
the  sun,  may  be  obtained  by  a  process  precisely  analogous  to 
that  by  which  the  times  of  those  of  an  eclipse  of  the  moon  are 
found.  Let  C  (Fig.  61)  be  the  centre  of  the  sun,  and  O 
the  centre  of  the  moon,  at  the  time  of  conjunction.  We  may 
suppose  the  sun  to  remain  stationary  at  C,  if  we  attribute  to  the 
moon  a  motion  equal  to  its  motion  relative  to  the  sun  ;  for,  on 
this  supposition,  the  distance  of  the  centres  of  the  two  bodies 
will,  at  any  given  period  during  the  eclipse,  be  the  same  as  that 
which  obtains  in  the  actual  state  of  the  case.  Let  N'  C  L'  re- 
present the  orbit  that  would  be  described  by  the  moon  if  it  had 
such  a  motion,  which  is  called  the  Relative  Orbit.  Let  C  M  be 
drawn  perpendicular  to  it ;  and  let  C/=  Cf  =  P — p  +  5  +  rf, 
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and  Cg  =  C  g*  =  F  —  p  —  6+  rf,  or  P  — p  +  6  —  rf,  according 
as  the  eclipse  is  total  or  annular.  Then,  M  will  be  the  place  of 
the  moon's  centre  at  the  middle  of  the  eclipse  ; /and/' the 
places  at  the  banning  and  end  of  the  eclipse ;  and  g  and  g' 
the  places  at  the  beginning  and  end  of  the  total,  or  of  the  annu- 
lar eclipse.    We  shall  thus  have,  as  in  eclipses  of  the  moon, 

tang  I  =  —Jl — ,  C  M  =  X  cos  I,  C  M  =  X  sin  I .  . .  (1 12). 

U^  «»-.-..» mid  .  m^^^  .  .  .  (U3,. 

Intenral  from  middle  to  beginning  or  end 

3600s cos  I    .-- —-— =.  ,,.^v 

=  -^zi v/(A:'  + X  cos  !)(&'  — X  cos  I)  •  •  •  (114). 

Interval  for  total  eclipse 

3600s.  cos  I /^  4  ^« 

=     M  — m     ^(^"+>^cosI)(A:"  — XcosI)  •  •  •  (115). 

Interval  for  annular  eclipse 

3600s.  cos  I    . /«i/%\ 

^-yrz ^/(A:"'^-XcosI)(A:"'— XcosI)  •  •  •  (116). 

Quantity  =5i*JI±i2ii)  .  .  .  (117). 

d 

ik'  =  P_p+J+rf,A:"=P— p  — J+rf,i-"'  =  P— p+'^~rf(118). 

The  letters  X,  M,  m,  &c.  represent  quantities  of  the  same  name 
as  in  the  formulae  for  a  lunar  eclipse ;  but  they  designate  the 
values  of  these  quantities  at  the  time  of  conjunction^  instead  of 
opposition.  These  values  are  in  practice  obtained  from  tables 
of  the  sun  and  moon,  as  in  a  lunar  eclipse. 

442.  The  times  of  the  different  circumstances  of  a  general 
eclipse  of  the  sun,  may  also  be  found  within  a  minute  or  two  of 
the  truth,  by  construction,  in  a  precisely  similar  manner  with 
those  of  an  eclipse  of  the  moon  (Art.  423). 

9.  Of  the  phcLses  of  the  eclipse  at  a  particular  place, 

443.  The  phase  of  the  eclipse,  which  obtains  at  any  instant 
at  a  given  place,  is  indicated  by  the  relation  between  the  appa- 
rent distance  of  the  centres  of  the  sun  and  moon  and  the  sum  of 
their  apparent  semi-diameters.    And  the  calculation  of  the  time 

23 
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of  any  given  phase  of  the  eclipse,  consists  in  the  calculation  of 
the  time  when  the  apparent  distance  of  the  centres  has  the  value 
relative  to  the  sum  of  the  semi-diameters,  answering  to  the  given 
phase.  Thus,  if  we  wish  to  find  the  time  of  the  beginning  of 
the  eclipse,  we  have  to  seek  the  time  when  the  apparent  dis- 
tance of  the  centres  of  the  sun  and  moon  first  becomes  equal  to 
the  sum  of  their  apparent  semi-diameters. 

444.  The  calculation  of  the  different  phases  of  an  eclipse  of 
the  sun,  for  a  particular  place,  involves,  then,  the  determination 
of  the  apparent  distance  of  the  centres  of  the  sim  and  moon,  and 
of  the  apparent  semi-diameters  of  the  two  bodies  at  certain  stated 
periods. 

The  true  semi-diameter  of  the  sun,  as  given  by  the  tables, 
may  be  taken  for  the  apparent  without  material  error.  For  the. 
method  of  computing  the  apparent  semi-diameter  of  the  moon, 
for  any  given  time  and  place,  see  Problem  XXVIL 

445.  According  to  the  celebrated  astronomer  Dus^jour,  in  or- 
der to  make  the  observations  agree  with  theory,  it  is  necessary 
to  diminish  the  sun's  semi-diameter,  as  it  is  given  by  the  tables, 
3".5.  This  circumstance  is  explained,  by  supposing  that  the 
apparent  diameter  of  the  sun  is  amplified,  by  reason  of  the  very 
lively  impression  which  its  light  makes  upon  the  eye.  This 
amplification  is  called  Irradiation,  He  also  thinks  that  tlie 
semi-diameter  of  the  moon  ought  to  be  diminished  2",  to  make 
allowance  for  an  Inflexion  of  the  light  which  passes  near  the 
border  of  this  luminary,  supposed  to  be  produced  by  its  atmos- 
phere. It  must  be  observed,  however,  that  the  astronomers  of 
the  present  day  do  not  agree  either  as  to  the  necessity  or  the 
amount  of  the  diminutions  just  spoken  of 

446.  The  determination  of  the  apparent  distance  of  the  cen- 
tres of  the  sun  and  moon  may  easily  be  accomplished,  as  will 
be  shown  in  the  sequel,  when  the  apparent  longitude  and  lati- 
tude of  the  two  bodies  have  been  found.  Now,  the  true  longi- 
tude of  the  sun,  and  the  true  longitude  and  latitude  of  the  moon, 
may  be  found  from  the  tables  (Probs.  IX  and  XIV) ;  and 
from  these  the  apparent  longitudes  and  latitudes  may  be  de- 
duced, by  correcting  for  the  parallax.  But  the  customary 
mode  of  proceeding  is  a  little  difierent  from  this :  the  true  longi- 
tude and  latitude  of  the  sun  are  employed  instead  of  the  appa- 
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rent,  and  the  parallax  of  the  sun  is  referred  to  the  moon ;  that  is, 
the  difference  between  the  parallax  of  the  moon  and  that  of  the 
sun  is,  by  fiction,  taken  as  the  parallax  of  the  moon.  This  sup- 
posititious parallax  is  called  the  moon's  RelcUive  ParallcLX. 
(See  Prob.  XVII.) 

447.  We  will  first  show  how  to  find  the  approximate  times 
of  the  different  phases  of  the  eclipse.  Put  T  =  the  time  of 
new  moon  known  to  within  5  or  10  minutes.  (Prob.  XXVII.) 
For  the  time  T  calculate  by  the  tables  the  sun's  longitude, 
hourly  motion,  and  semi-diameter,  and  the  moon's  longitude, 
latitude,  horizontal  parallax,  semi-diameter,  and  hourly  motions 
in  longitude  and  latitude.  Subtract  the  sun's  horizontal  paral- 
lax from  the  reduced  horizontal  parallax  of  the  moon,*  and  cal- 
culate the  apparent  longitude  and  latitude,  and  the  apparent 
semi-diameter  of  the  moon.  From  a  comparison  of  the  apparent 
longitude  of  the  moon  with  the  true  longitude  of  the  sun,  we 
shall  know  whether  apparent  ecliptic  conjunction  occurs  before 
or  after  the  time  T.  Let  T'  denote  the  time  an  hour  earlier  or 
later  than  the  time  T,  according  as  the  apparent  conjunction  is 
earlier  or  later.  With  the  sun  and  moon's  longitudes,  the 
moon's  latitude,  and  the  hourly  motions  in  longitude  and  lati- 
tude at  the  time  T,  calculate  the  longitudes  and  the  moon's  lati- 
tude for  the  time  T' ;  and  for  this  time  also  calculate  the  moon's 
apparent  longitude  and  latitude.  Take  the  difference  between 
the  apparent  longitude  of  the  moon  and  the  true  longitude  of 
the  sun  at  the  time  T,  and  it  will  be  the  apparent  distance  of 
the  moon  from  the  sun  in  longitude,  at  this  time.  Let  it  be  de- 
noted by  n.  Find,  in  like  manner,  the  apparent  distance  of  the 
moon  from  the  sun  in  longitude  at  the  time  T',  and  denote  it  by 
n'.  In  the  same  manner  as  at  the  time  T,  we  find  whether  ap- 
parent conjunction  occurs  before  or  after  the  time  T*.  If  it  oc- 
curs between  the  times  T  and  T',  the  sum  of  n  and  n',  otherwise 
their  difference,  will  be  the  apparent  relative  motion  of  the  sun 
and  moon  in  longitude  in  the  interval  T'  —  T,  or  T  —  T' ;  from 
which  the  relative  hourly  motion  will  become  known.  The  dif- 
ference of  the  apparent  latitudes  of  the  moon,  at  the  times  T  and 


*  The  reduced  horizontal  [Mirallaz  of  the  moon  is  its  horizontal  parallax  mm  re- 
duced firoiii  the  equator  to  the  giten  place.    (See  Prob.  XV.) 
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T',  Tudli  make  known  the  apparent  relative  hourly  motion  in  lati- 
tude.   With  the  relative  hourly  motion  in  longitude  and  the  dif- 
ference of  the  apparent  longitudes  at  the  time  T,  find  by  simple 
proportion,  the  interval  between  the  time  T  and  the  time  of  ap- 
parent ecliptic  conjunction  ;  and  then,  with  the  apparent  latitude 
of  the  moon  at  the  time  T  and  its  hourly  motion  in  latitude, 
find  the  apparent  latitude  at  the  time  of  apparent  conjunction 
thus  determined.    Then,  knowing  the  relative  hourly  motion 
of  the  sun  and  moon  in  longitude  and  latitude,  together  with 
the  time  of  apparent  conjunction,  and  the  apparent  latitude  at 
that  time,  and  regarding  the  apparent  relative  orbit  of  the  moon 
as  a  right  line,  (which  it  is  nearly,)  it  is  plain  that  the  time  of 
beginning,  gfreatest  obscuration,  and  end,  as  well  as  the  quantity 
of  the  eclipse,  may  be  calculated  after  the  same  manner  as  in 
the  general  eclipse ;  the  disc  of  the  sun  answering  to  the  sec- 
tion of  the  luminous  fnistum  mentioned  in  Art  424,  and  the 
apparent  elements  answering  to  the  true.    Let  C  (Fig.  62)  repre- 
sent the  centre  of  the  sun  supposed  stationary,  C  C  the  apparent 
latitude  of  the  moon  at  apparent  conjunction,  N'  C  the  apparent 
relative  orbit  of  the  moon,  determined  by  its  passing  through  the 
point  C,  and  making  a  determinate  angle  with  the  ecliptic  N'  F, 
or  by  its  passing  through  the  situations  of  the  moon  at  the  times 
T  and  T'.    Also,  let  R  K  F  K'  be  the  border  of  the  sun's  disc ; 
/,/*  the  positions  of  the  moon's  centre  at  the  beginning  and  end 
of  the  eclipse,  determined  by  describing  a  circle  around  C  as  a 
centre,  with  a  radius  equal  to  the  sum  of  the  apparent  semi- 
diameters  of  the  sun  and  moon  ;  and  M  (the  foot  of  the  perpen- 
dicular let  fall  from  C  upon  N'  C)  its  position  at  the  time  of 
greatest  obscuration. 

If  the  eclipse  should  be  total  or  annular,  then  gy  g'  will  be  the 
positions  of  the  moon's  centre  at  the  beginning  and  end  of  the 
total  or  annular  eclipse;  these  points  being  determined  by 
describing  a  circle  around  C  as  a  centre,  and  with  a  radius  equal 
to  the  difference  of  the  apparent  semi-diameters  of  the  sun  and 
moon. 

The  various  circumstances  of  the  eclipse  may  also  be  had  by 
construction,  after  the  same  manner  as  in  a  lunar  eclipse  (Art. 
423). 
448.  In  order  to  be  able  to  observe  the  beginning  or  end  of  a 
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«^i.iipse,  it  is  necessary  to  know  the  position  of  the  point  on 
. :  I  s  I  i  mb  where  the  first  or  last  contact  takes  pi  ace.  The  sit- 
:i  of  these  points  is  designated  by  the  distance  on  the  hmb, 
.«[)ted  between  them  and  the  highest  point  of  the  limb,  called 
t  frtex.  The  contacts  will  take  place  at  the  points  /,  t'  (Fig. 
11  the  lines  C/,  Cf,  To  find  the  position  of  the  vertex, 
lijc  sun's  longitude  found  for  the  beginning  of  the  eclipse 
.  tiate  the  angle  of  position  of  the  sun  at  that  time,*  and 
.f  oiT  to  the  right  of  the  circle  of  latitude  C  K  when  the  sun's 
_  if  ude  is  between  90°  and  270°,  and  to  the  left  when  the  longi- 
is  less  than  90°  or  more  than  270°.  Suppose  C  P  to  be  the 
\i'  of  declination  thus  determined.  Next,  let  Z  (Fig.  18)  be 
/(.•nith,  P  the  elevated  pole,  and  S  the  sun  ;  then  in  the  triangle 
I*  S  we  shall  know  Z  P  the  co-latitude,  Z  P  S  the  hour  angle 
rlie  sun,  and  we  may  deduce  P  S  the  co-declination  of  the  sun, 
•111  the  longitude  of  the  sun  as  derived  from  the  tables,  (equa. 
These  three  quantities  being  known,  Z  S  P  the  angle  made 
y  the  vertical  through  the  sun  with  its  circle  of  declination,  may 
i.M?  computed  ]  and  being  laid  off  in  the  fi«^re  to  the  right  or  left 
ol*  G  P  (Fig.  62),  according  as  the  time  of  beginning  is  before  or 
'-ifter  noon,  the  point  Z  or  Z',  as  the  case  may  be,  in  which  the 
vertical  intersects  the  limb  R  K  K',  will  be  the  vertex,  and  the 
arc  Z  /,  or  Z'  /  on  the  limb,  will  ascertain  the  situation  of  /  the 
first  point  of  contact,  with  respect  to  it. 

The  situation  of  the  last  point  of  contact  may  be  found  by  the 
same  mode  of  proceeding. 

449.  Let  us  now  show  how  to  find  the  exact  times  of  the  begin- 
ning, greatest  obscuration,  and  end  of  the  eclipse,  the  approxi- 
mate times  being  known.  Let  B  designate  the  approximate  time 
of  beginning,  taken  to  the  nearest  minute.  Calculate  for  the  time 
B  by  means  of  the  tables,  the  sun's  longitude,  hourly  motion,  and 
aemi-dianieter ;  also  the  moon's  longitude,  latitude,  horizontal 
parallax,  semi-diameter,  and  hourly  motions  in  longitude  and 
latitude.  Then,  maKing  use  of  the  relative  parallax,  calculate 
the  apparent  longitude,  latitude,  and  semi-diameter  of  the  moon. 


*  A  tbrmnlft  which  makes  known  the  angle  of  position  of  the  san,  when  the  Ion. 
fitoda  of  the  mii  and  the  obliquity  of  the  ecliptic  are  given,  is  investigated  in  the 
Appmdis.    (Sat  Prob.  XIII). 


■  •1 
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Subtract  the  apparent  longitude  of  the  moon  from  the  true  longi- 
tude of  the  sun ;  the  di£ference  will  be  the  cq^parent  distance  of 
the  moon  from  the  sun  in  longitude ;  let  it  be  denoted  by  a.  De- 
note the  apparent  latitude  of  the  moon  by  X. 

Now,  let  E  C  (Fig.  63)  represent  an  arc  of  the  ecliptic,  and  K 
its  pole ;  and  let  S  be  the  situation  of  the  sun,  and  M  the  apparent 
situation  of  the  moon  at  the  time  B.  Then  M  S  is  the  apparent 
distance  of  the  centres  of  the  two  bodies  at  this  time.  Denote  it 
by  A.  S  m  =  a,  and  M  m  =  X.  The  right  angled  triangle  M  S 
m  being  very  small,  may  be  considered  as  a  plane  triangle,  and 
we  therefore  have,  to  determine  a,  the  equation, 

A>  =  a^  +  X«  ...  (119).* 

450.  Having  computed  the  value  of  A,  we  find,  by  comparing 
it  with  the  sum  of  the  apparent  semi-diameters  of  the  sun  and 
moon,  whether  the  beginning  of  the  eclipse  occurs  before  or  after 
the  approximate  time  B.  Fix  upon  a  time  some  4  or  5  minutes 
before  or  after  B,  according  as  the  beginning  is  before  or  after,  and 
call  it  B'.  With  the  sun  and  moon's  longitudes,  the  moon's  lati- 
tude, and  the  hourly  motions  in  longitude  and  latitude,  at  the  time 
B,  find  the  longitudes  and  the  moon's  latitude  at  the  time  B',  and 
compute  for  this  time  the  apparent  longitude,  latitude,  and  semi- 
diameter  of  the  moon.  Subtract  the  apparent  longitude  of  the  moon 
from  the  true  longitude  of  the  sun,  and  we  shall  have  the  apparent 
distance  of  the  moon  from  the  sun  at  the  time  B'.  Subtract  this 
from  the  same  distance  a  at  the  time  B,  and  we  shall  have  the  appa- 
rent relative  motion  of  the  sun  and  moon  in  longitude  during  the 
interval  of  time  between  B  and  B'.  Then  find,  by  simple  pro- 
portion, the  apparent  relative  hourly  motion  in  longitude,  and 
denote  it  by  k.  Take  the  difiierence  between  the  apparent  lati- 
tudes of  the  moon  at  the  times  B  and  B',  and  it  will  be  the  appa- 
rent relative  motion  of  the  sun  and  moon  in  latitude,  in  the  inter- 
val ;  from  which  deduce  the  apparent  relative  hourly  motion  in 
latitude,  and  call  it  n.    Now,  put  t  =  the  interval  between  the 


*  In  plftce  of  equation  (119)«  the  foUowing  equations  may  be  employed  in  loga. 
rithmic  computation : 

tangd  =  1,  A=    * 


a  coi  e 

where  9  ib  an  anziliary  arc. 
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appToximote  and  true  times  of  the  beginning  of  the  eclipse,  and 
suppose  S  and  M  (Fig.  63)  to  be  the  situations  of  the  sun  and 
moon  at  the  true  time  of  beginning.  In  the  time  tj  the  apparent 
relative  motions  in  longitude  and  latitude,  will  be,  respectively, 
equal  to  k  t  and  n  /,  and  accordingly  we  shall  have, 

8fn  =  a  —  k  t,Mm  =  \  +  n  t. 

The  small  right-angled  triangle  S  M  m  may  be  considered  as  a 
plane  triangle ;  tlie  hypothenuse  S  M  =  ^)/  =  the  sum  of  the  appa- 
rent semi-diameters  of  the  sun  and  moon,  minus  5".6.  We  have 
then,  to  find  t,  the  equation, 

(a—  kty  +  (X  +  n  ty  =  4.', 

or,  developing  and  transposing, 

(n«  +  A«)/«— 2(aA:  — Xn)  ^  =  4.^  —  (a«  +  X«)  = +«  — -  A«  ; 
making  A  =  +*  —  a*,  and  B  =  a  A:  —  X  71, 

(n«  +  k^)t^  —2Bt  =A, 


5inH                      B—  V  BM-A  (n»+ A«)  x.pnx 

and,  /  = ^^rqr-jfc^ -'  •  •  •  (l^O). 

The  negative  sign  must  be  prefixed  to  the  radical,  for,  if  we 
suppose  A  to  be  equal  to  zero,  t  must  be  equal  to  zero.  Multiply- 
ing the  numerator  and  denominator  by  B  +  -v/  B*  +  A(n'  +  k^\ 
and  restoring  the  value  of  A,  we  obtain, 

,.  ,,,  3600s.  (4.^ -A'), 

(m  seconds)  t  =  ■— — ,  ^        , ,  ,  ,  /      .— -—.  .  .  (121). 

^  ^        B+  \/ B^  +  (4.«— A'a)(n«  +  A:3)       ^       ' 

Although  this  equation  has  been  investigated  for  the  begin- 
ning of  the  eclipse,  it  is  plain  that  it  will  answer  equally  well  for 
the  determination  of  the  other  phases,  if  we  give  the  proper  val- 
ues and  signs  to  ^)/,  a,  X,  n,  and  A:,  k  is  positive  before  conjunc- 
tion and  negative  after  it ;  n  is  negative,  when  the  moon  appears 
to  recede  from  the  north  pole  of  the  ecliptic  ;  X  is  negative,  when 
it  is  south ;  a  is  always  positive.* 


*  Deyeloping  the  radical  in  equation  (120),  and  neglecting  all  the  terms  after 
the  eeoond,  as  being  very  small,  we  obtain  tor  the  beginning  and  end  of  the  eclipse 
the  more  oonTenient  fonnola, 

,  _  1800s.  (V^  ~  A^ 
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461.  The  values  of  the  quantities  a  X,  n,  and  k^  are  found  for 
the  other  phases  after  the  same  manner  as  for  the  beginning. 

To  obtain  the  value  of  •\^  at  the  time  of  greatest  obscuration, 
find  the  relative  motions  in  longitude  and  latitude  [k  and  n\ 
during  some  short  interval  near  the  middle  of  the  eclipse,  which 
is  the  approximate  time  of  greatest  obscuration  ;  then  compute 
the  inclination  of  the  relative  orbit  by  the  equation 

tang  I  =  ~  .  .  .  (122).  (See  equa.  90): 

after  which  4/  will  result  from  the  equation 

+  =  X  cos  I  .  .  .  (123).     (See  equa.  94). 

For  the  beginning  and  end  of  the  total  eclipse,  we  have,  +  = 
appar.  semi-diam.  of  moon  —  appar.  semi-diam.  of  sun  + 1".5 ; 
and  for  the  beginning  and  end  of  the  annular  eclipse,  ^)/  =  appar. 
semi-diam.  of  sun,  —  appar.  semi-diam.  of  moon,  —  1".5. 

452.  If  the  value  of  >J/,  given  by  equation  (123),  be  substituted 
in  equation  (121),  this  equation  will  make  known  the  time  of 
greatest  obscuration ;  but  this  may  be  found  more  conveniently 
by  a  difierent  process.  Let  N  C  F  (Fig.  64)  represent  a  por- 
tion of  the  ecliptic,  E  M  L  a  portion  of  the  relative  orbit 
passed  over  about  the  time  of  greatest  obscuration,  C  the  sta- 
tionary  position  of  the  sun's  centre,  and  M  the  place  of  the 
moon's  centre  at  the  instant  of  its  nearest  approach  to  C.  Also, 
let  a  =  C  R  the  apparent  distance  of  the  moon  from  the  sun  in 
longitude  at  the  time  of  the  nearest  approach  of  the  centres, 
X'  =  R  M  the  moon's  apparent  latitude  at  the  same  time,  Ar  =  M  ^' 
the  apparent  relative  motion  in  longitude  in  some  short  interval 
about  this  time,  and  n  =  kn  the  moon's  apparent  motion  in  lati- 
tude during  the  same  interval.  The  right  angled  triangles  M 
n  k  and  C  M  R  are  similar,  for  their  sides  are  respectively  per- 
pendicular to  each  other  ;  whence, 

MA::MR::A:n:CR; 

and  CR  =  MR  *!L,or,a  =  x'^  .  .  .  (124). 

MA:  k 

If  the  moon's  apparent  latitude  be  found  for  the  approximate 
time  of  greatest  obscuration,  and  substituted  for  X'  in  equation 
(124),  this  equation  will  give  very  nearly  the  apparent  distance 
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(a)  of  the  two  bodies  in  longitude  at  the  true  time  of  greatest 
obscuration.  With  this,  and  the  apparent  distance  at  the  ap-- 
proximate  time  of  greatest  obscuration,  together  with  the  rela- 
tive apparent  motion  in  longitude,  the  true  time  of  greatest  ob- 
scuration may  be  found  nearly  by  simple  proportion.  A  more 
accurate  result  may  then  be  had  by  finding  the  moon's  apparent 
latitude  for  the  time  obtained,  substituting  it  for  X'  in  equation 
(124)  and  then  repeating  the  calculations. 

453.  A  simpler,  though  less  accurate  method  than  that  already 
given,  of  finding  the  times  of  beginning  and  end  of  the  total  or 
annular  eclipse,  is  to  compute  the  half  duration  of  the  total  or 
annular  eclipse,  and  add  it  to,  and  subtract  it  from,  the  time  of 
greatest  obscuration.  This  interval  may  easily  be  determined, 
if  we  can  find  the  rate  of  motion  on  the  relative  orbit,  and  the 
distance  passed  over  by  the  moon's  centre  during  the  interval. 
Let  gj  g^  (Fig.  64)  be  the  places  of  the  moon's  centre  at  the  in- 
stants of  the  two  interior  contacts,  and  M  m  the  distance  passed 
over  in  some  short  interval  (L).  Let  d  =  ^  M  n  A:  the  comple- 
ment of  the  inclination  of  the  relative  orbit,  A  =  M  A,  k  = 
M  R,  and  t  =  half  duration  of  total  or  annular  eclipse.  The  tri- 
angles M  n  A:,  C  R  M  give, 

Mn  =  ^*       or*'=    *    .  .  .  (125), 
sm  M  n  A:  sm  d 

and,     tangRCM  =  tangMnA:  =  5™[,  or,  tang  d  =  ^.  .(126), 

C  R  a 

Finding  the  value  of  4  by  the  last  equation  and,  substituting  it 
in  equation  (125),  we  obtain  the  value  of  k  ;  and  then,  to  find  tj 
we  have, 

k  :l.i:U  g  U,or  t  =  ^^^  ^ . 

k 


Mg'=^Cg^'  — CM*  =  %/>}.«— A«   (Art.  451); 


whence,.=^-^-^;-"'  =  ^-^^-^V^^^-"\.  .  (127). 

454.  The  apparent  distance  of  the  centres  of  the  two  bodies 
at  the  time  of  greatest  obscuration  being  known,  the  quantity  of 
the  eclipse  may  be  readily  found.  We  have  but  to  subtract  the 
apparent  distance  fiK)m  the  sum  of  the  apparent  semi-diameters. 


€%[k 
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and  state  the  proportion,  as  the  sun's  apparent  diameter :  the  re- 
mainder :  :  12  digits  :  the  digits  eclipsed.  (For  a  more  particu- 
lar description  of  the  method  of  calculating  a  solar  eclipse^  see 
Prob.  XXX). 

Occultations, 

466.  At  all  places  upon  the  earth's  surface,  which  at  a  given 
time  have  the  moon  in  the  horizon,  its  apparent  place  will  differ 
from  its  true  place,  by  the  amount  of  its  horizontal  parallax.  It 
follows,  therefore,  that  a  star  will  be  eclipsed  by  the  moon  some- 
where upon  the  earth,  in  case  its  true  distance  from  the  moon's 
centre  is  less  than  the  sum  of  the  moon's  semi-diameter  and 
horizontal  parallax. 

The  greatest  value  of  the  moon's  semi-diameter  is  16'  45", 
an4  that  of  its  horizontal  parallax  61'  24".  If  we  add  the  sum 
of  these  numbers  to  5^  17'  34",  the  maximum  latitude  of  the 
moon,  we  obtain  as  the  result  6°  36'  43".  It  is  then  only  the 
stars  which  have  a  latitude  less  than  6^  36'  43",  that  can  ex- 
perience an  occultation  from  the  moon. 

466.  By  considering  the  various  situations  of  the  stars  liable 
to  an  occultation,  taking  the  greatest  and  least  values  of  the  sum 
of  the  moon's  semi-diameter  and  horizontal  parallax,  and  allow- 
ing for  the  inequalities  of  the  motions  of  the  moon,  it  has  been 
found,  that,  if  at  the  time  of  the  mean  conjunction  of  the  moon 
and  a  star,  (that  is,  when  the  moon's  mean  longitude  is  the  same 
with  the  longitude  of  the  star,)  their  difference  of  latitude  ex- 
ceed 1°  37',  there  cannot  be  an  occultation  ;  if  the  di  Terence  be 
less  than  61',  there  must  be  an  occultation  somewhere  on  the 
earth ;  and  that  between  these  limits  there  is  a  doubt,  which 
can  only  be  removed  by  the  calculation  of  the  moon's  true 
place. 

467.  The  calculation  of  an  occultation  is  very  nearly  the 
same  as  that  of  a  solar  eclipse.  The  only  difference  is  in  the 
data.  The  star  has  no  diameter,  parallax,  or  motion  in  longi- 
tude ;  and,  as  it  is  situated  without  the  ecliptic,  we  have,  in 
place  of  the  latitude  of  the  moon,  employed  in  solar  eclipses, 
the  difference  between  the  latitude  of  the  moon  and  that  of  the 
star,  and  in  place  of  the  difference  between  the  longitudes  of 
the  two  bodies  and  their  relative  hourly  motion  in  longitude, 
these  quantities  referred  to  an  arc  passing  through  the  star  and 
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fMurallel  to  the  ecliptic.  Thus,  if  E  C  (Fig.  63)  represent  the 
ecliptic,  K  its  pole,  s  the  situation  of  the  star,  M  that  of  the 
moon,  and  s  tn'  an  arc  passing  through  s  and  parallel  to  the 
arc  E  C,  we  have  in  place  of  mM,m'M  =  mM  —  m  m',  and 
in  place  ofS  m,  s  m'.  The  hourly  variation  of  S'  m  must  also 
be  reduced  to  the  arc  s  m', 

458.  The  reduction  of  the  difference  of  longitude  of  the 
moon  and  star,  to  the  parallel  to  the  ecliptic,  passing  through  the 
star,  is  effected  by  multiplying  this  difference  by  the  cosine  of 
the  latitude  of  the  star.  For,  let  A  B  (Fig.  65)  be  an  arc  of  the 
ecliptic,  and  A'  B'  the  corresponding  arc  of  a  circle  parallel  to  it ; 
then,  since  similar  arcs  of  circles  are  proportional  to  their  radii, 
we  have, 

BC-.B'C'::  AB:A'B'  =^^'i?^'  ; 

BC       ' 

but,  B'(y  =  Ca  =  B'CcosBCB'  =  BCcosBB'. 

Hence,        A'  B'  =  AB.BCcosBB^  =  A  B  cos  B  B'. 
^  BC 

The  reduction  of  the  relative  hourly  motion  in  longitude  to 
the  parallel  in  question,  is  obviously  effected  in  the  same 
manner. 


CHAPTER   XVII. 

OF   THE    PLANETS    AND   THE    PHENOMENA   OCCASIONED   BT 

THEIR   MOTIONS    IN   SPACE. 

Apparent  Motions  of  the  Planets  with  respect  to  the  Sun. 

459.  The  apparent  motion  of  an  inferior  planet,  with  refer- 
ence to  the  sun,  is  materially  different  from  that  of  a  superior 
planet.  The  inferior  planets  always  accompany  the  sun,  being 
seen  alternately  on  the  east  and  west  side  of  him,  and  never 
receding  from  him  beyond  a  certain  distance,  while  the  superior 


188  ASTRONOMY. 

planets  are  seen  at  every  variety  of  angular  distance.  This 
difference  of  apparent  motion  arises  from  the  difference  of  situa- 
tion of  the  orbits  of  an  inferior  and  superior  planet,  with  respect 
to  the  orbit  of  the  earth,  the  one  lying  within  and  the  other 
without  the  earth's  orbit. 

Let  C  A  C  B  (Fig.  66)  represent  the  orbit  of  either  one  of  the 
inferior  planets,  Venus  for  example,  and  P  K  T  the  orbit  of  the 
earth  ;  which  we  will  suppose  to  be  circles  and  to  lie  in  the  same 
plane ;  and  let  M  L  N  represent  the  sphere  of  the  heavens  to  which 
all  bodies  are  referred.  Suppose,  for  the  present,  that  the  earth  is 
stationary  in  the  position  P,  and  through  P  draw  the  lines  P  A, 
P  B,  tangent  to  the  orbit  of  Venus,  and  prolong  them  on  till  they 
'  intersect  the  heavens  at  a  and  b.  When  Venus  is  at  C,  (the  earth 
being  at  P,)  she  will  be  in  superior  conjunction,  and  when  at  C  in 
inferior  conjunction.  Now,  by  inspecting  the  figure,  it  will  be 
seen  that  in  passing  from  C  to  C,  she  will  be  seen  in  the  heavens 
on  the  east  side  of  the  sun,  and  in  passing  from  C  to  C  on  the 
west  side  of  the  sun ;  also,  that  in  passing  from  C  to  A  she  will 
recede  from  the  sun  in  the  heavens,  from  A  to  C  approach  him, 
from  C  to  B  recede  from  him  again,  and  from  B  to  C  approach 
him  again,  a  and  b  will  be  her  positions  in  the  heavens  at  the 
times  of  her  greatest  eastern  and  western  elongations. 

When  Venus  is  to  the  east  of  the  sun,  she  is  seen  in  the  even- 
ing, and  called  the  Evening  Star  ;  and  when  to  the  west,  she  is 
seen  in  the  morning,  and  called  the  Morning  Star. 

460.  We  have  in  the  foregoing  investigation  supposed  the 
earth  to  be  stationary,  a  supposition  which  is  contrary  to  the 
fact ;  but  it  is  plain  that  the  only  effect  of  the  earth's  motion  in 
the  case  under  consideration,  as  it  is  slower  than  that  of  the 
planet,  is  to  cause  the  points  A,  C,  B  to  advance  in  the  orbit, 
without  altering  the  nature  of  the  apparent  motion  of  the  planet 
with  respect  to  the  sun.  The  orbits  of  the  earth  and  planet  are 
also  ellipses  of  small  eccentricity,  and  are  slightly  inclined  to 
each  other,  instead  of  being  circles  and  lying  in  the  same  plane : 
on  this  account,  as  the  greatest  elongations  will  occur  in  various 
parts  of  the  orbits,  they  will  differ  in  value.  The  greatest  elon- 
gation of  Venus  varies  from  45^  to  47^  12'.  Its  mean  value  is 
about  46°. 

461.  Owing  to  the  circumstance  of  the  orbit  of  Mercury  being 
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■'::n  the  orbit  of  Venus,  the  greatest  elongation  of  this  planet 
-N  than  that  of  Venus.    It  varies  between  the  limits  16°  12', 

'  :iS '  48' ;  and  is,  at  a  mean,  22°  30'. 

'*i2.  Next,  suppose  P  K  T  (Fig.  66)  to  be  the  orbit  of  a  supe- 

■■  planet,  and  C  A  C  B  that  of  the  earth  ;  and  as  the  velocity  of 
!  cjrth  is  much  greater  than  that  of  the  planet,  let  us,  for  the 

-i-nt.  regard  the  planet  as  stationary  in  the  position  P,  while 

-  f.arth  describes  the  circle  C  AC  When  the  earth  is  at  C, 
•  .'.  planet,  being  at  P,  is  in  conjunction  with  the  sun.  When 
!•'  earth  is  at  A,  S  A  P  the  elongation  of  the  planet,  is  90°. 
When  it  arrives  at  C  the  planet  is  in  opposition,  or  180°  distant 
•:>m  the  sun.  And  when  it  reaches  B,  tlie  elongation  is  again 
'.*<'-.  At  intermediate  points  the  elongation  will  have  intermedi- 
Ciie  values.  If,  now,  we  restore  to  the  planet  its  orbitual  motion, 
"yc  shall  manifestly  be  conducted  to  the  same  results  relative  to 
I  he  change  of  elongation,  as  the  only  effect  of  such  motion  will 
be  to  throw  the  points  A,  C,  B  forward  in  the  orbit.  It  appears, 
then,  that  in  the  course  of  a  synodic  revolution  a  superior  planet 
vill  be  seen  at  all  angular  distances  from  the  sun,  both  on  the 
east  and  west  side  of  him.  From  conjunction  to  opposition,  that 
is,  while  the  earth  is  passing  from  C  to  C,  the  planet  will  be  to 
the  rigbtj  or  to  the  west  of  the  sun  ;  and  will  therefore  be  below 
the  iiorizon  at  sunset,  and  rise  some  time  in  the  course  of  the 
Digfat.  But,  from  opposition  to  conjunction,  (^r  while  the  earth  is 
moving  from  C  to  G,  it  will  be  to  the  east  of  the  sun,  and  there- 
fore above  the  horizon  at  sunset. 

463.  Th  find  the  length  of  the  synodic  revolution  of  a  planet. 

hex  us  first  take  an  inferior  planet,  Venus  for  instance.  Sup- 
pose we  assume,  at  a  given  instant,  the  sun,  Venus,  and  the 
earth  to  be  in  the  same  right  line ;  then,  after  any  elapsed  time 
(a  day  for  instance),  Venus  will  have  described  an  angle  m,  and 
the  earth  an  angle  M  around  the  sun.  Now,  m  is  greater  than 
M;  therefore  at  the  end  of  a  day,  the  separation  of  Venus  from 
Ae  earth,  (measuring  the  separation  by  an  angle  formed  by  two 
iioei  drawn  from  Venus  and  the  earth  to  the  sun)  will  be 
ti — M;  at  the  end  of  two  days  (the  mean  daily  motions  contin- 
uing the  same),  the  angle  of  separation  will  be  2  (m  —  M) ;  at  the 
end  of  three  days,  3  (m  —  M) ;  at  the  end  of  s  days,  s  {m — M). 
When  the  angle  of  separation  then  amounts  to  360^,  that  is,  when 
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8{m  —  M)  =  36(P,  the  sun,  Venus,  and  the  earth  must  be  again 
in  the  same  hght  line,  and  in  that  case, 

In  which  expression  s  denotes  the  mean  duration  of  a  synodic 
revolution,  m  and  M  being  taken  to  denote  the  mean  dail^ 
motions. 

We  may  obtain  from  equation  (128)  anotlier  equation,  in  which 
the  synodic  revolution  is  expressed  in  terms  of  the  sidereal  pe- 
riods of  the  earth  and  planet. 

Let  P  andp  denote  the  sidereal  periods  hi  question  ;  then  since 

Id.  :  MO::  P:  360°, 

and  1     :  m    ::  p  :  360 ; 

TUf     360°      ,         360°        ,  ,.^ ,. 
M  =  -— -  and  m  = ;  substituting 

300°  .    P£    ...(129). 

Equations  (128),  (129),  although  investigated  for  an  inferior 
planet,  will  answer  equally  well  for  a  superior  planet ,  provided 
we  regard  m  as  standing  for  the  mean  daily  motion  of  the  earth, 
M  for  that  of  the  planet,  p  for  the  sidereal  period  of  the  earth, 
and  P  for  that  of  the  planet.  For,  the  earth  holds  towards  a 
superior  planet  the  place  of  an  inferior  planet,  and  a  synodic 
revolution  of  the  earth  to  an  observer  on  the  planet,  will  ob- 
viously be  a  synodic  revolution  of  the  planet  to  an  observer 
on  the  earth. 

464.  Equation  (128)  shows  that  the  length  of  a  mean  synodic 
revolution  depends  altogether  upon  the  amount  of  the  differ- 
ence of  the  mean  daily  motions  of  the  earth  and  planet,  and  is  the 
greater  the  less  is  this  difference. 

It  follows  therefore  that  the  synodic  revolution  is  the  longest 
for  the  planets  nearest  the  earth. 

It  appears  by  equation  (129),  that  the  length  of  a  synodic  revo- 
lution is,  for  an  inferior  planet,  greater  than  the  sidereal  period 
of  the  planet,  and  for  a  superior  planet,  greater  than  the  sidereal 
period  of  the  earth.  The  actual  lengths  of  the  synodic  revolu- 
tions of  the  different  planets  are  given  in  Table  Y. 
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465.  The  mean  sjrnodic  revolution  of  a  planet  being  known, 
and  also  the  time  of  one  conjunction  or  opposition,  we  may 
easily  ascertain  its  mean  elongation  at  any  given  time,  and 
thus  approximately  the  time  of  its  rising,  setting,  and  meridian 
passage. 

Stations  and  Retrogradatians  of  the  Planets, 

466.  The  apparent  motions  of  the  planets  in  the  heavens,  as 
has  already  been  stated  (Art.  8),  are  not,  like  those  of  the  sun  and 
moon,  continually  from  west  to  east,  or  direct,  but  are  sometimes 
also  from  east  to  west,  or  retrograde.  The  retrograde  motion 
takes  place  over  arcs  of  but  a  small  number  of  degrees ;  and  in 
changing  the  direction  of  their  motions,  the  planets  are  for  seve- 
ral days  stationary  in  the  heavens.  These  phenomena  are  called 
the  Stations  and  Retrogradations  of  the  planets.  We  now 
propose  to  inquire  theoretically  into  the  particulars  of  the  mo- 
tions in  question,  and  to  show  how  the  phenomena  just  men- 
tioned result  from  the  motions  of  the  planets  in  connection  with 
the  motion  of  the  earth. 

Let  C  A  C  B  (Fig.  66),  represent  the  orbit  of  an  inferior  planet, 
and  P  K  T  the  orbit  of  the  earth ;  both  considered  as  circles,  and 
as  situated  in  the  same  plane.  If  the  earth  were  continually  sta- 
tionary in  some  point  P  of  its  orbit,  it  is  plain  that  while  the  planet 
was  moving  from  B  the  position  of  greatest  western  elongation, 
to  A  the  position  of  greatest  eastern  elongation,  it  would  advance 
in  the  heavens  from  6  to  a ;  that,  while  it  was  moving  from  A  to  B, 
that  is,  from  greatest  eastern  to  greatest  western  elongation,  it 
would  retrograde  in  the  heavens  from  a  to  6 ;  and  that,  in  passing 
the  points  A  and  B,  as  it  would  be  moving  directly  towards  or 
from  the  earth,  it  would  for  a  time  appear  stationary  in  the  hea- 
vens in  the  positions  a  and  b. 

But  the  earth  is  in  fact  in  motion,  and  the  actual  apparent 
motion  of  the  planet  is  in  consequence  materially  diflferent  from 
this.  Let  A,  A'  (Fig.  67),  be  the  positions  of  the  planet  and  earth 
at  the  time  of  the  greatest  eastern  elongation,  C,  P  their  positions 
at  inferior  conjunction,  and  B,  B'  their  positions  at  the  greatest 
western  elongation.  At  the  time  of  the  greatest  eastern  elongation 
while  the  planet  describes  a  certain  distance  A  D  on  the  line  of  the 
centres  of  the  earth  and  planet,  the  earth  moves  forward  in  its  or- 
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bit  a  certain  distance  A'  D' ;  so  that,  instead  of  appearing  statioiuuy 
at  a  in  the  interval,  the  planet  will  advance  in  the  heavens  irom 
a  tod.  From  the  same  cause,  it  will  have  a  direct  motion  about 
the  time  of  the  greatest  western  elongation.  As  it  advances  from 
A  towards  C,  the  direct  motion  will  continue ;  but,  as  the  daily 
arc  described  by  the  planet  will  make  a  less  and  less  angle  with 
the  daily  arc  described  by  the  earth,  the  rate  of  motion  will  con- 
tinually decrease,  and  finally  when  the  planet  has  come  into  a 
position  with  respect  to  the  earth,  such  that  the  lines  of  direction 
of  the  planet,  m  p,  m'  p',  at  the  beginning  and  end  of  the  day  are 
parallel,  it  will  be  stationary  in  the  heavens.  As  the  daily  arc  of 
the  planet  is  greater  than  that  of  the  earth,  and  becomes  parallel 
to  it  in  inferior  conjunction,  the  planet  will  be  in  the  position  in 
question  before  it  comes  into  inferior  conjunction. 

Subsequent  to  this,  the  inclination  of  the  daily  arcs  still  dimin- 
ishing, the  lines  of  direction  of  the  planet  at  the  begiiming  and 
end  of  the  day  will  diverge,  and  therefore  the  motion  will  be  re- 
trograde. After  inferior  conjunction,  the  inclination  of  the  arcs, 
will,  at  corresponding  positions  of  the  earth  and  planet,  obviously, 
be  the  same  as  before.  It  follows  therefore,  that  the  planet  will 
be  at  its  western  station,  when  it  is  at  the  same  angular  distance 
from  the  sun  as  at  its  eastern  station ;  that  its  motion  will  be 
retrograde,  until  it  has  pa.ssed  inferior  conjunction  and  arrived  at 
its  western  station ;  and  that  after  this  it  will  be  direct,  q  and  n 
represent  the  positions  of  the  planet  and  the  earth  at  the  time  of 
the  western  station  ;  C  q  =  C  p,  and  P  n  =  P  m. 

The  diminution  of  the  elongation  of  the  planet  at  its  two  sta- 
tions is  not  the  only  effect  of  the  earth's  motion  in  the  case  under 
consideration ;  it  also  accelerates  the  direct,  and  retards  the  retro- 
grade motion  of  the  planet,  and  gives  to  the  planet  along  with 
the  sun  an  apparent  motion  of  revolution  around  the  earth. 

467.  Let  us  now  pass  to  the  case  ofa  superior  planet.  Suppose 
A  C  B  (Fig.  67),  to  be  the  orbit  of  the  earth,  and  A'  P  B'  that  of 
the  planet.  Since  the  earth  is  an  inferior  planet  to  an  observer 
stationed  upon  a  superior  planet,  it  appears  by  the  foregoing  arti- 
cle, that  it  will,  to  an  observer  so  situated,  have  a  retrograde 
motion  while  it  is  passing  over  a  certain  aic  p  C  q  in  the  infe- 
rior part  of  its  orbit,  and  a  direct  motion  during  the  remainder  of 
the  synodic  revolution.    Now,  it  is  plain,  that  the  direction  of 
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the  planet's  motion,  as  seen  from  the  earth,  will  always  be  the 
same  as  the  direction  of  the  earth's  motion  as  seen  from  the 
planet.  When  the  earth  is  at  C  the  middle  of  the  arc  p  C  q, 
the  planet  is  in  opposition.  It  follows,  therefore,  that  a  superior 
l)lanet  has  a  retrograde  motion  during  a  small  portion  of  its 
sjrnodic  revolution,  about  the  time  of  opposition. 

Phases  of  the  Inferior  Planets, 

468.  To  the  naked  sight  the  disc  of  the  planet  Venus  appears 
circular,  like  that  of  each  of  the  other  planets,  but  the  tele^scope 
shows  this  to  be  an  optical  illusion.  When  Venus  is  repeatedly 
observed  with  a  telescope,  it  is  seen  to  present  in  its  various  posi- 
tions with  respect  to  the  sun  the  same  variety  of  phases  as  the 
moon ;  being  a  full  circle  at  superior  conjunction,  a  half  circle 
at  the  greatest  eastern  and  western  elongations,  and  a  crescent 
with  the  horns  turned  from  the  sun,  before  and  after  inferior 
conjunction. 

469.  Mercury  exhibits  precisely  similar  phases,  but  being 
smaller,  at  a  greater  distance  from  the  earth,  and  much  nearer 
the  sun,  its  phases  are  not  so  easily  observed  as  those  of  Venus. 

470.  The  phases  of  Venus  are  easily  accounted  for,  by  sup- 
posing it  to  be  an  opake  spherical  body,  and  to  shine  by  reflect- 
ing the  sun's  light,  and  by  taking  into  consideration  its  motion 
with  respect  to  the  sun  and  earth.  The  hemisphere  turned 
towards  the  sun  is  illuminated  by  him,  and  the  other  is  in  dark, 
and  as  the  planet  revolves  around  the  sun,  various  portions  of 
the  enlightened  half  are  turned  towards  the  earth ;  in  superior 
conjunction,  the  whole  of  it ;  at  the  greatest  elongations,  one  half; 
and  near  inferior  conjunction,  but  a  small  part.  This  will  be 
abundantly  evident  on  inspecting  Fig.  68.  The  phases  cor- 
responding to  the  positions  represented,  are  delineated  in  the 
figure. 

The  phases  of  Mercury  are  obviously  susceptible  of  a  similar 
explanation. 

471.  The  disc  of  the  planet  Mars  also  undergoes  changes  of 
form,  but  they  are  of  comparatively  moderate  extent.  It  is  some- 
times gibbous,  but  never  has  the  form  of  a  crescent.  Indeed,  on 
the  supposition  that  Mars  is  an  opake  body  illuminated  by  the  sun, 
we  would  not  see  the  whole  of  the  enlightened  hemisphere,  except 
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in  conjunction  and  opposition,  but  there  would  always  be  moie 
than  half  of  it  turned  towards  the  earth,  and  therefore  the  disc 
should  always  be  larger  than  a  half  circle. 

472.  The  discs  of  the  other  superior  planets  do  not  experience 
any  perceptible  variation  of  form,  for  the  reason,  doubtless,  that 
their  orbits  are  so  large  with  respect  to  the  orbit  of  the  earth,  that 
all,  or  very  nearly  all  of  their  illuminated  hemispheres,  is  con- 
stantly visible  from  the  earth. 

Transits  of  the  Inferior  Planets. 

473.  The  two  inferior  planets  Venus  and  Mercury,  at  inferior 
conjunction,  sometimes,  though  rarely,  pass  between  the  sun  and 
earth,  and  are  seen  as  a  dark  spot  crossing  the  sun's  disc.  This 
phenomenon  is  called  a  Transit,  It  will  take  place,  in  the  case 
of  either  planet,  whenever,  at  the  time  of  inferior  conjunction,  it 
is  so  neai*  either  node  that  its  geocentric  latitude  is  less  than 
the  apparent  semi-diameter  of  the  sun. 

474.  The  transits  of  Veims  take  place  alternately  at  intervals 
of  8  and  105^  or  121 J  years.  The  last  were  in  the  years  1761 
and  1769.     The  next  wiU  be  in  1874  and  1882. 

475.  In  consequence  of  the  greater  distance  of  Mercury  from 
the  earth,  a  greater  portion  of  its  orbit  is  directly  interposed  be- 
tween the  sun  and  earth,  than  of  the  orbit  of  Venus ;  moreover, 
the  synodic  revolution  of  Mercury  is  shorter  than  that  of  Venus. 
On  these  accounts,  it  happens  that  the  transits  of  Mercury  are 
much  more  frequent  than  those  of  Venus.  The  last  transit  of 
Mercury  was  in  the  year  1835.  The  next  two  will  take  place  in 
1845  and  1848. 

476.  A  transit  is  calculated  in  a  precisely  similar  manner  with 
a  solar  eclipse  ;  the  planet  in  the  one  calculation  answering  to  the 
moon  in  the  other. 

477.  A  transit  is  an  important  phenomenon  in  a  practical  point 
of  view,  as  it  furnishes  the  most  exact  means  we  possess  of  ascer- 
taining the  sun's  parallax.  In  order  to  understand  how  this  phe- 
nomenon can  be  used  for  this  purpose,  we  have  only  to  consider 
that,  in  consequence  of  the  difference  of  the  parallaxes  of  the  sun 
and  Venus,  observers  at  different  stations  upon  the  earth  will 
refer  the  planet  to  different  points  upon  the  sun's  disc,  and  that 
therefore,  to  such  observers,  the  transit  will  take  place  along  dif- 
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fereat  chords,  luid  be  accomplished  in  unequal  portions  of  time. 
It  is  then  to  be  expected,  that,  if  the  durations  of  the  transit  at 
two  different  places  should  be  noted,  the  difference  of  the  paral- 
laxes of  the  sun  and  Venus,  upon  which  alone  the  difference  of 
tha  duration  depends,  could  be  computed.    This  computation  is 
in  fact  possible.    Also,  the  ratio  of  the  parallaxes  being  inversely 
as  that  of  the  distances,  could  be  found  by  the  elliptical  theory, 
and  thus  the  parallax  both  of  the  sun  and  Venus  would  become 
known. 

478.  The  parallax  of  the  sun,  as  it  is  now  known,  was  deduced 
from  observations  upon  the  transits  of  Venus  in  1769  and  1761. 
Expeditions  were  fitted  out  on  the  most  efficient  scale,  by  the 
British,  French,  Russian,  and  other  governments,  and  sent  to 
various  parts  of  the  earth,  remote  from  each  other,  to  observe 
the  transit  of  1769,  that  the  parallax  of  the  sun  might  be  com- 
puted from  the  results  of  the  observations.  The  sun's  parallax 
as  determined  by  Professor  Encke  from  the  observations  made 
upon  the  transit  in  question,  and  that  of  1761,  is  8".5776, 

AppearanceSj  Dimensions^  Rotation^  and  Physical  Constitu- 

Hon  of  the  Planets, 

479.  It  appears  from  admeasurement  with  the  telescope  and 
micrometer,  that  the  apparent  diameter  of  a  planet  is  subjed  to 
sensible  variations.  The  apparent  diameter  of  Venus,  as  well  as 
oi  Mercury,  is  greatest  in  inferior  conjunction,  and  least  in  sup^ 
rior  conjunction ;  while  the  apparent  diameter  of  each  of  the 
other  planets  is  greatest  in  opposition  and  least  in  conjunction. 
These  variations  of  the  apparent  diameters  of  the  planets,  are 
necessary  consequences  of  the  changes  that  take  place  in  the  dis- 
tances of  the  planets  from  the  earth. 

480.  The  real  diameter  of  a  planet  is  deduced  from  its  appa- 
rent diameter  and  horizontal  parallax.  (See  Art.  395.)  When 
the  diameters  of  tlie  planets  have  been  found,  their  relative  sur- 
&ces  and  volumes  are  easily  obtained ;  for  the  surfaces  are  as  the 
squares  of  the  diameters,  and  the  volumes  as  the  cubes. 

481.  The  order  of  magnitude  of  the  planets  is  as  follows : 
1  Jupiter,  2  Saturn,  3  Uranus,  4  the  Earth,  5  Venus,  6  Mars, 
7  Mercury,  8  Pallas,  9  Ceres,  10  Juno,  11  Vesta.  The  range  of 
magnitude,  for  the  principal  planets,  is  from  1  to  21000. 
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increased  proximity  to  the  earth  more  than  compensates  for  the 
diminished  size  of  the  disc.  Venus  will  besides  attain  to  greater 
splendoar  in  some  revolutions  than  others,  in  consequence  of 
being  nearer  the  earth,  when  in  the  most  favorable  position. 

486.  As  seen  through  a  telescope,  Venus  presents  a  disc  of 
nearly  uniform  brightness,  and  spots  have  very  rarely  been 
seen  upon  it  Its  phases  prove  it  to  be  an  opake  spherical  body, 
shining  by  reflecting  the  sun's  light.  Its  apparent  diameter 
varies  with  its  distance  from  10"  to  61".  Its  real  diameter  is 
about  7700  miles,  and  its  volume  about  j\  less  than  that  of  the 
earth.  The  period  of  its  rotation  is  23h.  21m.  The  inclination 
of  its  axis  to  the  plane  of  its  orbit  is  not  exactly  known,  but  is 
not  far  from  18°.  Schrogter  inferred,  from  a  gradual  diminu- 
tion of  its  light  observed  at  the  edge  of  its  disc,  that  it  was  sur- 
rounded by  an  atmosphere  analogous  to  our  own. 

Mars. 

487.  Mars  is  of  the  apparent  size  of  a  star  of  the  first  or  second 
magnitude,  and  is  distinguished  from  the  other  planets  by  its 
red  and  fiery  appearance.  The  observed  variation  in  the  form 
of  its  disc  (Art.  471),  shows  that  it  derives  its  light  from  the  sun. 
Its  greatest  and  least  apparent  diameters  are  respectively  4"  and 
18".  Its  real  diameter  is  about  4100  miles,  or  rather  more  than 
^  of  the  diameter  of  the  earth,  and  its  bulk  is  about  4  of  that  of 
the  earth. 

Mars  revolves  on  its  axis  in  24h.  39m. ;  and  its  axis  is  in- 
clined to  the  ecliptic  in  an  angle  of  about  60°.  It  appears,  from 
measurements  made  with  the  micrometer,  that  its  polar  diameter 
is  less  than  the  equatorial,  and  thus,  that,  like  the  earth,  it  is 
flattened  at  its  poles.  According  to  Sir  W.  Herschel,  its  oblate- 
ness  (Art.  145)  is  j\. 

488.  Spots  of  different  shades  are  generally  visible  upon  the 
surface  of  Mars,  most  of  which  always  present  the  same  appear- 
ance whenever  they  are  distinctly  seen. 

The  ruddy  colour  of  the  light  of  Mars  has  been  generally  at- 
tributed to  a  dense  atmosphere  surrounding  the  planet.  Sir  J. 
F.  W.  Herschel,  however,  has  observed,  in  examining  this  planet 
with  a  good  telescope,  that  some  of  its  spots  are  of  a  reddish 
colour,  and  thence  concludes  that  the  ruddy  colour  of  its  light 
is  owing  to  a  red  tinge  in  its  soil. 
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JupUer  and  its  SateUUea. 

489.  Jupiter  is  the  most  brilliant  of  the  planets,  except  Y^qs, 
(Uid  sometimes  even  surpasses  Venus  in  brightness.  The 
eclipses  of  its  satellites  prove  that  it  is  an  opake  body,  and  that  it 
shines  by  reflecting  the  light  of  the  sun.  Its  apparent  diameter 
when  greatest,  is  46",  and  when  least,  30". 

Jupiter  is  the  largest  of  all  the  planets.  Its  diameter  is  nearly 
11  times  the  diameter  of  the  earth,  or  about  86,000  miles,  and 
its  bulk  is  nearly  1300  times  that  of  the  earth.  It  turns  on  an 
axis  nearly  perpendicular  to  the  ecliptic,  and  completes  a  rota- 
tion in  9h.  66m.  The  polar  diameter  is  about  yV  less  than  the 
equatorial. 

490.  When  Jupiter  is  examined  with  a  good  telescope,  its 
disc  is  always  observed  to  be  crossed  by  several  obscure  spaces, 
which  are  nearly  parallel  to  each  other,  and  to  the  plane  of  the 
equator.  These  are  called  the  Belts  of  Jupiter.  They  are 
generally  confined  to  the  immediate  vicinity  of  the  equator,  but 
they  sometimes  also  extend  to  considerable  distances  from  it, 
and  have  even  been  seen  distributed  over  the  whole  face  of  the 
planet. 

491.  The  satellites  of  Jupiter,  as  it  has  been  already  re- 
marked, are  visible  with  telescopes  of  moderate  power.  With 
the  exception  of  the  second,  which  is  a  little  smaller,  they  are 
somewhat  larger  than  the  moon.  The  orbits  of  the  satellites 
lie  very  nearly  in  the  plane  of  Jupiter's  equator. 

492.  Sir  W.  Herschel,  in  examining  the  satellites  of  Jupiter 
with  a  telescope,  perceived  that  they  underwent  periodical  vari- 
ations of  brightness.  These  variations  he  supposed  to  proceed 
from  a  rotation  of  the  satellites  upon  axes,  which  caused  them 
to  turn  different  faces  towards  the  earth  ;  and  from  repeated  and 
careful  observations  made  upon  them,  he  discovered  that  each 
satellite  made  one  turn  upon  its  axis  in  the  same  time  that  il 
accomplished  a  revolution  around  the  primary ;  and,  theiefbra^ 
like  the  moon,  presented  continually  the  same  &ce  to  the 
primary. 

Saturn^  vnth  its  Satellites  and  Ring. 

493.  Saturn  shines  with  a  pale  dull  light.  Its  apparent  dia* 
meter  varies  only  3"  or  4"  by  reason  of  the  change  of  distance^ 
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and  is  at  the  mean  distance  about  16'^    The  eclipses  of  its 
satellites  prove  that  it  is  opake,  and  illuminated  by  the  sun. 

Saturn  is  the  largest  of  the  planets,  next  to  Jupiter.  Its  dia- 
meter is  nearly  10  times  the  diameter  of  the  earth,  or  79,000 
miles ;  and  its  Volume  is  nearly  1000  times  that  of  the  earth. 
The  rotation  on  its  axis  is  performed  in  lOh.  29m.  The  incli- 
nation of  its  axis  to  the  ecliptic  is  about  60^.    Its  oblateness 

494.  The  disc  of  Saturn,  like  that  of  Jupiter,  is  frequently 
etossed  with  dark  bands  or  belts,  in  a  direction  parallel  to  its 
equator.    Extensive  dusky  spots  are  also  occasionally  seen 
upon  its  surface. 

496.  The  planet  Saturn  is  distinguished  from  all  the  other 
planets  in  beitlg  surrounded  by  a  broad,  thin,  luminous  ring,  situ- 
ated in  the  plane  of  its  equator,  and  entirely  detached  from  the 
body  of  the  planet.  This  ring  sometimes  casts  a  shadow  upon 
the  planet,  and  is  in  turn,  at  times,  partially  obscured  by  the 
shadow  of  the  planet ;  from  which  we  conclude  that  it  is  opake, 
and  receives  its  light  from  the  sun. 

It  18  inclined  to  the  plane  of  the  ecliptic  in  an  angle  of  about 
30^,  and  during  the  motion  of  Saturn  in  its  orbit,  it  remains  con- 
tinually parallel  to  itself  The  face  of  the  ring  is,  therefore, 
never  viewed  perpendicularly  from  the  earth,  and  for  this  reasoli 
never  appears  circular,  although  such  is  its  actual  form.  Its  ap- 
parent form  is  that  of  an  ellipse,  more  or  less  eccentric,  according 
to  the  obliquity  under  which  it  is  viewed,  which  varies  with  the 
position  of  Saturn  in  its  orbit.  When  it  is  seen  under  the  larger 
angles  of  obliquity,  it  appears  as  a  luminous  band,  nearly  encir- 
ding  the  planet,  atid  is  visible  in  telescopes  of  small  power.  Stars 
tUL  also  be  seen  between  it  and  the  planet  in  these  positions.  At 
other  times,  when  viewed  very  obliquely,  it  can  be  seen  only  tvith 
telescopes  of  hig^  power.  When  it  is  approaching  the  latter  state, 
it  has  the  appearance  of  two  handles  or  anstB,  one  on  each  side  of 
the  planet 

It  is  also  at  times  itivisible.  This  is  the  case  whenever  the 
earth  and  sun  are  on  different  sides  of  the  plane  of  the  ting,  for 
the  reason  that  the  illuminated  face  is  then  turned  from  the  earth. 
When  the  plane  of  the  ring  passes  through  the  centre  of  the  sun, 
the  illuminated  edge  can  be  seen  only  in  telescopes  of  extraordi- 
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nary  power,  and  appears  as  a  thread  of  light  cutting  the  disc  of  the 
planet. 

496.  Since  the  orbit  of  Saturn  is  very  large  in  comparisoa 
with  the  orbit  of  the  earth,  the  plane  of  the  ring  will,  during  the 
greater  part  of  the  revolution  of  Saturn,  pass  without  the  orbit  of 
the  earth ;  and  when  this  is  the  case,  the  ring  will  be  visible,  as 
the  earth  and  sun  will  be  on  the  same  side  of  its  plane.    During 
the  period,  which  is  about  a  year,  that  the  plane  of  the  ring  is 
passing  by  the  orbit  of  the  earth,  the  earth  will  sometimes  be  on 
the  same  side  of  it  as  the  sun,  and  sometimes  on  opposite  sides.  In 
the  former  case  the  ring  will  be  invisible,  and  in  the  latter  will  be 
seen  so  obliquely  as  to  be  visible  only  in  telescopes  of  considerable 
or  great  power.    All  this  will  perhaps  be  better  understood  on 
consulting  Fig.  69,  where  ABC  represents  the  orbit  of  Saturn, 
E  F  G  that  of  the  earth,  and  P,  d,  N,  R,  S,  different  positions  of  the 
ring. 

The  plane  of  the  ring  will  pass  through  the  sun  every  semi- 
revolution  of  Saturn,  or,  at  a  mean,  about  every  16  years,  and 
at  the  epochs  at  which  the  longitude  of  the  planet  is  respectively 
170^  and  350°,  these  being  the  longitudes  of  the  nodes  <rf  the  ring. 
The  ring  will  then  disappear  once  in  about  15  years ;  but,  owing 
to  the  different  situations  of  the  earth  in  its  orbit,  under  circum- 
stances oftentimes  quite  different.  And  the  disappearance  will 
occur  when  the  longitude  of  the  planet  is  about  170°,  or  350°. 
The  ring  will  be  seen  to  the  greatest  advantage  when  the  longi- 
tude of  the  planet  is  not  far  from  80°  or  260°.  The  last  disq>- 
pearance  took  place  in  1833 ;  the  next  will  be  in  1848.  At  the 
present  time  (1838)  the  north  face  of  the  ring  is  visible. 

497.  From  observations  made  upon  bright  spots  seen  on  the  fiioe 
of  the  ring,  Herschel  discovered  that  it  revolved  from  west  to  east 
about  an  axis  perpendicular  to  its  plane,  and  passing  through  the 
centre  of  the  planet,  (or  very  nearly).  The  period  of  its  rotation  is 
lOh.  29nL  It  is  remarkable  that  this  is  the  period  in  which  a  satel- 
lite assumed  to  be  at  a  mean  distance  equal  to  the  mean  distance 
of  the  particles  of  the  ring,  would  revolve  around  the  primary 
according  to  the  third  law  of  Kepler. 

The  breadth  of  the  ring  is  about  one  half  greater  than  its  dis- 
tance from  the  sur&ce  of  the  planet,  and  is  about  equal  to  one 
third  the  diameter  of  the  planet,  or  29,000  miles. 
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the  greatest  at  this  time,  as  they  will  depend  upon  the  distance 
and  position  of  the  earth,  as  well  as  the  actual  size  and  intrmsic 
brightness  of  the  comet. 

507.  Individual  comets  offer  considerable  varieties  of  aspect. 
Some  comets  have  been  seen  which  were  wholly  destitute  of  a 
tail :  such,  among  others,  was  the  comet  of  1682.  Others  have 
had  more  than  one  of  these  appendages.  The  comet  of  1744 
had  six,  which  were  spread  over  an  extent  of  117° ;  and  that  of 
1824  two,  the  one  directed  towards  the  sun,  the  other  from  him. 
Others  still  are  without  a  nucleus,  as  the  comet  of  1795. 

The  comets  that  are  visible  only  in  telescopes,  which  are  very 
numerous,  have  generally  no  distinct  nucleus,  and  are  unprovided 
with  a  tail.  They  have  the  appearance  of  round  masses  of  lumi- 
nous vapour,  somewhat  more  dense  towards  the  centre.  Such 
are  Encke's  and  Biela's  comets. 

508.  Ck)mets  are  the  most  voluminous  bodies  in  the  solar 
system.  The  tail  of  the  great  comet  of  1680,  was  found  by 
Newton  to  have  been,  when  longest,  no  less  than  123,000,000 
miles  in  length.  Some  other  comets  have  had  tails  of  nearly  as 
great  length.  The  heads  of  comets  are  usually  many  thousand 
miles  in  diameter.  That  of  the  comet  of  1811  had  a  diameter  of 
540000  miles. 

609.  The  quantity  of  matter  which  enters  into  the  constitution 
of  a  comet  is  exceedingly  small.  This  is  proved  by  the  fact  that 
the  comets  have  had  no  influence  upon  the  motions  of  the  planets 
or  satellites,  although  they  have  in  many  instances  passed  near 
these  bodies.  The  comet  of  1770,  which  was  quite  large  and 
bright,  passed  through  the  midst  of  Jupiter's  satellites  without 
deranging  their  motions  in  the  least  perceptible  degree.  It  also 
appears  that  the  cometic  matter  is  very  rare  and  subtle,  from  the 
circumstance  of  stars  of  small  magnitude  being  visible  through 
all  parts  of  the  comet,  with  perhaps  the  single  exception  of  the 
nucleus. 

610.  Of  the  physical  constitution  of  the  comets,  little  is  known. 
It  is  not  yet  fully  ascertained  whether  the  vapoury  substance  of 
the  coma  and  tail  is  self-luminous,  or  is  illuminated  by  the  sun. 
The  nucleus  is  by  some  astronomers  supposed  to  be,  in  some  in- 
stances, a  solid,  and  by  others  to  be,  in  all  cases,  a  highly  con- 
densed vapour.    It  has,  in  the  case  of  a  few  comets,  presented  a 
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well-defined  disc,  like  a  solid,  but  it  has,  in  no  one  instance,  ex- 
hibited phases,  which  it  is  to  be  expected  it  would,  if  it  were  a 
solid  sliining  by  reflecting  the  light  of  the  sun. 


CHAPTER    XIX. 

OF  THE  FIXED  STARS. — THEIR  NUMBER,  AND  DISTRIBUTION 
OVER  THE  HEAVENS — ANNUAL  PARALLAX,  AND  DISTANCE 
— VARIABLE  STARS — DOUBLE  STARS — CLUSTERS  OF  STARS, 
AND   NEBUL-ffi. 

511.  The  number  of  stars  that  can  be  seen  with  the  naked  eye, 
does  not  much  exceed  3000,  and  it  is  generally  stated  that  not 
many  more  than  1000  are  ever  visible  at  any  one  time  to  the 
naked  eye.  But  the  telescope  brings  into  view  many  mil- 
lions, and  every  improvement  made  in  it  greatly  increases  the 
number. 

512.  As  to  the  number  of  stars  belonging  to  each  different 
magnitude,  astronomers  assign  from  15  to  20  to  the  first  magnitude, 
from  30  to  60  to  the  second,  about  200  to  the  third,  and  so  on ; 
the  numbers  increasing  very  rapidly  as  we  descend  in  the  scale  of 
brightness ;  the  whole  number  of  stars  already  registered  down 
to  the  seventh  magnitude,  inclusive,  amounting  to  15000  or 
20000. 

513.  It  is  not  to  be  understood  that  the  classification  of  the  stars 
into  different  magnitudes  is  made  according  to  any  fixed  definite 
proportion  subsisting  between  the  degrees  of  apparent  brightness 
of  the  stars  belonging  to  different  classes.    Stars  of  ahnost  every 
gradation  of  brightness,  between  the  highest  and  the  lowest,  are 
met  with.    Those  which  offer  marked  differences  of  lustre,  form 
the  basis  of  the  classification ;  others,  which  do  not  differ  very 
widely  from  these,  are  united  to  them.    As  a  necessary  conse- 
quence, there  aie  some  stars  of  intermediate  lustre,  which  cannot 
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'■•f  assigned  with  certainty  to  either  magnitude.  Thus,  in  the 
t^^at.'ilo^iie  of  the  Astronomical  Society  of  London,  3  stars  are 
iiiarlced  as  intermediate  between  the  first  and  second  magnitudes, 
aud  29  between  the  second  and  third. 

514.  As  to  the  proportions  of  light  emitted  from  the  average 
stars  of  the  different  magnitudes,  according  to  the  experimental 
comparisons  of  Sir  Wm.  Herschel,  they  are,  from  the  first  to  the 
sixth  magnitude,  in  the  ratio  of  the  numbers,  100,  25, 12,  6,  2, 1. 

515.  With  the  exception  of  the  three  or  four  brightest  classes, 
the  stars  are  not  distributed  indiscriminately  over  the  sphere  of 
the  heavens,  but  are  accumulated  in  far  greater  numbers  on  the 
borders  of  the  milky  way,  and  in  the  milky  way  itself,  which  the 
telescope  shows  to  consist  of  an  immense  number  of  stars  of  small 
ifiagnitude  in  close  proximity. 

Annual  Parallax  and  Distance  of  the  Stars. 

616.  The  Annual  Parallax  of  a  fixed  star  is  the  angle  made 
fcy  two  lines  conceived  to  be  drawn,  the  one  from  the  sun  and  the 
other  from  the  earth,  and  meeting  at  the  star,  at  the  time  the  earth 
is  in  such  part  of  its  orbit  that  its  radius  vector  is  perpendicular  to 
the  latter  line ;  or,  in  other  words,  it  is  the  greatest  angle  that  can 
be  subtended  at  the  star  by  the  radius  of  the  earth's  orbit.  Thus, 
let  S  (Fig.  70)  be  the  sun,  s  a  fixed  star,  and  E  the  earth, 
in  such  a  position  that  the  radius  vector  S  E  is  perpendicular  to 
the  line  of  direction  of  the  star,  E  s ;  then  the  angle  S  ^  E  is  the 
iDDual  parallax  of  the  star  s. 

617.  If  the  annual  parallax  of  a  star  was  known,  we  might 
•wily  find  its  distance  from  the  earth  ;  for,  in  the  right  angled 
triiDgle  S  E  «  we  would  know  the  angle  S  «  E  and  the  side  S 
Ej  and  we  should  only  have  to  compute  the  side  E  s.  Now,  if 
my  of  the  fixed  stars  have  a  sensible  parallax,  it  could  be  detected 
if  a  comparison  of  the  places  of  the  star,  as  observed  from  two 
positions  of  the  earth  in  its  orbit,  diametrically  to  each  other ; 
md  accordingly,  the  attention  of  astronomers  furnished  with  the 

perfect  instruments,  has  long  been  directed  to  such  observa- 
upon  the  places  of  some  of  the  fixed  stars  which  were  sup- 
NMed  to  be  the  nearest,  in  order  to  determine  their  annual  paral- 
iz.  But,  after  exhausting  every  refinement  of  observation,  they 
Wfe  not  been  able  to  establish  that  any  of  them  have  a  measura- 
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ble  parallax.  Now,  such  is  the  nicety  to  which  the  obeervatioM 
have  been  carried,  that,  did  the  angle  in  question  amount  to  as 
much  as  1",  it  could  not  possibly  have  escaped  detection  and 
universal  recognition.  We  may  then  conclude,  that  the  annud 
parcMax  of  the  nearest  fixed  star  is  less  than  1". 

518.  Taking  the  parallax  at  1",  the  distance  of  the  star  como 
out  206265  times  the  distance  of  the  sun  from  the  earth, 
or  about  20  billions  of  miles.  The  distance  of  the  nearest  fixed 
star  must  therefore  be  greater  than  this.  A  juster  notion  of  the 
immense  distance  of  the  fixed  stars,  than  can  be  conveyed  by 
figures,  may  be  gained  from  the  consideration  that  light,  which 
traverses  the  distance  between  the  sun  and  earth  in  8m.  13s., 
and  would  perform  the  circuit  of  our  globe  in  |  of  a  second,  em- 
ploys more  than  three  years  in  coming  from  the  nearest  fixed 
star  to  the  earth. 

519.  The  amount  of  light  received  from  the  same  body  at  dif- 
ferent distances,  varies  inversely  as  the  square  of  the  distance. 
Hence,  if  we  admit  the  light  of  a  star  of  each  magnitude  to  be 
half  that  of  one  of  the  next  higher  magnitude,  a  star  of  the  first 
magnitude  would  have  to  be  removed  to  181  times  its  distance, 
to  appear  no  brighter  than  one  of  the  sixteenth.  Accordingly, 
if  the  difiference  in  the  apparent  magnitude  of  the  stars  arises  for 
the  most  part  from  a  difierence  of  distance,  (which  is  the  more 
probable  supposition),  there  must  be  a  multitude  of  stars  visible 
in  telescopes,  the  light  of  which  has  taken  at  least  five  hundred 
years  to  reach  the  earth. 

Variable  Stars, 

520.  Several  of   the  fixed  stars  are  subject  to  periodical 
changes  of  brightness,  and  are  hence  called  Variable  Stars,  or 
Periodical  Stars.    One  of  the  most  remarkable  of  the  variable 
stars  b  the  star  Omieronj  in  the  constellation  Cetus.    From 
being    as   bright    as   a    star    of   the    second    magnitude,   it 
gradually  decreases,  until  it  entirely  disappears ;  and,  after  re- 
maining for  a  time  invisible,  re-appears,  and  gradually  increas- 
ing in  lustre,  finally  recovers  its  original  appearance.    The 
period  of  these  changes  is  334  days.    It  remains  at  its  greatest 
brightness  about  two  weeks,  employs  about  three  months  in 
waning  to  its  disappearance,  continues  invisible  for  about  five 
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months,  and  during  the  remaining  three  numths  of  its  period 
increases  to  its  original  lustre.  Such  is  the  general  course  of 
its  phases.  It  does  not,  however,  always  recover  the  same  de- 
gree of  brightness,  nor  increase  and  diminish  by  the  S€une  gra- 
dations. And  it  is  related  by  Hevelius,  that  iu  one  instance  it 
remained  invisible  for  a  period  of  four  years,  viz :  from  October, 
1672,  to  December,  1676. 

521.  The  greater  number  of  variable  stars  undergo  a  regular 

increase  and  diminution  of  lustre,  without  ever,  like  the  star  just 

noticed,  becoming  entirely  invisible.    The  star  Algol,  or  jS  Per- 

seii,  is  a  remarkable  variable  star  of  this  description.    For  a 

period  of  2d.  14h.  it  appears  as  a  star  of  the  second  magnitude, 

after  which  it  suddenly  begins  to  diminish  in  splendour,  and  in 

about  3^  hours  is  reduced  to  a  star  of  the  fourth  magnitude.    It 

then  begins  again  to  increase,  and  in  3^  hours  more  is  restored 

to  its  usual  brightness,  going  through  all  its  changes  in  2d. 

20h.48m. 

522.  There  are  also  some  instances  on  record  of  temporary 
stars  having  made  their  appearance  in  the  heavens ;  breaking 
forth  suddenly  in  great  splendour,  and  without  changing  their 
positions  among  the  other  stars,  after  a  time  entirely  disappear*- 
ing.  One  of  the  most  noted  of  these  is  the  star  which  suddenly 
shooe  forth  with  great  brilliancy  on  the  11th  of  November, 
1572,  in  the  constellation  Cassiopeia,  and  was  attentively  ob- 
served by  Tycho  Brah^,  a  celebrated  Danish  astronomer.  It 
was  then  as  bright  as  any  of  the  permanent  stars,  and  continued 
to  increase  in  splendour  till  it  surpassed  Jupiter  when  brightest, 
and  was  visible  at  mid-day.  It  began  to  diminish  in  December 
of  the  same  year,  and  in  March  1574  it  entirely  disappeared, 
after  having  remained  visible  for  sixteen  months,  and  has  not 
since  been  seen. 

In  the  years  946  and  1264,  brilliant  stars  appeared  in  the 
same  regions  of  the  heavens.  It  is  conjectured  from  the  tdera- 
Uy  near  agreement  of  the  intervals  of  the  appearance  of  these 
staiB  and  that  of  1672,  that  the  three  may  be  one  and  the  same 
star,  with  a  period  of  about  300  years.  The  places  of  the  stars 
q{  946  and  1264  are,  however,  too  imperfectly  known  to  estab- 
lish this  with  any  degree  of  certainty. 

523.  What  is  no  less  remarkable  than  the  changes  we  have 
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noticed,  several  stars,  which  are  mentioned  by  the  ancient  astro- 
nomers, have  now  ceased  to  be  visible,  and  some  are  now  visible 
to  the  naked  eye  which  are  not  in  the  ancient  catalogues. 

Double  Stars. 

524.  Many  of  the  stars  which  to  the  naked  eye  appear  single, 
when  examined  with  telescopes  are  found  to  consist  of  two  (in 
some  instances  three)  stars  in  close  proximity  to  each  other. 
These  are  called  Double  Stars.  This  class  of  bodies  were  first 
attentively  observed  by  Sir  William  Herschel,  who,  in  the  years 
1782  and  1785,  published  catalogues  of  a  large  number  of 
them  which  he  had  observed.  The  list  has  since  been  greatly 
increased  by  Professor  Struve,  of  Dorpat,  Sir  J.  P.  W.  Herschel, 
and  other  observers. 

625.  Double  stars  are  of  various  degrees  of  proximity.  In 
a  great  number  of  instances,  the  angular  distance  of  the 
individual  stars  is  less  than  1'',  and  the  two  can  only  be  sepa- 
rated by  the  most  powerful  telescopes.  In  other  instances, 
the  distance  is  from  1'  to  2',  and  the  separation  can  be  effected 
with  telescopes  of  very  moderate  power.  They  are  divided 
into  six  different  classes,  according  to  their  distances,  those  in 
which  the  proximity  is  the  closest  forming  the  first  class. 

626.  Sir  William  Herschel  instituted  a  series  of  observations 
upon  several  of  the  double  stars,  with  the  view  of  ascertaining 
whether  the  apparent  relative  situation  of  the  individual  stars 
experienced  any  change,  in  consequence  of  the  annual  varia- 
tion of  the  parallax  of  the  star.  With  micrometers  adapted  to 
the  purpose,  he  measured  from  time  to  time  the  apparent  dis- 
tance of  the  two  stars,  and  the  angle  formed  by  their  line  of 
junction  with  the  meridian  at  the  time  of  the  meridian  passage, 
called  the  Angle  of  Position.  Instead,  however,  of  finding  that 
annual  variation  of  these  angles,  which  the  parallax  of  the 
earth's  annual  motion  would  produce,  he  observed  that,  in 
many  instances,  they  were  subject  to  regular  progressive 
changes,  which  seemed  to  indicate  a  real  motion  of  the  stars 
with  respect  to  each  other.  After  continuing  his  observations 
for  a  period  of  twenty -five  years,  he  satisfactorily  ascertained 
that  the  changes  in  question  were  in  reality  produced  by  a  mo- 
tion of  revolution  of  one  star  around  the  other,  or  of  both 
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around  their  common  centre  of  gravity ;  and  in  two  papers, 
published  in  the  Philosophical  Transactions  for  the  years  1803 
and  1804,  he  announced  the  important  discovery  that  there 
exist  sidereal  systems,  composed  of  two  stars  revolving  about 
each  other  in  regular  orbits.  These  stars  have  received  the 
appellation  of  Binary  Stars,  to  distinguish  them  from  other 
double  stars  which  are  not  thus  physically  connected,  and 
whose  apparent  proximity  may  be  occasioned  by  the  circum- 
stance of  their  being  situated  on  nearly  the  same  line  of  direc- 
tion from  the  earth,  though  at  very  different  distances  from  it. 

627.  Since  the  time  of  Sir  W.  Herschel,  the  observations  upon 

the  binary  stars  have  been  continued  by  several  distinguished 

astronomers.    From  the  observations  made  upon  some  of  them, 

astronomers  have  been  enabled  to  deduce  the  form  of  their  orbits, 

and  approximately  the  lengths  of  their  periods.    The  orbits  are 

ellipses  of  considerable  eccentricity.     The  periods  are  of  various 

lengths,  as  will  be  seen  from  the  following  enumeration  of  those 

which  are  considered  as  the  best  ascertained :  y  Leanis  1200  years ; 

yVirginis  629  years ;  61  Cygni  452  years ;  tf  CoronsB  287  years ; 

Castor  253  years ;  70  Opiuchi  80  years ;  g  UrssB  58  years ;  ^  Can- 

cri  55  years ;  and  ij  Coronae  43  years. 

Clusters  of  Stars — NebulcB. 

528.  Many  spaces  are  discovered  in  the  heavens  which  are 
faintly  luminous,  and  shine  with  a  pale  white  light.  These  are 
called  Nebuke,  Some  are  visible  to  the  naked  eye,  but  the  great- 
er number  cannot  be  seen  without  the  aid  of  a  good  telescope. 
On  applying  to  them  telescopes  of  great  power,  they  are  found  for 
the  most  part  to  consist  of  a  multitude  of  small  stars,  distinctly 
aqmrate,  but  very  near  each  other,  and  more  or  less  condensed 
towards  the  centre. 

629.  There  are  also  clusters  of  stars  in  close  proximity,  dis- 
persed here  and  there  over  the  sphere  of  the  heavens,  which  are 
seen  to  be  sudi  with  the  naked  eye,  or  with  telescopes  of  only 
moderate  power.  One  of  the  most  conspicuous  of  these  clusters, 
is  that  called  the  Pleiades. 

To  the  unaided  sight  it  appears  to  consist  of  six  or  seven  stars, 
but  a  telescope  even  of  moderate  power  exhibits  within  the  space 
they  occapy  fifty  or  sixty  conspicuous  stars.    The  constellation 

27 
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called  Coma  Berenices,  is  another  group,  more  diffused,  and  com- 
posed of  larger  stars. 

In  the  constellation  Cancer  there  is  a  luminous  spot,  or  nebula, 
called  Preesepe,  or  the  bee-hive,  which  a  telescope  of  moderate 
power  resolves  entirely  into  stars.  In  Perseus  is  another  spot 
crowded  with  stars,  which  become  separately  visible  with  a  good 
telescope. 

630.  A  considerable  number  of  nebulae  are  met  with  in  differ- 
ent parts  of  the  heavens,  which  offer  no  appearance  of  stars,  even 
when  examined  with  telescopes  of  the  highest  power.  A  very 
great  diversity  of  form  and  aspect  obtains  among  them.  One 
of  the  most  prominent  is  that  near  the  star  v  in  Andromeda. 
It  is  visible  to  the  naked  eye,  and  has  often  been  mistaken  for  a 
comet. 


PART  III. 


OF  THE  THEORY  OF  UNIVERSAL  GRAVITATION. 


CHAPTER    XX. 

OP   THE    PRINCIPLE    OP   UNIVERSAL   GRAVITATION. 

531.  It  is  demonstrated  in  treatises  on  Mechanics,  that  if  a  body 
nnove  in  a  curve  in  such  a  manner  that  the  areas  traced  by  the 
radius  vector  about  a  fixed  point,  increase  proportionally  to  the 
times,  it  is  solicited  by  an  incessant  force  constantly  directed  to- 
wards this  point.  Now,  by  Kepler's  first  law,  the  areas  described 
by  the  radii  vectores  of  the  planets  about  the  sun,  are  proportion- 
al to  the  times.  It  follows  therefore  from  this  law,  that  each 
planet  is  acted  upon  by  a  force  which  urges  it  continually  to- 
«rards  the  sun. 

This  fact  is  technically  expressed,  by  saying  that  the  planets 
gravitate  towards  the  sun,  and  the  force  which  urges  each  planet 
towards  the  sun  is  called  its  ChravUt/,  or  Force  of  Gravity  towards 
the  sun. 

532.  It  is  also  proved  by  the  principles  of  Mechanics,  that  if  a 
body,  continually  urged  by  a  force  directed  to  some  point, 
describe  an  ellipse  of  which  that  point  is  a  focus,  the  force  by 
which  it  is  urged  must  vary  inversely  as  the  square  of  the  dis- 
tance. It  therefore  follows  from  Kepler's  second  law,  viz :  that 
the  planets  describe  ellipses  having  the  centre  of  the  sun  at  one 
of  their  foci ;  that  the  force  of  gravity  of  each  planet  towards  the 
sun,  varies  inversely  as  the  square  of  the  distance  from  the  sun's 
centre. 

533.  By  taking  into  view  Kepler's  third  law,  it  is  proved  that  it 
^  one  and  the  same  force,  modified  only  by  distance  fix)m  the 
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sun,  which  causes  all  the  planets  to  gravitate  towards  him,  and 
retains  them  in  their  orbits.  This  force  is  conceived  to  be  an 
attraction  of  the  matter  of  the  sun  for  the  matter  of  the  planets, 
and  is  called  the  Solar  Attraction. 

634.  The  motions  of  the  satellites  are  in  conformity  with  Kep- 
ler's laws ;  hence,  the  planets  which  have  satellites  are  endowed 
with  an  attractive  force  of  the  same  nature  with  that  of  the  sun. 

535.  The  existence  of  a  similar  attractive  power  in  each  of  the 
planets  that  are  devoid  of  satellites,  is  proved  by  the  fact  that  the 
observed  inequalities  of  their  motions,  and  of  those  of  the  other 
planets,  may  be  shown  upon  this  supposition  to  be  necessary  con- 
sequences of  the  attractions  of  the  planets  for  each  other. 

536.  In  like  manner  the  inequalities  in  the  motions  of  the 
satellites  and  their  primaries,  show  that  the  satellites  possess  the 

.  same  property  of  attraction  as  the  sun. 

537.  We  learn  from  the  motions  produced  by  the  action  of 
\the  sun  and  planets  upon  each  other,  that  the  intensities  of  their 

attractive  forces  are,  at  the  same  distance,  proportional  to  their 
n^asses,  and  that  the  whole  attraction  of  the  same  body  for  different 
bodies,  is,  at  the  same  distance,  proportional  to  the  masses  of  these 
bodies.  From  which  we  may  infer  that  a  mutual  attraction  ex- 
ists between  the  particles  of  bodies,  and  that  the  whole  force  of 
attraction  of  one  body  for  another,  is  the  result  of  the  attractions 
of  its  individual  particles.  Moreover,  analysis  shows,  that  in 
order  that  the  law  of  attraction  of  the  whole  body  may  be  that  of 
the  inverse  ratio  of  the  square  of  the  distance,  this  must  also  be 
't^ie  law  of  attraction  of  the  particles.  The  fact,  as  well  as  the 
la\^  of  the  mutual  attraction  of  particles,  is  also  revealed  by  the 
tides,  and -other  phenomena  referable  to  such  attraction. 

538.  The  celestial  phenomena  compared  with  the  general 
laws  of  motion,  conduct  us  therefore  to  this  great  principle  of 
nature  ;  namely,  that  all  particles  of  matter  mutually  attract 
each  other  in  the  direct  ratio  of  their  m^a^ses,  and  in  the  inverse 
ratio  of  the  squares  of  their  distances..  This  is  called  the  prin- 
ciple of  Universal  Gravitation,  The  theory  of  its  existence  was 
first  promulgated  by  Sir  Isaac  Newton,  and  is  hence  often  called 
Newtoris  Theory  of  Universal  Gravitation,  The  force  which, 
urges  the  particles  of  matter  towards  each  other,  is  called  the 
Force  of  Cfravitaiion,  or  the  Attraction  of  Chravitation. 
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639.  In  the  following  chapters  our  object  will  be  to  develope 
the  most  important  effects  of  the  principle  of  gravitation  thus 
BLrriyed  at  by  induction.  The  perfect  accordance  that  will  be 
observed  to  obtain  between  the  deductions  from  the  theory  of 
universal  gravitation  and  the  results  of  observation,  will  afford 
additional  confirmation  of  the  truth  of  the  theory. 


CHAPTER   XXI. 


THEORY    OF   THE    ELLIPTIC    MOTION    OF   THE    PLANETS. 

540.  Let  the  attraction  of  the  unit  of  mass  of  the  sun  for  the 

unit  mass  of  a  planet,  at  the  unit  of  distance,  be  designated  by  1. 

The  whole  attraction  exerted  by  the  sun  upon  the  unit  of  mass, 

at  the  same  distance,  will  then  be  expressed  by  the  mass  of  the  sun 

(M) ;  OTj  in  other  words,  by  the  number  of  units  which  its  mass 

contains.    And  the  attraction  F,  at  any  distance  r,  will  result 

M 
from  the  proportion  M  :  P  : :  r^  :  1*,  which  gives  F  =  —  This, 

in  the  language  of  Dynamics,  is  the  Accelerating  Force  soliciting 
the  planet. 

As    —  expresses  the  attraction  of  the  sun  for  a  unit  of  mass  of 

the  planet,  its  attraction  for  the  entire  mass  m  of  the  planet  will 

M 
be  exprlessed  by  m  —     This  is  the  moving  force  of  the  planet, 

and  since  it  is,  at  the  same  distance,  proportional  to  the  mass  of 
the  planet,  the  velocity  due  to  its  action  is  the  same,  whatever 
may  be  the  mass. 

541.  The  planet  has  also  an  attraction  for  the  sun,  as  well  as 
the  sun  for  the  planet,  and  the  expression  for  its  attractive  force, 
or  for  the  accelerating  force  animating  the  sun,  will  obviously 
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be  —    The  sun  will  then  tend  towards  the  planet,  as  the  planet 

towards  the  sun.  But,  if  the  two  bodies  were  to  set  out  from 
a  state  of  rest,  the  velocity  of  the  planet  would  be  as  many 
timesgreaterthan  the  velocity  of  the  sun,  as  the  mass  of  the  son  is 
greater  than  that  of  the  planet.  For,  the  velocity  of  the  planet 
would  be  to  that  of  the  sun  as  the  attractive  force  of  the  sun  is  to 

the  attractive  force  of  the  planet,  that  is,  as  —  :  — ,  or  as  M:  m. 

As  the  attraction  of  the  particles  of  the  sun  and  planet  ore  nm- 
tual  and  equal,  the  attraction  of  the  planet  for  the  entire  mass  of 
the  sun  must  be  equal  to  the  attraction  of  the  sun  for  the  entire 
mass  of  the  planet. 

642.  The  sun  and  any  planet  revolve  about  their  common 
centre  of  gravity. 

To  show  this,  we  would  remark,  in  the  first  place,  that  it  b  • 
principle  of  Mechanics  that  the  mutual  actions  of  the  different 
members  of  a  system  of  bodies  cannot  affect  the  state  of  the  cen- 
tre of  gravity  of  the  system.  This  is  called  the  Principle  ef  the 
Preservation  of  the  Centre  of  Gravity,  It  follows  from  it  that  the 
common  centre  of  gravity  of  the  sun  and  any  planet  is  at  rest, 
unless  it  has  a  motion  of  translation  in  common  with  the  two 
bodies,  imparted  by  a  force  extraneous  to  the  system.  As  we  are 
concerned  at  present  only  with  the  relative  motion  of  the  sun  and 
planet,  such  motion  of  translation,  if  it  does  exist,  may  be  left  out  of 
account.  Now,  let  S  (Fig.  71)  be  the  sun,  and  P  any  planet,  sup- 
posed for  the  moment  to  be  at  rest.  If  neither  of  the  two  bodies 
should  receive  a  velocity  in  a  direction  oblique  to  PS  the  line  of 
their  centres,  they  would  move  towards  each  other  by  virtue  of 
their  mutual  attraction,  and  meet  at  C  their  common  centre  ci 
gravity.*  But,  if  the  body  P  have  a  projectile  velocity  given 
to  it  in  any  direction  P  t,  inclined  to  the  line  PS,  it  is  susceptible 
of  proof  that  its  motion  relative  to  the  sun  may  be  in  an  ellipse, 
as  is  observed  to  be  the  case  with  the  planets. 

Now,  while  the  planet  moves  in  space,  the  line  of  the  centres 


•  The  common  centre  of  grayitj  of  two  bodies  lies  on  the  line  joining  tbair 
centres,  and  divides  this  line  into  puts  inverselj  proportional  to  the  mumt  ^ 
the  bodies. 
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of  the  planet  and  sun  must  continually  pass  through  the  station- 
aiy  position  of  the  centre  of  gravity,  and  therefore,  when  the 
planet  has  advanced  to  any  point  p,  the  sun  will  have  shifted  its 
iwsition  to  some  point  s  on  the  line  p  C  prolonged.    Moreover,  as 
tfae  two  bodies  mutually  gravitate  towards  each  other,  the  paths 
of  each  in  space  will  be  continually  conclave  towards  the  other 
I)ody,  and,  therefore,  also  towards  the  centre  of  gravity  C,  which 
is  constantly  in  the  same  direction  as  the  other  body.    Since  the 
planet  performs  a  revolution  around  the  sun,  the  sun  and  planet 
must  each  continue  to  move  about  the  point  C  until  they  have 
accomplished  a  revolution  and  returned  to  the  line  PCS.    Also 
as  the  distance  P  S  of  the  two  bodies  will  be  the  same  at  the  end 
as  at  the  beginning  of  the  revolution,  as  well  as  the  ratio  of  their 
distances  P  G  and  S  C  from  the  centre  of  gravity,  they  will  re- 
turn to  the  positions  PS,  from  which  they  set  out,  and  will 
therefore  move  in  continuous  curves. 

As  the  distances  of  the  sun  and  planet  from  their  common 
centre  of  gravity  are  constantly  reciprocally  proportional  to  their 
masses,  the  orbit  of  the  sun  will  be  exceedingly  small  in  com- 
parison with  the  orbit  of  the  planet 
643.  If  to  both  the  sun  and  planet  there  should  be  applied  a 

force  eqjaal  to  the  accelerating  force  of  the  sun,  —  (Art.  641),  but 

in  an  opposite  direction,  the  sun  would  be  solicited  by  two  forces 
that  would  destroy  each  other,  but  the  planet  would  now  be 
mged  towards  the  sun  remaining  stationary,  with  the  accelerating 

Ibroe  — X — ,  or  a  force  the  intensity  of  which  was  equal  to  the 

ma  of  the  intensities  of  the  attractive  forces  of  the  sun  and  planet, 
at  the  distance  of  the  planet.  Now,  the  application  of  a  common 
farce  will  not  alter  the  relative  motion  of  the  two  bodies.  Hence, 
in  investigating  this  motion  we  are  at  liberty  to  conceive  the  sun 
to  be  stationary,  if  we  suppose  the  planet  to  be  solicited  by  the 

accelerating  force      "^^.    As  the  mass  of  the  sun  is  very  much 

greater  than  that  of  any  planet,  but  little  error  will  be  committed 
in  neglecting  the  attraction  of  the  planet,  and  taking  into  account 

only  the  son's  action  — . 
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644.  Analysis  makes  known  the  general  laws  of  the  motkm 
of  a  body,  when  impelled  by  a  projectile  force,  and  afterwards 
continually  attracted  towards  the  sun's  centre  by  a  force  vary- 
ing inversely  as  the  square  of  the  distance.  We  leam  by  it 
that  the  body  will  necessarily  describe  some  one  of  the  conic 
sections,  around  the  sun  situated  at  one  of  its  foci.  We  learn,  j 
also,  that  the  nature  of  the  orbit,  as  well  as  the  length  of  the  i 
major  axis,  is  wholly  dependent,  for  any  given  distance  of  the 
planet,  upon  the  intensity  of  the  projectile  force,  but  that  the 
position  of  the  axis,  and  the  eccentricity  of  the  orbit,  depend 
also  upon  the  angle  of  projection,  (that  is,  the  angle  included, 
at  the  commencement  of  the  motion,  between  the  line  of  direc- 
tion of  the  projectile  force  and  the  radius  vector.)  As  to  the 
relative  intensity  of  the  projectile  force  necessary  to  the  produc- 
tion of  each  one  of  the  conic  sections,  a  certain  intensity  of 
force  will  produce  a  parabola;  any  less  intensity,  an  ellipse  or 
circle ;  and  any  greater,  a  hyperbola. 

645.  If  the  velocity  that  would  at  a  given  distance  be  im- 
parted by  the  sun's  attraction  in  a  second  of  time,  which  is  the 
measure  of  its  intensity  at  the  given  distance,  be  found,  and  also 
the  distance  of  a  planet  at  any  time,  as  well  as  its  velocity  and 
the  angle  made  by  the  direction  of  its  motion  with  the  radius 
vector,  the  form,  dimensions,  and  position  of  the  planet's  orbit 
can  be  computed.  This  is  to  determine  the  orbit  d  priori. 
The  practice  has  been,  however,  to  determine  the  various 
elements  of  a  planet's  orbit  by  observation,  (as  already  described, 
Chap.  VIII). 

The  elements  being  known,  the  equations  of  the  elliptic  mo- 
tion, investigated  on  the  principles  of  Mechanics,  serve  to  make 
known  the  position  and  velocity  of  the  planet  at  any  time. 
(The  investigation  of  these  equations  may  be  found  in  the  En- 
cyclopaedia Metropolitana,  Article  Physical  Astronomy^  page 
663,  in  the  M^canique  Elementaire  de  Francoeur,  and  in 
many  other  similar  works.)* 

646.  The  physical  theory  of  the  motion  of  a  satellite  around 


*  The  Mjaations  an  the  same  with  those  deduced  iBrectlj  from  Keplei^lawf  ol 
the  planetary  motiona.    (See  App.,  Solution  of  Keplei^  PkeUem.) 
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its  primary  is  olnrioody  die  same  as  that  of  tbe  motion  of  a 
planet  aroond  the  sun. 

547.  According  to  the  princij^  of  the  preserration  of  the 
centre  of  gravity  (Art.  542),  the  centre  of  graTity  of  the  whole 
solar  system  most  either  be  at  rest,  or  have  a  motion  of  transla^ 
don  in  space  in  common  with  the  system,  resulting  from  the 
action  of  a  foreign  force.    If  any  general  motion  of  the  solar 
system  subsists,  it  has  not  yet  been  recognized  from  obser- 
vation. 

648.  The  sun  and  planets  revolve  around  their  common 
centre  of  gravity.  The  path  of  the  sun  s  centre  results  from 
the  joint  action  of  all  the  planets,  and  is  a  complicated  curve. 
As  the  quantity  of  matter  in  all  the  planets  taken  together  is 
very  small,  compared  with  that  in  the  sun.  the  extent  of  the 
curve  described  by  the  centre  of  the  sun  cannot  be  very  great. 
It  is  found  by  computation,  that  the  distance  between  the  sun*s 
centre  and  the  centre  of  gravity  of  the  system  can  never  be 
equal  to  the  sun's  diameter. 

549.  It  is  demonstrated  in  treatises  on  Mechanics,  that  if 
foreign  forces  act  upon  a  system  of  bodies,  the  centre  of  gravity 
of  the  system  will  move  just  as  tbe  whole  mass  of  ttie  system 
concentrated  at  the  centre  of  gravity  would  move,  under  the 
action  of  the  same  forces.    It  follows  from  this  principle,  that 
from  the  attraction  of  the  sun  for  a  primary  planet  and  its  sateU 
lites,  their  conomon  centre  of  gravity  will  revolve  around  the 
son,  just  as  the  whole  quantity  of  matter  in  tlie  planet  and  its 
satellites  concentrated  at  this  point  would,  under  the  influence 
of  the  same  attraction.    Moreover,   the  same  considerations 
which  show  that  the  sun  and  planets  revolve  about  their  com- 
mon centre  of  gravity,  will  also  show  that  a  primary  planet  and 
iti  satellites  revolve  about  their  conunon  centre  of  gravity.     It 
qipears,  therefore,  that  in  the  case  of  a  planet  which  has  satel- 
Ihes,  it  is  not,  strictly  speaking,  the  centre  of  the  planet  that 
moves  agreeably  to  the  first  and  second  laws  of  Kepler,  but  the 
common  centre  of  gravity  of  the  planet  and  its  satellites  ;  the 
planet  and  satellites  revolving  around  the  centre  of  gravity,  as 
it  describes  its  orbit  about  the  sun. 

650.  It  may  be  worth  while  here  to  remark,  that  the  revolu- 
timi  of  the  earth  arocmd  the  conunon  centre  of  gravity  of  the 

28 
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earth  and  moon,  occasions  an  inequality,  both  of  longitude  and 
latitude,  in  the  apparent  motion  of  the  sun.  It  is,  however,  ex- 
ceedingly small,  for  the  reason  that  the  distance  of  the  earth's 
centre  from  the  centre  of  gravity  is  very  short,  in  comparison 
with  the  distance  of  the  sun.  The  mass  of  the  earth  is  to  that 
of  the  moon  as  80  to  1,  while  the  distance  of  the  moon  is  to  the 
radius  of  the  earth  as  60  to  1.  It  follows,  therefore,  that  the 
conmion  centre  of  gravity  of  the  earth  and  moon  Ues  within  the 
body  of  the  earth. 

661.  It  appears  also  from  the  physical  investigation  of  the 
elUptic  motion  of  the  planets,  that  Kepler's  third  law  is  not  rigor- 
ously true.  In  consequence  of  the  action  of  the  planets  upon 
the  sun,  the  ratio  of  the  periodic  times  of  the  different  planets  de- 
pends upon  the  masses  of  the  planets,  as  well  as  their  distances 
from  the  sun.  Up  and  p'  be  the  periodic  times  of  any  two  of  the 
planets,  a  and  a'  their  mean  distances  from  the  sun's  centre,  and 
m  and  m'  their  quantities  of  matter,  that  of  the  sun  being  denoted 
by  1,  then,  disregarding  the  actions  of  the  other  planets. 


l+m    l-^m' 

As  m  and  m'  are  very  small  fractions,  the  error  resulting  from 

their  omission  will  be  very  small.    If  we  omit  them,  we  shall 

have, 

p^  :  p'«  :  :  a'  :  a'»; 

which  is  Kepler's  third  law. 


CHAPTER    XXII. 

THEORY   OP   THE    PERTURBATIONS    OF   THE   ELLIPTIC    M0TI05 
OF   THE    PLANETS   AND   OF   THE   MOON. 

SppL  We  have,  in  a  previous  chapter,  given  a  general  idea  of 
tfie  Heiode  of  determining  from  theory  and  observation  combined, 
telaw  and  amount  of  the  perturbations  or  inequalities  of  the 
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lunar  and  planetary  motions.  We  propose  now  to  give  sbme  in- 
sight into  the  nature  and  manner  of  operation  of  the  disturbing 
&rces,  and  will  commence  with  the  perturbations  of  the  moOA 
produced  by  the  action  of  the  sun. 

553.  We  have  already  (Art.  259)  showed  how  the  intensity  and 
direction  of  the  disturbing  force  of  the  sun,  in  any  given  position 
Df  the  moon  in  its  orbit,  may  be  determined.  Let  us  now  derive 
the  disturbing  forces  that  take  effect  in  the  three  directions  in 
nrhich  the  motion  of  the  moon  can  be  changed ;  namely,  in  the 
lirection  of  the  radius  vector,  of  the  tangent  to  the  orbit,  and  of 
the  perpendicular  to  its  plane.  Let  E  (Fig.  72)  be  the  earth,  M 
the  moon,  and  S  the  sun.  Let  the  force  exerted  by  the  siin  up6n 
the  moon  be  decomposed  into  two  forces,  one  acting  along  the 
line  M  S'  parallel  to  E  S,  and  the  other  from  M  towards  E.  If 
:he  component  along  M  S'  were  equal  to  the  force  exerted  by  the 
mn  upon  the  earth,  the  motion  of  the  moon  about  the  earth  would 
Qot  be  changed  by  the  action  of  these  two  forces.  Hence,  the 
iifference  between  them  will  be  the  disturbing  force  in  the  direc- 
tion MS'.  The  component  along  ME  is  another  disturbing 
force.  It  is  called  the  Addititious  Force^  because  it  tends  to  in- 
crease the  gravity  of  the  moon  towards  the  earth.  The  disturb- 
ing force  along  MS'  will  generally  be  inclined  to  the  plane  of  the 
orbit,  and  may  be  decomposed  into  three  forces,  one  in  the  direc- 
tion of  the  tangent,  another  in  the  direction  of  the  radius  vector, 
and  a  third  in  the  direction  of  the  perpendicular  to  the  plane. 
The  first  mentioned  component  is  called  the  Tangential  Force  / 
the  second  is  called  the  Ablatitious  Force  ;  and  the  third  we  shall 
call  the  Perpendicular  Force, 

The  actual  disturbing  force  in  the  direction  of  the  radius  vector 
is  equal  to  the  difference  between  the  addititious  and  ablatitious 
forces,  and  is  called  the  Radial  Force,  This  and  the  tangential 
and  perpendicular  forces  constitute  the  disturbing  forces,  the  di- 
rect operation  of  which  is  to  be  considered. 

554.  To  obtain  general  analytical  expre^ions  for  these  forces, 
let  the  distance  of  the  sun  from  the  earth  ( which  for  the  present 
we  shall  suppose  to  be  constant)  be  denoted  by  a,  and  the  dis- 
tances of  the  moon  from  the  earth  and  sun,  respectively,  by  y,  and 
z.  Also  let  F  =  the  force  exerted  by  the  earth  upon  the  moon, 
P  =  the  force  exerted  by  the  sun  upon  this  earth,  and  d  =  the  force 
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exerted  by  the  sun  upon  the  moon.  Then,  if  we  denote  the  mass 
of  the  earth  by  1,  and  take  m  to  stand  for  the  mass  of  the  sun,  we 
shall  have,  ( Art.  539), 

y2  a«  z' 

Let  the  force  d  be  represented  by  the  line  M  S  (Fig.  72) ;  and 
let  its  component  parallel  to  E  S,  or  M  S'  =  R,  and  its  component 
along  the  radius  vector,  or  M  E  =  T. 

a:T::MS:ME:  or,   —  :T::z:y. 

z* 

Whence,  addititious  force  T  =  ^  .  .  .  (130). 

z 

In  a  similar  manner  we  obtain, 

R  =  "^ (131). 

The  disturbing  force  in  the  direction  of  the  sun 

z^       a«  \z'  a»  / 

Now,  let  a,  13,  7,  denote  the  angles  made  by  the  line  M  S', 
respectively,  with  the  tangent,  the  radius  vector,  and  the  perpen- 
dicular to  the  plane  of  the  orbit,  and  we  shall  have  for  the  compo- 
nents of  the  disturbing  force  R  —  P,  along  these  lines  ; 

tangential  force  =m  a  I — ^ — — —\  cos  a  .  .  .  (132) ; 
ablatitious  force  =  ma  I  —  — I  cos  jS  .  .  .  (133) ; 

perpendicular  force  =  m  a  I  — —  — g- 1  cos  7  .  .  .  (134). 

CJombining  equation  (133)  with   equation  (130)  we  obtain  for 
the  radial  force. 


radial  force 


=  fny m  a  1 — 1  cos  y. 

^    z^  \z  ^       a^   f         ' 


555.  The  obliquity  of  the  orbit  of  the  moon  to  the  plane  of 
the  ecliptic,  affects  but  very  slightly  the  value  of  the  tangential 
and  radial  forces.  If  we  leave  it  out  of  account,  or  suppose  the 
moon^s  orbit  to  lie  in  the  plane  of  the  eclipticy  we  shall  have 
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(Pig.  73)  jg  =  S'  M  L  =  S  E  M  the  elongation  of  the  moon  =  9, 
And  a  =  complement  of  9,  which  gives, 

tangential  force  =  m a  I — ^-i  sin9  .  .  .(136). 

radial  force  ='my may 1  COS9  .  .  .  (136). 

556.  Equation  (134)  may  be  transformed  into  another,  which 
is  better  adapted  to  the  purposes  we  have  in  view.     Let  M  K 
(Fig.  72)  represent  the  perpendicular  to  the  plane  of  the  moon's 
orbit,  M  F  the  intersection  of  the  plane  S  M  K  with  the  plane  of 
the  moon's  orbit,  and  S  I,  I F  the  intersections  of  a  plane  pass- 
ing through  S  and  perpendicular  to  E  N,  the   line  of  nodes, 
with  the  plane  of  the  ecliptic  and  the  plane  of  the  orbit.    S  F 
will  be  perpendicular  to  both  I F  and  M  F.    Denote  S I F  the 
inclination  of  the  orbit  to  the  ecliptic,  by  I,  S  E  N  the  angular 
distance  of  the  sun  from  the  node  by  N,  and  S  E  and  S  M  by  a, 
and  jzr,  as  before. 

Now,  in  equation  (134)  7  stands  for  the  angle  S'MK,  but  S' 
M  K  =  S  M  K  (nearly),  and, 

cosSMK  =  sinSMF  =  |-£; 

SM 

SF=SIsinSIF,  andSI  =  SEsinSEI; 

whence,        S  F  =  S  E  sin  S  E I  sin  S  I F  =  a  sin  N  sin  I ; 

substituting, 

a  njr  xr     a  siu  N  siu  I      a  Sin  N  sin  I 

COSy  =  COSSMK=   pr-=r= = . 

'  SM  z 

Thus  we  have, 

/.  _               /I          IVasinNsinI  /,q-.v 

perpen.  force  ^  m  a  I  — -A .  .  .  (lo7). 

557.  The  variable  z  may  be  eliminated  from  equations  (135), 
(136)  and  (137),  and  other  equations  obtained,  involving  only 
the  variables  y  and  9.  Let  M  L  (Fig.  72)  be  drawn  through 
the  place  of  the  moon  perpendicular  to  E  S.  Then,  using  the 
same  notation  as  in  the  preceding  articles, 

L  S  =2:  (nearly),  E  L  =  E  M  cos  L  E  M  =  y  cos  9 ; 

but,  LS=SE  — EL; 

whence,       z»a  —  y  cos  9,  and  js'  «a'  -^3a*  ycos  9: 
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neglecting  the  terms  containing  the  higher  powers  of  y 
the  first,  as  they  are  very  minute,  y  being  only  about  riv  a. 

j_^ 1 1   ,  3ycos9  . 

^     a» — 3  a"  y  cos  9      a»         a* 

n^lecting  all  the  terms  of  the  quotient  that  involve  high&x* 

powers  of  y  than  the  first.    Substituting  this  value  of  -^  in 

^nation  (136),  we  obtain, 

tangential  force  =  Smycos^ysiny . 

or,  (App.  For.  13), 

tangential  force  =    ^^ ?  .  .  .  (138). 

Making  the  same  substitution  in  equation  (136),  and  neglecting 
the  term  contaming  y',  there  results, 

radial  force  =  ^y  (1-3  cos^g^ ; 

a' 

or,  (App.  For.  9), 

radial  force  ^  _^y  (1  +  3  cos  2_g)  ^^^^ 

In  equation  (137)  we  have  to  substitute,  besides,  the  value  of 
z,  viz :  a  —  y  cos  9 ;  then  dividing  and  neglecting  as  before,  we 
have, 

perpen.  force  =  3^ycosy  gi^  n  sin  I  .  .  .  (140.) 

a' 

668.  If  the  disturbing  forces  retained  constantly  the  same 
intensity  and  direction,  the  result  would  be  a  continual  pro- 
gressive departure  from  the  elliptic  place;  but,  in  point  of 
&ct,  these  forces  are  subject  to  periodical  changes  of  intensity 
and  direction  from  several  causes,  from  which  results  a  com- 
pensation of  efiects,  and  an  eventual  return  to  the  elliptic 
place.  The  causes  of  the  variation  of  the  disturbing  forces 
are: 

1.  The  revolution  of  the  moon  around  the  earth. 

3.  The  elliptic  form  of  the  apparent  orbit  of  the  sun. 
S.  The  elliptic  form  of  the  orbit  of  the  moon. 

4.  The  hiclination  of  the  two  orbits. 
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As  the  variations  of  the  radial  and  tangential  forces,  resultinj!^ 
bom  the  inclination  of  the  orbits,  are  very  minute,  we  shall 
leave  them  out  of  account,  and  in  the  consideration  of  the 
effects  of  these  forces,  shall,  for  the  sake  of  simplicity,  regard 
the  orbits  as  lying  in  the  same  plane. 

The  first  mentioned  circumstance  is  the  most  prominent 
cause  of  variation,  and  gives  rise  to  the  more  conspicuous 
perturbations.  The  other  two  serve  to  modify  the  variations 
of  the  forces  resulting  from  the  first,  and  occasion  each  a  dis- 
tinct set  of  periodical  perturbations. 

559.  Let  us  now  investigate,  in  succession,  the  effects  of  each 
of  the  disturbing  forces,  commencing  with  the  tangential  force* 
The  tangential  force  takes  effect  directly  upon  the  velocity  of  the 
moon  in  its  orbit;   and  as  its  line  of  direction  does  not  pass 
through  the  earth,  it  disturbs  the  equable  description  of  areas.    It 
also  affects  the  radius  vector  indirectly,  by  changing  the  centrifu- 
gal force.     To  understand  the  detail  of  its  action,  we  must  in- 
quire into  the  variations  which  it  undergoes. 

If  we  regard  y  as  constant  in  the  expression  for  the  tangential 
force,  (equa.  138),  which  amounts  to  considering  the  moon's 
orbit  as  circular,  the  expression  will  become  equal  to  zero  when 
sin  29  =  0,  and  will  have  its  maximum  value  when  sin  2  9  =  1. 
It  will  also  change  its  sign  with  sin  2  9.    It  appears,  therefore, 
that  the  tangential  force  is  zero  in  the  S3rzigies  and  quadratures, 
^here  it  also  changes  its  direction,  and  that  it  attains  its  maxi- 
mum value  in  the  octants.    It  will  be  seen,  on  inspecting  Fig. 
74,  that  it  will  be  a  retarding  force  in  the  first  quadrant,  (A  B). 
Accordingly,  it  will  be  an  accelerating  force  in  the  second,  a 
letaiding  force  again  in  the  third,  and   an  accelerating  force 
again  in  the  fourth. 

This  will  also  appear  upon  considering  the  direction  of  the 

disturbing  force  parallel  to  the  line  of  the  centres  of  the  sun 

and  earth,  in  the  various  quadrants.    In  the  nearer  half  of  the 

orbit  the  sun  tends  to  draw  the  moon  away  firom  the  earth,  and 

the  force  in  question  is  directed  towards  the  sun.    In  the  more 

remote  half  the  sun  tends  to  draw  the  earth  away  from  the 

moon,  but  we  may  regard  it,  instead,  as  urging  the  moon  from 

the  earth  by  the  same  force  ;  for,  the  relative  motion  will  be  the 

same  on  this  supposition.    In  the  part  of  the  orbit  supposed, 
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then,  the  disturbing  force  under  consideration  will  be  directed 
fipom  the  sun,  as  represented  in  Fig.  74. 

560.  It  appears,  then,  that  the  tangential  force  will  alternately 
retard  and  accelerate  the  motion  of  the  moon  during  its  passage 
through  the  different  quadrants,  and  that  the  maximum  of  velocity 
will  occur  in  the  syzigies  A,  C,  where  the  accelerating  force  be- 
comes zero,  and  the  minimum  of  velocity  in  the  quadratures  B,D, 
where  the  retarding  force  becomes  zero.    On  the  supposition  that 
the  orbit  is  a  circle,  the  arcs  A  B,  B  C,  C  D,  and  D  A,  would  be 
equal,  and  the  retardation  of  the  velocity  in  one  quadrant  would 
be  compensated  for  by  an  equal  acceleration  in  the  next,  and  at 
the  close  of  a  synodic  revolution,  the  velocity  of  the  moon  would 
be  the  same  as  at  its  commencement.    As  the  velocity  is  greatest 
in  the  syzigies,  and  least  in  the  quadratures,  and  as  the  degree  of 
retardation  is  the  same  as  that  of  acceleration,  the  mean  motion* 
must  have  place  in  the  octants.     Now,  as  the  moon  moves  from 
the  syzigy  A  with  a  motion  greater  than  the  mean  motion,  her  true 
place  will  be  in  advance  of  her  mean  place,  and  will  become  more 
and  more  so  till  she  reaches  the  octant,  where  the  true  motion  is 
equal  to  the  mean.     The  difference  between  the  true  and  mean 
place  will  then  be  the  greatest ;  for  after  that,  the  true  motion  be- 
coming less  than  the  mean,  the  mean  place  will  approach  nearer 
to  the  true,  till  at  the  quadrature  they  coincide.    Beyond  B,  the 
true  motion  still  continuing  less  than  the  mean,  the  mean  place 
will  be  in  the  advance  of  the  true,  and  the  sepxaration  will  increase 
till  at  the  octant  the  true  motion  has  attained  to  an  equahty  with 
the  mean  motion,  after  which,  the  mean  motion  being  the  slowest^ 
the  true  place  will  approach  the  mean  till  at  the  syzigy  C  they 
again  coincide.     Corresponding  effects  will  take  place  in  the  two 
remaining  quadrants.    \V^  perceive,  therefore,  that  the  tangential 
force  produces  an  inequality  of  longitude,  which  attains  to  its 
maximum  positive  and  n^ative  value  in  the  octants,  and  is  zero 
in  the  syzigies.     This  is  the  inequality  known  in  Plane  Astrono- 
my by  the  name  of  Variaiion^  (Art.  272). 

661.  Let  us  now  inquire  into  the  modifications  of  the  effects  of 
the  tangential  force,  that  result  from  the  elliptic  form  of  the  sun's 


*  The  oxpremions,  mean  motion,  trae  motion,  mean  place,  tnie  place,  are 
here  to  be  ondentood  only  in  relation  to  the  perturbation  under  consideration. 
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orbit  Suppose  that  at  the  moment  when  the  moon  sets  out  fiom 
conjunction,  the  sun  is  ih  the  apogee  of  its  orbit :  then  it  is  plain, 
that,  during  the  whole  revolution  of  the  moon,  the  sun's  disturbing 
ibrce  would  be  on  the  increase  by  reason  of  the  diminution  of  the 
sun's  distance,  and  that,  in  consequence,  the  retardation  in  the 
first  quadrant.would  be  less  than  the  acceleration  in  the  second, 
ind  the  retardation  in  the  third  less  than  the  acceleration  in  the 
burth.  So,  that,  when  the  moon  had  again  come  aroimd  into  con- 
unction,  the  acceleration  would  have  over-compensated  the  re- 
iirdation.  This  kind  of  action  would  go  on  so  long  as  the  sun 
l^ioached  the  earth ;  but  when  it  had  passed  the  perigee  of  its 
rbit,  and  began  to  recede  from  the  earth,  the  reverse  effect  would 
ike  place,  and  a  retardation  of  the  moon's  orbitual  motion  would 
appen  each  revolution.  If  the  anomalistic  revolution  of  the  sun 
ras  an  exact  multiple  of  the  synodic  revolution  of  the  moon,  the 
cceleration  in  each  revolution  of  the  moon  during  the  passage  of 
ae  sun  from  the  apogee  to  the  perigee  of  its  orbit,  would  be  com- 
ensated  for  by  an  equivalent  retardation  in  the  revolution  of  the 
noon  answering  to  the  same  distance  of  the  sun  in  its  passage  from 
he  apogee  to  the  perigee  :  and  the  velocity  of  the  moon  would  be 
he  same  at  the  close  of  an  anomalistic  revolution  of  the  sun  as  at 
ts  commencement.  But  as  this  relation  does  not,  in  fact,  subsist 
between  the  anomalistic  revolution  of  the  sun  and  the  synodic 
evolution  of  the  moon,  a  compensation  between  the  accelerations 
nd  retardations  answering  to  the  different  revolutions  of  the 
Qoon,  will  not  be  effected  until  conjunctions  shall  have  occurred 
it  every  variety  of  distance  of  the  sun  in  each  half  of  its  orbit, 
iince  the  anomalistic  and  synodic  revolutions  are  incommensura- 
)le,  the  sun  will  be,  in  reality,  in  every  variety  of  position  in  its 
)rbit,  at  the  time  of  conjunction,  in  process  of  time ;  so  that  event- 
udly  the  original  velocity  in  conjunction  will  be  r^ained.  It 
ippears,  therefore,  that  the  variation  of  the  moon's  motion  from 
Kie  revolution  to  another,  occasioned  by  the  elliptic  form  of  the 
un-s  orbit,  is  periodic.  Its  period  will  be  the  interval  of  time  in 
rhich  the  moon  will  perform  a  certain  number  of  synodic  revo- 
ations,  while  the  sun  performs  a  certain  number  of  anomalistic 
evolutions.  Avoiding  unnecessary  precision,  we  find  it  to  con- 
ist  of  but  a  moderate  number  of  years. 

29 
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562.  We  have  next  to  consider  the  consequences  of  the  dUp- 
tic  form  of  the  moon's  orbit.    We  remark  in  the  first  place  that 
the  orbit  being  an  ellipse,  the  areas  A  E  B,  B  E  C,  C  E  D,  and 
D  E  A  (Fig.  74)  will  be  unequal,  and  therefore,  by  the  laws  of 
elliptic  motion,  the  arcs  A  B,  B  C,  CD,  and  D  A  will  be  de- 
scribed in  unequal  times.    It  follows  from  this,  that  the  retarda- 
tion in  the  first  quadrant  will  not  be  exactly  compensated  by 
the  acceleration  in  the  second,  and  that  the  retardation  in  the 
third  will  not  be  exactly  compensated  by  the  acceleration  in  the 
fourth.      Therefore,  at  the  end  of  the  synodic  revolution  the 
moon  will  have  an  excess  or  deficiency  of  velocity.     Its  mean 
motion  will  then  vary  from  one  revolution  to  another,  by  reastm 
of  the  ellipticity  of  its  orbit.     This  variation  will  be  periodic, 
like  that  just  considered,  and  for  similar  reasons.     The  excess 
or  deficiency  of  velocity  at  the  close  of  any  one  revolution,  will 
in  time  be  compensated  by  an  equal  deficiency  or  excess  occur- 
ring at  the  close  of  another  revolution,  when  the  sun  has  a  cer- 
tain different  position  with  respect  to  the  perigee  of  the  moon's 
orbit. 

563.  We  pass  now  to  the  consideration  of  the  action  of  the 
radial  foirce.  The  direct  general  effect  of  the  radial  force,  is  an 
alteration  in  the  intensity  of  the  moon's  gravity  towards  the 
earth,  and  in  its  law  of  variation.  Its  specific  effects  are  period- 
ical variations  in  the  magnitude,  eccentricity  and  position  of  the 
orbit.  As  it  is  directed  towards  the  earth,  it  will  not  disturb 
the  equable  description  of  areas.  To  discover  the  variations  of 
this  force  we  have  only  to  discuss  the  general  analytical  expres- 
sion for  it,  already  investigated.    It  is, 

radial  force  =  ^y(l-3cos»9) . 

We  shall  have,  radial  force  =  0,  when  1  —  3  cos*  9  =  0,  or 
when  cos  9  =  ±  y/j^.  This  value  of  cos  9  answers  to  four  points 
lying  on  either  side  of  the  quadratures,  and  about  36^  distant 
fix)m  them.  When  cos  q>  is  numerically  greater  than  y/^,  the 
result  will  be  negative,  and  when  it  is  less  than  y^^^,  the  re- 
sult will  be  positive.  It  follows,  therefore,  that  the  radial  force 
increases  the  gravity  of  the  moon  in  the  quadratures,  and  for 
about  36^  on  each  side  of  them,  and  that  during  the  remainder 
of  a  synodic  revolution  it  diminishes  it. 
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When  the  moon  is  in  quadratures  cos  9  =  0,  and 
radial  force  =  ^^-^  .  .  .  (141). 

In  the  syzigies,  we  have  cos  9  =  i  1,  which  gives 

radial  force  =?-^  .  .  .  (142). 

a' 

It  appears  then  that  the  diminution  of  the  moon's  gravity  in 
the  syzigies,  is  double  of  its  increase  in  the  quadratures. 

We  learn  also  from  equations  (141)  and  (142),  that  the  radial 
force  in  the  quadratures  and  syzigies  varies  directly  as  the  dis- 
tance ;  from  which  we  conclude  that  the  gravity  of  the  moon 
varies  at  these  points  by  a  different  law  from  that  of  the  inverse 
squares.  In  the  quadratures  the  gravity  will  be  increased  most 
at  the  greatest  distance,  when  it  is  the  least ;  and  thus  it  will 
vary  in  a  less  rapid  ratio  than  the  square  of  the  distance.  In 
the  syzigies  it  will  be  diminished  most  at  the  greatest  distance, 
or  when  it  is  the  least ;  and  accordingly,  at  these  points  it  will 
vary  in  a  more  rapid  ratio  than  the  square  of  the  distance. 

564.  An  easy  investigation,  with  the  aid  of  the  differential 
calculus,  proves  that  the  mean  diminution  of  the  moon's  gra- 
vity firom  the  sim's  action  is  ^^ ;  r  representing  in  this  case 

2o* 

the  mean  distance  of  the  moon  from  the  earth.  The  value  of 
this  expression  is  readily  found  to  be  equal  to  about  the  368th 
part  of  the  whole  gravity  of  the  moon  to  the  earth. 

In  consequence  of  this  diminution,  the  moon  must  d^cribe 
her  orbit  at  a  greater  distance  from  the  earth,  with  a  less  angu- 
lar velocity,  and  in  a  longer  time,  than  if  she  were  acted  on  only 
by  the  attraction  of  the  earth. 

565.  The  radial  force  of  the  sun  alters  the  eccentricity  of  the 
Qkoon's  orbit,  and  differently  in  different  revolutions  of  the  moon, 
according  to  the  position  of  the  line  of  syzigies  with  respect  to 
the  line  of  apsides.     When  these  lines  are  coincident,  the  eccen- 
tricity is  increased.    For,  suppose  P  M  A  N  (Fig.  75)  to  be  the 
ell^c  orbit  of  the  moon  that  would  be  described  under  the 
influence  of  a  force  vcuying  inversely  as  the  square  of  the  dis- 
tance.   In  going  from  the  apogee  to  the  perigee,  the  gravity 
will  increase  in  a  greater  ratio  than  that  of  the  inverse  square 
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of  the  distance ;  the  true  orbit  will  therefore  fall  within  the 
ellipse,  and  the  perigean  distance  (E  P')  will  be  less  than  for  the 
ellipse.     Consequently,  the  eccentricity  will  increase  so  much 
the  more  as  the  major  axis  diminishes.    On  the  other  hand,  in 
going  from  the  perigee  to  the  apogee,  the  gravity  will  decrease 
in  a  greater  ratio  than  the  inverse  square  of  the  distance,  and 
the  moon  will  consequently  recede  farther  from  the  earth,  tlian 
if  it  were  not  disturbed  by  the  sun.     Therefore,  in  this  half  of 
the  orbit  the  eccentricity  will  also  be  increased.     When  the 
apsides  are  in  quadratures,  the  eccentricity  will  be  diminished; 
for,  the  gravity  will  then  vary  from  the  apogee  to  the  perigee, 
and  from  the  perigee  to  the  apogee,  in  a  less  ratio  than  that  of 
the  inverse  squares ;  and  therefore  the  results  will  be  contrary 
to  those  just  obtained.    The  eccentricity  will  have  its  maxi- 
mum value  when  the  apsides  are  in  syzigies,  and  its  minimum 
when  they  are  in  quadratures;  for,  in  every  other  position  of 
the  line  of  apsides  with  respect  to  the  line  of  syzigies,  the  radial 
force  in  the  apogee  and  perigee  will  be  less  than  in  these  posi- 
tions (equa.  137),  and  therefore  alter  less  the  proportional  gravity 
of  the  moon  in  the  apogee  and  perigee.     It  is  evident,  from  the 
gradual  decrease  of  the  radial  force,  as  we  recede  from  the  sjrzi- 
gies  and  quadratures,  that  the  eccentricity   will   continually 
diminish  in  the  progress  of  the  apsides  from  the  syzigies  to  the 
quadratures,  and  that  it  will  continually  increase  from  the  quad- 
ratures to  the  syzigies. 

The  change  in  the  eccentricity  of  the  moon's  orbit,  thus  pro- 
duced, will  be  attended  with  a  corresponding  change  in  the  equa- 
tion of  the  centre,  and  thus  of  the  longitude.  And  this  change  is 
the  conspicuous  inequality  of  the  moon  known  by  the  name  of 
Evection,  (Art.  272). 

566.  The  radial  force  also  produces  a  motion  of  the  line  of  ap- 
sides. If  the  moon  was  only  acted  upon  by  the  attraction  of  the 
earth,  its  orbit  would  be  an  ellipse,  and  the  motion  from  one  apsis 
to  another,  or,  in  other  words,  from  one  point  where  the  orbit  cuts 
the  radius  vector  at  right  angles  to  the  other,  would  be  180°.  In 
point  of  fact,  however,  the  gravity  due  to  the  earth's  attraction  is 
constantly  either  diminished  or  increased  by  the  radial  disturbing 
force  of  the  sun,  and  therefore  its  true  orbit  must  continually  de- 
viate from  the  ellipse  that  would  be  described  under  the  sole 
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action  of  the  earth's  attraction.  When  from  the  action  of  this 
force  there  is  a  diminution  of  the  moon's  gravity,  she  will  con- 
dnually  recede  from  tl^e  ellipse  in  question,  her  path  will  be 
less  bent,  and  she  must  therefore  move  through  a  greater  angu- 
lar distcmce,  before  the  central  force  will  have  deflected  her 
:»urse  into  a  direction  at  right  angles  to  the  radius  vector. 
Iccordingly  she  will  move  through  a  greater  angular  distance 
ban  18(P  in  going  from  one  apsis  to  another,  and  thus  the 
ipsides  will  advance.  On  the  other  hand,  when  the  same 
force  increases  the  moon's  gravity,  her  path  will  fall  within  the 
ellipse,  its  curvature  will  be  increased,  and  therefore  it  will  be 
Drought  to  intersect  the  radius  vector  at  right  angles,  at  a  less 
ingular  distance.  In  this  case,  therefore,  the  apsides  will  move 
>ackwards.  Now,  we  have  shown,  (Art.  563),  that  the  radial 
listarbing  force  of  the  sun  alternately  diminishes  and  increases 
the  moon's  gravity  to  the  earth.  It  follows,  therefore,  that  the 
motion  of  the  apsides  will  be  alternately  direct  and  retrograde  ; 
box  since,  as  has  been  shown,  (Art.  563),  the  diminution  sub- 
sists during  a  longrer  part  of  the  moon's  revolution,  and  is  more- 
over greater  than  the  increase,  the  direct  motion  will  exceed  the 
retrograde,  and  therefore  in  an  entire  revolution  the  apsides  will 
advance. 

567.  The  observed  motion  of  the  apsides  of  the  moon's  orbit 
is  not,  however,  wholly  produced  by  the  radial  disturbing  force. 
[t  is  in  part  due  to  the  action  of  the  tangential  force.  This 
force  alters  the  centrifugal  force  of  the  moon,  and  thus  changes 
its  gravity  towards  the  earth,  at  the  same  time  with  the  radial 
force. 

668.  The  elliptic  form  of  the  sun's  orbit  is  the  occasion  of  a 
change  in  the  radial  force,  from  which  results  a  perturbation  of 
Icmgitude,  called  the  Anniud  Equation  (Art.  272).  The  mean 
diminntion  of  the  moon's  gravity,  arising  from  the  action  of  the 

sun,  or  the  mean  radial   force,  is  equal  to   -— ^  (Art.  563). 

Hence  this  diminution  is  inversely  proportional  to  the 
cube  of  the  sun's  distance  from  the  earth.  Therefore,  as 
the  sun  approaches  the  perigee  of  its  orbit,  its  distance 
from  the  earth  diminishing,  the  mean  diminution  of  the 
moon's  gravity  to  the  earth  will  increase,  and  consequently 
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of  the  distance ;  the  true  orbit  will  therefore  fall  within  the 
ellipse,  and  the  perigean  distance  (E  P')  will  be  less  than  for  the 
ellipse.  Consequently,  the  eccentricity  will  increase  so  much 
the  more  as  the  major  axis  diminishes.  On  the  other  hand,  in 
going  from  the  perigee  to  the  apogee,  the  gravity  will  decrease 
in  a  greater  ratio  than  the  inverse  square  of  the  distance,  and 
the  moon  will  consequently  recede  farther  from  the  earth,  than 
if  it  were  not  disturbed  by  the  sun.  Therefore,  in  this  half  of 
the  orbit  the  eccentricity  will  also  be  increased.  When  the 
apsides  are  in  quadratures,  the  eccentricity  will  be  diminished ; 
for,  the  gravity  will  then  vary  from  the  apogee  to  the  perigee, 
and  from  the  perigee  to  the  apogee,  in  a  less  ratio  than  that  of 
the  inverse  squares ;  and  therefore  the  results  will  be  contrary 
to  those  just  obtained.  The  eccentricity  will  have  its  maxi- 
mum value  when  the  apsides  are  in  syzigies,  and  its  minimum 
when  they  are  in  quadratures;  for,  in  every  other  position  of 
the  line  of  apsides  with  respect  to  the  line  of  syzigies,  the  radial 
force  in  the  apogee  and  perigee  will  be  less  than  in  these  posi- 
tions (equa.  137),  and  therefore  alter  less  the  proportional  gravity 
of  the  moon  in  the  apogee  and  perigee.  It  is  evident,  from  the 
gradual  decrease  of  the  radial  force,  as  we  recede  from  the  syzi- 
gies and  quadratures,  that  the  eccentricity  will  continually 
diminish  in  the  progress  of  the  apsides  from  the  syzigies  to  the 
quadratures,  and  that  it  will  continually  increase  from  the  quad- 
ratures to  the  syzigies. 

The  change  in  the  eccentricity  of  the  moon's  orbit,  thus  pro- 
duced, will  be  attended  with  a  corresponding  change  in  the  equa- 
tion of  the  centre,  and  thus  of  the  longitude.  And  this  change  is 
the  conspicuous  inequality  of  the  moon  known  by  the  name  of 
Evection,  (Art.  272). 

566.  The  radial  force  also  produces  a  motion  of  the  line  of  ap- 
sides. If  the  moon  was  only  acted  upon  by  the  attraction  of  the 
earth,  its  orbit  would  be  an  ellipse,  and  the  motion  from  one  apsis 
to  another,  or,  in  other  words,  from  one  point  where  the  orbit  cuts 
the  radhis  vector  at  right  angles  to  the  other,  would  be  18(P.  In 
point  of  fact,  however,  the  gravity  due  to  the  earth's  attraction  is 
constantly  either  diminished  or  increased  by  the  radial  disturbing 
force  of  the  sun,  and  therefore  its  true  orbit  must  continually  de- 
viate from  the  ellipse  that  would  be  described  under  the  sole 
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action  of  the  earth's  attraction.  When  from  the  action  of  this 
force  there  is  a  diminution  of  the  moon's  gravity,  she  will  con- 
tinually recede  from  tl^e  ellipse  in  question,  her  path  will  be 
less  bent,  and  she  must  therefore  move  through  a  greater  angu- 
lar distance,  before  the  central  force  will  have  deflected  her 
course  into  a  direction  at  right  angles  to  the  radius  vector. 
Accordingly  she  will  move  through  a  greater  angular  distance 
than  180°  in  going  from  one  apsis  to  another,  and  thus  the 
apsides  will  advance.  On  the  other  hand,  when  the  same 
force  increases  the  moon's  gravity,  her  path  will  fall  within  the 
ellipse,  its  curvature  will  be  increased,  and  therefore  it  will  be 
brought  to  intersect  the  radius  vector  at  right  angles,  at  a  less 
angular  distance.  In  this  case,  therefore,  the  apsides  will  move 
backwards.  Now,  we  have  shown,  (Art.  563),  that  the  radial 
disturbing  force  of  the  sun  alternately  diminishes  and  increases 
the  moon's  gravity  to  the  earth.  It  follows,  therefore,  that  the 
motion  of  the  apsides  will  be  alternately  direct  and  retrograde  ; 
but  since,  as  has  been  shown,  (Art.  663),  the  diminution  sub- 
sists during  a  longer  part  of  the  moon's  revolution,  and  is  more- 
over greater  than  the  increase,  the  direct  motion  will  exceed  the 
retrograde,  and  therefore  in  an  entire  revolution  the  apsides  will 
advance. 

567.  The  observed  motion  of  the  apsides  of  the  moon's  orbit 
is  not,  however,  wholly  produced  by  the  radial  disturbing  force. 
It  is  in  part  due  to  the  action  of  the  tangential  force.  This 
force  alters  the  centrifugal  force  of  the  moon,  and  thus  changes 
its  gravity  towards  the  earth,  at  the  same  time  with  the  radial 
force. 

568.  The  elliptic  form  of  the  sun's  orbit  is  the  occasion  of  a 
change  in  the  radial  force,  from  which  results  a  perturbation  of 
longitude,  called  the  Annual  Equation  (Art.  272).  The  mean 
diminution  of  the  moon's  gravity,  arising  from  the  action  of  the 

sun,  or  the  mean  radial  force,  is  equal  to   —-^  (Art.  563). 

Hence  this  diminution  is  inversely  proportional  to  the 
cube  of  the  sun's  distance  from  the  earth.  Therefore,  as 
the  sun  approaches  the  perigee  of  its  orbit,  its  distance 
from  the  earth  diminishing,  the  mean  diminution  of  the 
moon's  gravity  to  the  earth  will  increase,  and  consequently 
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the  moon's  distance  from  the  earth  will  become  greater,  and 
its  motion  slower,  than  it  otherwise  would  be.  The  con- 
trary will  take  place  while  the  sun  is  moving  from  the  perigee 
to  the  apogee. 

569.  The  disturbing  force  perpendicular  to  the  plane  of  the 
moon's  orbit,  produces  a  tendency  in  the  moon  to  quit  that  plane, 
from  which  there  results  a  change  in  the  position  of  the  line  of 
the  nodes,  and  a  change  in  the  inclination  of  the  plane  of  the  orbit 
to  that  of  the  ecliptic.  If  we  examine  the  general  expression  for 
this  force,  viz : 

perpen. force  =     ^y^^  gin  N  sin  I, 

we  see  that  for  any  given  values  of  S  and  I,  it  will  be  zero  in  the 
quadratures,  and  have  its  greatest  value  in  the  syzigies ;  and  that 
it  will  change  its  direction  in  the  quadratures,  lying,  in  the  nearer 
half  of  the  orbit,  on  the  same  of  its  plane  as  the  sun,  and  in  the 
more  remote  half,  on  the  opposite  side.  We  perceive  also  tliat  it 
will  be  zero  for  every  value  of  9,  or  for  every  elongation  of  the 
moon,  when  the  angle  S  is  zero,  that  is,  when  the  sim  is  in  the 
plane  of  the  orbit,  and  will  attain  its  maximum,  for  any  given 
elongation,  when  the  line  of  direction  of  the  sun  is  perpendicular 
to  the  line  of  nodes.  It  will  also  be  the  less,  other  things  being 
the  same,  the  smaller  is  the  inclination  I. 

670.  Now,  let  N  M'  R  (Fig.  76)  represent  the  orbit  of  the  moon, 
and  S  the  sun,  supposed  stationary,  the  line  of  the  nodes  being  in 
quadratures ;  and  let  L,  L'  be  the  points  of  the  orbit  90^  distant 
from  the  nodes.  The  direction  of  the  force,  in  the  various  points 
of  the  orbit,  is  indicated  by  the  arrow-s  drawn  in  the  figure.  When 
the  moon  is  at  any  point  M'  between  L  and  the  descending  node 
N',  she  will  be  drawn  out  of  the  plane  in  which  she  is  moving  by 
the  disturbing  force  M'  K',  and  compelled  to  move  in  a  line  such  as 
M'  t'.  The  node  N'  will,  therefore,  retrograde  to  some  point  n'. 
When  she  is  at  any  point  M,  moving  from  the  ascending  node  N 
towards  L,  her  course  will  be  changed  to  the  line  M  /,  lying,  like 
the  line  M'  t',  below  the  orbit,  which  being  produced  backwardsi 
meets  the  plane  of  the  ecliptic  in  some  point  n,  behind  N.  The 
nodes,  therefore,  retrograde  in  this  position  of  the  moon,  as  well 
as  in  the  former.  When  the  moon  is  in  the  half  N'  L'  N  of  the 
orbit,  lying  below  the  ecliptic,  the  absolute  direction  of  the  di^ 
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tarbing  force  will  be  reversed,  and  thus  its  tendency  will  be  the 
same  as  before,  namely,  to  draw  the  moon  towards  the  ecliptic. 
It  follows,  therefore,  that  throughout  this  half  of  the  orbit,  as  in 
the  other,  the  motion  of  the  nodes  will  be  retrograde.  Accord- 
ingly, when  the  nodes  are  in  quadratures,  or  90°  distant  from  the 
sun,  they  will  retrograde  during  every  part  of  the  revolution  of 
the  moon. 

571.  Suppose  the  sun  now  to  be  fixed  on  the  line  of  nodes,  or 
the  nodes  to  be  in  syzigies.  In  this  case  the  perpendicular  force 
will  be  zero,  (Art.  569),  and,  therefore,  there  will  be  no  disturb- 
ance of  the  plane  of  the  moon's  orbit. 

572.  Next,  let  the  situation  of  the  sun  be  intermediate  between 
the  two  just  considered,  as  represented  in  Figs.  76  and  77.  The 
effect  of  the  disturbing  force  will  be  the  same  as  in  the  first  situation 
from  the  quadrature  q  (Fig.  76)  to  the  node  N',  and  from  the  quad- 
rature ^  to  the  node  N.  But  throughout  the  arcs  N  9,  N'  9'  the 
direction  of  the  force,  and  therefore  the  effects,  will  be  reversed. 
The  node  will  then  retrograde,  as  before,  while  the  moon  moves 
over  the  arcs  q  N'  and  q*  N,  and  advance  while  she  is  in  the  arcs 
Ng,  N'^.  But  as  the  force  is  greatest  over  the  arcs  9N',  9'N, 
which  contain  the  syzigies,  (Art.  569),  and  as  these  arcs  are  also 
longer  than  the  arcs  N  9,  N'  q\  the  node  will,  on  the  whole,  retro- 
grade each  revolution.  The  velocity  of  retrogradation  will,  how- 
ever, be  less  than  when  the  nodes  are  in  quadratures,  and  pro- 
portionably  less,  as  the  distance  of  the  sun  from  this  position  is 
greater. 

In  the  position  represented  in  Fig.  77,  a  direct  motion  will 
take  place  over  the  arcs  9'  N'  and  q  N ;  but  as  N  q\  and  N'  9,  the 
arcs  of  retrograde  motion,  are  of  greater  extent  than  q'  N',  and 
jN.  and  moreover  contain  the  syzigies,  the  retrograde  motion  in 
each  revolution  must  exceed  the  direct,  as  before. 

If  we  suppose  the  sun  to  be  situated  on  the  other  side  of  the 
line  of  nodes,  the  effect  of  the  disturbing  force  will  obviously  be 
the  same  in  any  one  position  of  the  sun,  as  in  the  position  diame- 
trically opposite  to  it.  It  appears,  then,  that  the  line  of  the  nodes 
has  a  retn^ade  motion  in  every  possible  position  of  the  sun. 

573.  We  have  thus  far  supposed  the  sun  to  remain  stationary  in 
the  various  positions  in  which  we  have  supposed  it,  during  the  revo- 
lution of  the  moon.    It  remains,  then,  to  consider  the  effect  of  the 
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sun's  motion  in  this  interval.  And,  first,  it  is  plain,  that,  as  the 
sun  advances  from  S  towards  N',  (Fig.  76),  the  arcs  N  q,  N'  q'  will 
increq^,  and  the  arcs  q  N'  and  q'  N  diminish ;  from  which  it  ap- 
pears, that,  during  the  advance  of  the  sun  from  the  point  9(P 
behind  the  descending  node  to  this  node,  its  motion  in  the  course 
of  each  revolution  of  the  moon  will  cause  the  retrograde  motion  of 
the  node  to  be  slower  than  it  otherwise  would  be.  While  the  son 
moves  from  the  ascending  node  to  the  90°  from  it,  the  effect  of  its 
motion  will  obviously  be  just  the  reverse  of  this.  During  its 
passage  from  the  descending  to  tlie  ascending  node,  the  effect  will 
be  the  same  in  either  quadrant,  as  in  tliat  diametrically  opposite. 

The  variation  in  the  intensity  of  the  perpendicular  force,  con- 
spires with  the  difference  of  situation  of  the  sun  and  its  motion 
during  a  revolution  of  the  moon,  in  diminishing  or  increasing,  as 
the  case  may  be,  the  velocity  of  retrogradation  of  the  nodes. 

574.  Let  us  now  treat  of  the  change  of  the  inclination  of  the 
orbit,  resulting  from  the  disturbing  action  of  the  sun.  And,  first, 
if  we  refer  to  Fig.  76,  we  shall  see  that  when  the  nodes  are  in 
quadrature,  the  inclination  will  diminish  while  the  moon  is 
moving  from  the  ascending  node  N  to  the  point  L  9(P  distant  from 
it,  and  increase  while  she  is  moving  from  L  to  the  other  node  N'. 
In  the  other  half  of  the  orbit,  the  tendency  of  the  disturbing  force 
is  the  same,  (Art.  570) ;  and,  therefore,  while  the  moon  is  moving 
from  N'  to  L',  the  inclination  will  diminish,  and  while  she  is 
moving  from  L'  to  N,  it  will  increase.  The  diminutions  and  in- 
crements will  compensate  each  other,  and  the  original  inclination 
will  be  regained  at  tlie  close  of  the  revolution. 

575.  When  the  nodes  are  in  syzigies  there  will  be  no  change 
of  inclination  (Art.  569). 

576.  In  the  situations  of  the  sun,  represented  in  Figs.  76  and 
77,  the  inclination  will  decrease  from  q  tjoh  and  from  7'  to  L', 
and  increase  from  L  to  q'  and  from  L'  to  9,  the  effects  being  tte 
same  as  when  the  nodes  are  in  quadratures  over  the  arcs  q  L 
and  L  N'  in  Fig.  76,  and  N  L  and  L  q'  in  Fig.  77 ,  and  being 
reversed  over  the  arcs  N  q  and  N'  q'  in  Fig.  76,  and  q  N  and  ^  N' 
in  Fig.  77.  When  the  sun  has  the  position  represented  in  Fig. 
76,  the  arcs  of  increase  L  q'  and  L'  q  will  be  greater  than  the 
arcs  of  diminution  q  L  and  q'  L'.  The  disturbing  force  will  also 
be  greater  in  the  former  arcs  than  in  the  latter.     In  the  position 
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supposed,  therefore^  there  will  be,  on  the  whole,  an  increase  of 
inclination  erery  levolution.  When  the  sun  is  in  the  position 
represented  in  Fig.  77,  the  arcs  of  diminution  q  L  and  q'  L'  will 
be  the  greater ;  and  the  force  in  them  will  also  be  the  greater. 
In  this  case,  therefore,  there  will  be  a  diminution  of  the  inclina- 
tion each  revolution  of  the  moon. 

When  the  sun  is  on  the  other  side  of  the  line  of  nodes,  the 
results  will  be  the  same  as  in  the  positions  diametrically  op- 
posite. 

577.  To  inquire  now  into  the  consequences  of  the  sun's  mo- 
tion during  the  revolution  of  the  moon.  As  the  sun  moves  from 
S,  towards  N'  (Fig.  76)  the  arcs  L  q',  L'  q,  over  which  there  is  an 
increase  of  the  inclination,  will  increase ;  and  the  arcs  q  L,  q'  L', 
over  which  there  is  a  diminution,  will  diminish.  The  motion 
of  the  sun  will,  therefore,  in  approaching  the  descending  node, 
render  the  increase  of  the  inclination  each  revolution  of  the 
moon  greater  than  it  otherwise  would  be.  When  the  sun  is 
receding  from  the  ascending  node,  the  corresponding  arcs  will 
experience  corresponding  changes,  and  therefore  the  diminution 
will  now  be  less  than  if  the  sdn  were  stationary. 

The  results  will  be  similar  for  the  opposite  quadrants  on  the 
other  side  of  the  line  of  nodes. 

678.  Since  the  inclination  diminishes  as  the  sun  recedes  from 
either  node,  and  increases  as  it  approaches  either  node,  it  will 
be  the  least  when  the  nodes  are  in  quadratures,  and  the  greatest 
when  they  are  in  syzigies. 

579.  The  perturbations  of  the  elliptic  motion  of  the  moon, 
comprising  inequalities  of  orbit  longitude,  and  variations  in  the 
form  and  position  of  the  orbit,  which  have  now  been  under  con- 
sideration, depend  upon  the  configurations  of  the  sun  and  moon, 
with  respect  to  each  other,  the  perigee  of  each  orbit,  and  the 
node  of  the  moon's  orbit.  Their  effects  will  disappear  when 
the  configurations  upon  which  they  depend  become  the  same. 
They  are  therefore  periodical. 

580.  The  perturbations  of  the  motions  of  a  planet,  produced 
by  the  action  of  another  planet,  are  precisely,analogous  to  the 
perturbations  of  the  motions  of  the  moon,  produced  by  the  ac- 
tion of  the  sun.    The  disturbing  forces  are  obviously  of  the 
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same  kind,  and  they  are  subject  to  yariations  from  precisely 
similar  causes.  But,  owing  to  the  smallness  of  the  masses  of 
the  planets  and  their  great  distances,  their  disturbing  forces  are 
much  more  minute  than  the  disturbing  force  of  the  sun.  From 
this  cause,  together  with  the  slow  relative  motion  of  the  disturb- 
ing and  disturbed  body,  the  motion  of  the  apsides  and  nodes, 
and  the  accompanying  variations  of  eccentricity  and  inclina- 
tion, are  very  much  more  gradual  in  the  case  of  the  planets 
than  in  the  case  of  the  moon.  Their  periods  comprise  many 
thousands  of  years,  and  on  this  account  they  are  called  Secular 
MoHons  or  VaruUions.  In  consequence  of  the  greater  feeble- 
ness of  the  disturbing  forces,  the  periodical  inequalities  are  also 
much  less  in  amount.  Moreover,  as  the  motion  of  a  planet  is 
much  slower  than  that  of  the  moon,  and  as  the  variations  of  its 
orbit  are  more  gradual  than  those  of  the  lunar  orbit,  the  com- 
pensations produced  by  a  change  of  configurations  are  much 
more  slowly  effected,  and  thus  the  periods  of  the  inequalities  are 
much  longer. 

681.  The  motions  of  the  moon  would  be  subject  to  no  secu- 
lar variations,  if  the  apparent  orbit  of  the  sun  were  unchange- 
able ;  but  the  secular  variation  of  the  eccentricity  of  the  sun's 
orbit,  which  answers  to  an  equal  variation  of  the  eccentricity  of 
the  earth's  orbit,  that  is  produced  by  the  action  of  the  planets, 
gives  rise  to  a  secular  inequality  in  the  motion  of  the  moon, 
called  the  Acceleration  of  the  Moon.  This  inequality  was  dis- 
covered from  observation.  Its  physical  cause  was  first  made 
known  by  Laplace. 
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CHAPTER    XXIII. 

OF  THE  RELATIVE  MAB8ES  AND  DENSITIES  OP  THE  BUlf| 
MOON,  AND  planets;  AND  OF  THE  RELATIVE  IKTENSITT 
OF   THE   GRAVITY   AT   THEIR   SURFACE. 

582.  The  perturbations  which  a  planet  produces  in  the  mo- 
tions of  the  other  planets,  depend  for  their  amount  chiefly  upon 
the  ratio  of  the  mass  of  the  planet  to  the  mass  of  the  sun,  and 
the  ratio  of  the  distance  of  the  planet  from  the  sun  to  the  dis- 
tance of  the  planet  disturbed  from  the  same  body.  Now,  the 
ratio  of  the  distances  is  known  by  the  methods  of  Plane  Astro- 
nomy ;  consequently,  the  observed  amount  of  the  perturbations 
ought  to  make  known  the  ratio  of  the  masses,  the  only  unknown 
element  upon  which  it  depends. 

This  is  one  method  of  determining  the  masses  of  the  planets. 
The  masses  of  those  planets  which  have  satellites  maybe  found 
by  another  and  simpler  method.  The  theory  of  gravitation  has 
furnished  the  following  equation,  from  which  they  may  easily 
be  derived : 

M  +  m  ^  rf'  P« 
1  +  M        D^' 

in  which  1  denotes  the  mass  of  the  sun,  M  the  mass  of  the  planet, 
tn  the  mass  of  one  of  its  satellites,  D  the  mean  distance  of  the 
planet  from  the  sun,  d  the  mean  distance  of  the  satellite  from  the 
planet,  and  P  and  p  the  periodic  times  of  the  planet  and  satellites 
respectively.  As  the  mass  of  the  satellite  is  small  compared  with 
that  of  the  planet,  and  the  mass  of  the  planet  is  small  compared 
with  that  of  the  sun,  they  may  be  neglected  in  the  above  equation 
with  but  little  error ;  and  thus  we  have, 

rf»F» 

P 

683.  The  second  column  of  Table  lY  exhibits  the  relative 
masses  of  the  sun,  moon,  and  planets,  according  to  the  nk>st 
leceived  determinations,  that  of  the  earth  being  denoted  by  1. 

584.  The  quantities  of  matter  of  the  sun,  moon,  and  planets,  as 


^  '  5^  ^^^^  ''^'^^^' 
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well  as  their  balks,  being  known,  their  densities  may  be  easily 
computed ;  for,  tlie  densities  of  bodies  are  proportional  to  tbdr 
quantities  of  matter  divided  by  their  bulks.  The  third  column 
of  Table  lY  contains  the  densities  of  the  sun,  moon,  and  planets, 
that  of  the  earth  being  denoted  by  1.  It  will  be  seen  on  inspect- 
ing it,  that,  for  the  most  part,  the  densities  of  the  planets  decrease 
as  we  recede  fix>m  the  sun. 

585.  The  relative  intensity  of  the  gravity  at  the  surfiice  of  the 
sun,  moon,  and  planets,  may  also  readily  be  found,  when  the 
masses  and  bulks  of  these  bodies  are  known.  For,  supposing 
them  to  be  spherical,  and  not  to  rotate  on  their  axes,  the  gravity 
at  their  surface  will  be  directly  as  their  masses,  and  inversely  as 
the  squares  of  their  radii,  or,  in  other  words,  proportional  to  their 
masses  divided  by  the  squares  of  their  radii.  The  centrifugal 
force  at  the  surface  of  a  planet,  generated  by  its  rotation  on  its 
axis,  diminishes  the  gravity  due  to  the  attraction  of  the  matter  of 
the  planet.  The  diminution  thus  produced  on  any  of  the  planets 
is  not,  however,  very  considerable.  The  method  of  determining 
the  centrifugal  force  at  the  surface  of  a  body  in  rotation,  is  given 
in  treatises  on  Mechanics.  (See  Courtenay's  Mechanics,  pages 
250  and  251). 

The  fourth  colunm  of  Table  IV  exhibits  the  relative  intensity 
of  the  gravity  at  the  surface  of  the  sun,  moon,  and  planets,  that 
at  the  surface  of  the  earth  being  denoted  by  1. 


CHAPTER   XXIV. 

OF  THE  FIGURE  AND  ROTATION  OF  THE  EARTH;   AND  OF  THV 
PRECESSION   OF   THE   EQUINOXES   AND   NUTATION. 

586.  We  have  already  seen  (Art.  145)  that  measurements  made 
upon  the  earth's  surface,  establish  that  the  figure  of  the  earth  is 
that  of  an  oblate  spheroid,  and  that  the  oblateness  at  the  poles  9 
about  jij. 
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687.  From  the  amount  and  law  of  the  yariation  of  the  force 
of  gravity  upon  the  earth's  sur&ce,  ascertained  by  observations 
upon  the  length  of  the  seconds'  pendulum,  it  is  proved  that  the 
matter  of  the  earth  is  not  homogeneous,  but  denser  towards  the 
centre,  and  that  it  is  arranged  in  concentric  strata  of  nearly  an 
elliptical  form  and  uniform  density. 

The  &ct  of  the  greater  density  of  the  earth  towards  its  centre, 
has  also  been  established  by  observations  upon  the  deviation  of  a 
plumb  line  from  the  vertical,  produced  by  the  attraction  of  a 
mountain.  Such  observations  were  made  for  the  purpose  of 
determining  the  mean  density  of  the  earth  by  Dr.  Maskelyne,  on 
the  sides  of  the  mountain  Schehallien  in  Scotland.  The  ob- 
served deviation  of  the  plumb  line  made  known  the  ratio  of  the 
attraction  of  the  mountain  to  that  of  the  whole  earth,  and  thus  the 
relative  quantities  of  matter  in  the  mountain  and  earth.  These 
being  ascertained,  and  the  figure  and  bulk  of  the  mountain  hav- 
ing been  determined  by  a  survey,  the  relative  density  of  the  earth 
and  mountain  became  known  by  the  principle  mentioned  in 
Art.  684,  and  thence  the  actual  density  of  the  earth,  the  density 
of  the  mountain  having  been  found  by  experiment.  The  result 
was,  that  the  mean  density  of  the  earth  is  4.95,  the  density  of 
water  being  1. 

688.  The  spheroidal  form  of  the  surface  of  the  earth  and  of  its 
internal  strata  is  easily  accounted  for,  if  we  suppose  the  earth  to 
have  been  originally  in  a  fluid  state.  The  tendency  of  the  mutual 
attraction  of  its  particles  would  be  to  give  it  a  spherical  form ;  but, 
by  virtue  of  its  rotation,  all  its  particles,  except  those  lying  imme- 
diately on  the  axis, would  be  animated  by  a  centrifugal  force  increas- 
ing with  tlieir  distance  from  the  axis.  If,  therefore,  we  conceive  of 
two  columns  of  fluid  extending  to  the  earth's  centre,  one  from  near 
the  equator,  and  the  other  from  near  either  pole,  the  weight  of  the 
former  would  by  reason  of  the  centrifugal  force  be  less  than  that 
of  the  latter.  In  order,  then,  that  they  may  sustain  each  other  in 
equilibrio,  that  near  the  equator  must  increase  in  length,  and  that 
near  the  pole  diminish.  As  this  would  be  true  at  the  same  time  for 
e?ery  pair  of  columns  situated  as  we  have  supposed,  the  surface 
of  the  whole  body  of  fluid  about  the  poles  must  fall,  and  that  of  the 
fluid  about  the  equator  rise.  In  this  manner  the  earth  would  bo- 
come  flattened  at  the  poles  and  protuberant  at  the  equator.  , 
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B89.  Upon  a  strict  investigation  it  appears  that  a  homogeneoas 
fluid  of  the  same  mean  density  with  the  earth,  and  rotating  on  its 
axis  at  the  same  rate  that  the  earth  does,  would  be  in  equilibrium, 
if  it  had  the  figure  of  an  oblate  spheroid,  of  which  the  axis  was 
to  the  equatorial  diameter  as  229  to  230,  or  of  which  the  oblate- 
ness  was  ^l^.  If  the  fluid  mass  supposed  to  rotate  on  its  axis  be 
not  homogeneous,  but  be  composed  of  strata  that  increase  in  deu- 
sity  from  the  surface  to  the  centre,  the  solid  of  equilibrium  will 
still  be  an  elliptic  spheroid,  but  the  oblateness  will  be  less  than 
when  the  fluid  is  homogeneous. 

590.  The  time  of  the  earth's  rotation,  as  well  as  the  position  of 
its  axis,  would  change  if  any  variation  should  take  place  in  the 
distribution  of  the  matter  of  the  earth,  or  in  case  of  the  impact  of 
a  foreign  body. 

If  any  portion  of  matter  be,  from  any  cause,  made  to  approach 
the  axis,  its  velocity  will  be  diminished,  and  the  velocity  lost  being 
imparted  to  the  mass,  will  tend  to  accelerate  the  rotation.  If  any 
portion  of  matter  be  made  to  recede  from  the  axis,  the  opposite 
effect  will  be  produced,  or  the  rotation  will  be  retarded.  In  point 
of  fact,  the  changes  that  take  place  in  the  position  of  tlie  matter 
of  the  earth,  whether  from  the  washing  of  rains  upon  the  sides  of 
mountains,  or  evaporation,  or  any  other  known  cause,  are  not 
suflScient  ever  to  produce  any  sensible  alteration  in  the  circum- 
stances of  the  earth's  rotation  on  its  axis. 

591.  It  is  ascertained  from  direct  observation,  that  there  has  in 
reality  been  no  perceptible  change  in  the  period  of  the  earth's 
rotation  since  the  time  of  Hipparchus,  120  years  before  the 
b^inning  of  the  present  era.  We  may  therefore  conclude, 
d  posteriarij  that  there  has  been  no  material  change  in  the  ibnn 
and  dimensions  of  the  earth  in  this  interval. 

692.  Were  the  axis  of  the  earth  to  experience  any  chani^e  of 
position  with  respect  to  the  matter  of  the  eartli,  the  latitudes  of 
places  would  be  altered.    A  motion  of  200  feet  might  increase  or 
diminish  the  latitude  of  a  place  to  the  amount  of  2",  an  angle 
which  can  be  measured  by  modem  instruments.     Now,  in  point 
of  &ct,  the  latitudes  of  places  have  not  sensibly  varied  since  their 
first  determination  with  accurate  instruments ;  therefore,  in  this 
interval  the  axis  of  the  earth  cannot  have  changed.    Indeed,  since 
the  earth's  surface  and  its  internal  strata  are  arranged  symmetn* 
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cally  with  respect  to  the  present  axis  of  rotation,  it  is  to  be  in- 
ferred that  this  axis  is  the  same  as  that  which  obtained  at  the 
epoch  when  the  matter  of  the  earth  changed  from  a  fluid  to  a 
solid  state. 

593.  The  motions  of  the  earth's  axis,  along  with  the  whole 
body  of  the  earth,  which  give  rise  to  the  Precession  of  the  Equi- 
noxes and  Nutation,  are  consequences  of  the  spheroidal  form  of 
the  earth,  inasmuch  as  they  are  produced  by  the  actions  of  the 
sun  and  moon  upon  that  portion  of  the  matter  of  the  earth  which 
lies  on  the  outside  of  a  sphere  conceived  to  be  described  about 
the  earth's  axis.  The  physical  theory  of  the  phenomena  in 
question  is  ana*ogous  to  that  of  the  retrogradation  of  the  moon's  . 
nodes.  The  sun  produces  a  retrograde  movement  of  the  points 
in  which  the  circle  described  by  each  particle  of  the  protuberant 
mass  cuts  the  plane  of  the  ecliptic,  as  it  does  of  the  moon's 
nodes ;  the  effect  produced  is,  however,  exceedingly  small,  by 
reason  of  the  inertia  of  the  interior  spherical  mass  connected 
with  the  extend  ma^  upon  which  the  action  takes  place.  The 
moon,  in  like  manner,  occasions  a  retrograde  movement  of  the 
nodes  of  the  same  particles  on  the  plane  of  its  orbit.  The  ac- 
tions of  the  sun  and  moon  will  not  be  the  same  each  revolution 
of  a  poiticle.  That  of  the  sim  will  vary  during  the  year  with 
the  angular  distance  of  the  sun  from  the  node  (Art.  569) ;  and 
that  of  the  moon  will  vary  during  each  month  with  the  distance 
of  the  moon  from  the  node,  and  also  during  a  revolution  of  the 
nodes  of  the  moon's  orbit  by  reason  of  the  change  in  the  inclina- 
tion of  the  orbit  to  the  equator.  The  mean  effect  of  both  bodies 
is  the  precession  ;  the  inequality  resulting  from  the  change  in 
the  sun's  action  during  the  year  is  the  solar  ntUation  ;  and  the 
inequality  consequent  upon  the  retrogradation  of  the  moon's 
nodes  is  the  lunar  nutoHon  ;  or  the  chief  part  of  it :  the  change 
in  the  position  of  the  equinox  occasioned  by  the  moon's  revolu- 
tion, never  exceeds  ^  of  a  second  of  an  arc ;  and  the  change  of 
tiie  obliquity  of  the  ecliptic  from  this  cause  is  still  less. 
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CHAPTER    XXV. 


OF   THE   TIDES. 


694.  The  alternate  rise  and  fall  of  the  surface  of  the  ocean 
twice  in  the  course  of  a  lunar  day,  or  about  26  hours,  is  the 
phenomenon  known  by  the  naine  of  the  Tides.  The  rise  of 
the  water  is  called  the  Flood  Tid£,  and  the  fall  the  Ebb  Tide, 

696.  The  interral  between  one  high  water  and  the  next,  is, 
at  a  mean,  half  a  mean  lunar  day,  or  12h.  26  ul  14s.  Low  wa- 
ter has  place  nearly,  but  not  exactly,  at  the  middle  of  this  lateT- 
val ;  the  tide,  in  general,  employing  nine  or  ten  minutes  more 
in  ebbing  than  in  flowing.  As  the  interval  between  one  period 
of  high  water  and  the  second  following  one  is  a  lunar  day,  or 
Id.  Oh.  60m.  28s.,  the  retardation  in  the  time  of  high  water 
from  one  day  to  another  is  60  m.  28  s.,  in  its  mean  state. 

696.  The  time  of  high  water  is  mainly  dependent  upon  the 
position  of  the  moon,  being  always  at  any  given  place  about  the 
same  length  of  time  after  the  moon's  passage  over  the  supeiior 
or  inferior  meridian.  As  to  the  length  of  the  interval  between 
the  two  periods,  at  different  places,  in  the  open  sea  it  is  only 
from  two  to  three  hours ;  but  on  the  shores  of  continents,  and  in 
rivers,  where  the  water  meets  with  obstructions,  it  is  very  differ- 
ent at  different  places,  and,  in  some  instances,  is  of  such  length 
that  the  time  of  high  water  seems  to  precede  the  nnoon^ 
passage. 

697.  The  height  of  the  tide  at  high  water  is  not  always  the 
same,  but  varies  from  day  to  day ;  and  these  variations  have  an 
evident  relation  to  the  phases  of  the  moon.  It  is  greatest  at  the 
syzigies ;  after  which  it  diminishes  and  becomes  the  least  at  tbe 
quadratures. 

698.  The  tides,  about  the  time  of  the  syzigies,  are  called  the 
Sj>ring  Tides ;  and  those  about  the  time  of  quadratures  are 
called  the  Neap  Tides. 

The  highest  of  the  spring  tides  is  not  that  which  has  place 
nearest  the  sjrzigy,  but  is  in  general  the  third,  and  in  some  in- 
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Stances,  the  fourth  following  tide.    In  like  manner  the  lowest  of 
the  neap  tides  is  the  third  or  fourth  tide  afler  the  quadrature. 

The  spring  tides  are,  in  sfeneral,  about  twice  the  height  of  the 
uei^  tides.  At  Brest,  in  France,  the  former  rise  to  the  height  of 
19.3  feet,  and  the  latter  only  to  9.2  feet.  In  the  Pacific  Ocean 
the  highest  of  the  tides  of  the  syzigies  is  6  feet,  and  the  lowest  of 
the  tides  of  the  quadratures  is  between  2  and  2.5  feet. 

599.  The  tides  are  also  affected  by  the  declinations  of  the 

sun  and  moon;  for  they  diminish  the  tides  of  the  syzigies, 

which  occur  at  the  equinoxes ;  and  augment  the  tides  of  the 

quadratures,  which  occur  at  the  solstices.    Also,  when  the  moon 

or  the  sun  are  out  of  the  equator,  the  evening  and  morning 

tides  differ  somewhat  in  height.    At  Brest,  in  the  syzigies  of  the 

sonuner  solstice,  the  tides  of  the  morning  of  the  first  and  second 

day  after  the  syzigy  are  smaller  than  those  of  the  evening  by 

6.6  inches.    They  are  greater  by  the  same  quantity,  in  the  syzi- 

g[ie8  of  the  summer  solstice. 

600.  The  distance  of  the  moon  from  the  earth  has  also  a  sensi- 
ble influence  upon  the  tides.     In  general,  they  increase  and 
diminish  as  the  distance  increases  or  diminishes,  but  in  a  more 
rapid  ratio. 

601.  The  daily  retardation  of  the  time  of  high  water  varies 
with  the  phases  of  the  moon.  It  is  at  its  minimum  towards  the 
syzigies,  when  the  tides  are  at  their  maximum ;  and  it  is  then 
about  40m.  But,  towards  the  quadratures,  when  the  tides  are 
at  their  minimum,  the  retardation  is  the  greatest  possible ;  and 
amounts  to  about  Ih.  15m. 

The  variation  in  the  distance  of  the  sun  and  moon  from  the 
earth,  (and  particularly  the  moon),  has  an  influence  also  on  this 
letardation. 

The  daily  retardation  of  the  tides  varies  likewise  with  the  de.- 
diaation  of  the  sun  and  moon. 

602.  The  facts  which  liave  been  enumerated  clearly  indicate 
that  the  tides  are  produced  by  the  actions  of  the  sun  and  moon 
Qpon  the  waters  of  the  ocean  ;  but  in  a  greater  degree  by  the 
action  of  the  moon.  To  explain  them,  let  us  suppose  at  first 
that  the  whole  surface  of  the  earth  is  covered  with  water.  It  has 
been  shown  (Art  663)  that  the  sun's  action  increases  or  dimm* 

31 
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ishes  the  moon's  gravity  to  the  earth,  according  to  her  positxm 
with  respect  to  the  line  of  syzigies  or  quadratures,  or,  in  other 
words,  according  to  her  elongation  fh)m  the  sun.  In  a  similar 
manner  will  the  moon's  action  increase  or  diminish  the  gravity  of 
t  particle  of  matter  at  the  earth's  surface,  according  to  its  elonga- 
tion from  the  moon,  as  seen  from  the  earth's  centre ;  for,  any 
particle  of  matter  upon  the  earth's  surface  is  attracted  towards  the 
earth's  centre,  just  as  if  the  whole  mass  of  the  earth  were  concen- 
trated at  its  centre ;  and  the  whole  earth  is  attracted  by  the  moon, 
just  as  it  would  be  if  its  matter  were  concentrated  at  its  centre. 
If  we  conceive  a  plane  to  pass  through  the  centre  of  the  earth,  at 
right  angles  to  the  line  joining  the  centres  of  the  earth  and  moon ; 
within  about  35°  of  this  plane  on  each  side,  the  gravity  at  the  sur- 
face will  be  increased  (Art.  563) ;  and  at  the  remaining  parts,  that 
is,  for  about  55°  around  the  points  in  which  the  line  of  the  cen- 
tres intersects  the  surface,  the  gravity  will  be  diminished. 

The  equilibrum  of  the  waters  upon  the  surface  of  the  earth 
will  in  consequence  be  disturbed.  Around  the  points  just  men- 
tioned, where  the  gravity  is  diminished,  they  will  rise,  and  in  the 
middle  parts  between  these  points,  where  the  gravity  is  increased, 
they  will  fall.  In  consequence  of  the  earth's  diurnal  rotation,  the 
parts  of  the  surface,  at  which  the  rise  and  fall  of  the  water  will 
take  place,  will  be  continually  chan^ng.  Were  the  entire  rise 
and  fall  produced  instantaneously,  the  points  of  highest  water 
would  constantly  be  the  precise  points  in  which  the  line  of  the 
centres  of  the  moon  and  earth  intersects  the  surface,  and  it  would 
always  be  high  water  on  the  meridian  passing  through  these 
points,  both  in  the  hemisphere  where  the  moon  is,  and  in  the 
opposite  one.  On  the  west  side  of  this  meridian,  the  tide  would 
be  flowing ;  on  the  east  side  of  it,  it  would  be  ebbing ;  and  on  the 
meridian  at  right  angles  to  the  same,  it  would  be  low  water.  But 
it  is  plain  that  the  effects  of  the  moon's  action  will  not  be  instan- 
taneously produced,  and  therefore  that  the  points  of  highest  water 
will  fall  behind  the  moon.  It  appears  from  observation,  that  in 
the  open  sea  the  meridian  of  high  water  is  about  30°  to  the  east 
of  the  moon. 

The  great  tide  wave  thus  raised  by  the  moon,  and  which  fol- 
lows it  in  its  diurnal  motion,  will  be  a  mere  undulation,  or  alter- 
nate rise  and  fall  of  the  water,  without  any  progressive  motion. 
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if,  as  we  have  supposed,  it  is  no  where  obstructed  by  shallows, 
islands,  or  the  shores  of  continents. 

603.  It  is  evident  that  the  sun  will  produce  precisely  similar 
^ects  with  the  moon,  and  will  raise  a  tide  wave  similar  to  the 
lunar  tide  wave,  which  will  follow  it  in  its  diurnal  motion. 

604.  To  show  that  the  effects  of  the  sun  are  less  in  degree  than 
those  of  the  moon,  let  us  take  the  general  expression  for  the 
change  of  the  moon's  gravity  arising  from  the  action  of  the  sun, 
namely, 


m 


X  y  (1  —  3  COS'  (p) .  .  .  (a), 


in  which  m  denotes  the  mass  of  the  sun,  a  its  disttuice  (the  mean 
distance  of  the  moon  being  taken  as  1),  y  the  distance  of  the  moon 
in  its  given  position,  and  q>  its  elongation  from  the  sun  as  seen 
fifom  the  earth's  centre.  This  formula  will  serve  to  express  the 
change  in  the  gravity  of  a  particle  of  matter  upon  the  earth's 
wrfece,  produced  by  the  sun's  action,  if  we  take  m  =  the  mass  of 
the  sun,  as  before,  a  =  its  distance  expressed  in  terms  of  the  radius 
rfthe  earth  as  imity,  y  =  the  distance  of  the  particle  firom  the  cen- 
tre of  the  earth,  and  (p  =  its  elongation  from  the  sun  as  seen  from 
tt»  earth's  centre.  If  we  designate  the  corresponding  quantities 
fcr  the  moon  by  m',  a',  y,  (p,  we  shall  have  for  the  change  of  the 
gravity  of  a  particle,  produced  by  the  moon's  action, 

i^  X  y  (1  —  3  cos'  9)  .  .  .  (6). 

For  particles  at  equal  elongations  from  the  sun  and  moon,  we 
sbaU  have  9  the  same  in  expressions  (a),  and  (6),  and  y  may 
^  regarded  as  the  same  without  material  error.  For  such  parti- 
des,  then,  the  alterations  of  the  gravity,  produced  by  the  sun  and 
Otton,  will  bear  the  same  ratio  to  each  other  as  the  quantities 

•"Y  and  -y- .    Now,  if  we  give  to  m,  m\  a,  a',  their  values,  we 

ihall  find  that  the  latter  quantity  is  nearly  three  times  greater  than 
4e  former.  Accordingly,  the  effect  of  the  moon's  action,  at  cor- 
'^nding  elongations  of  the  particles,  and  therefore  generally,  is 
i^ly  three  times  greater  than  that  of  the  sun. 

606.  The  actual  tide  will  be  produced  by  the  joint  action  of  the 
^  Vid  moon,  or  it  may  be  regarded  as  the  result  of  the  combi- 
^itioQ  of  the  lunar  and  solar  tide  waves. 
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At  the  time  of  the  syzigies,  the  action  of  the  sun  and  moon  vi 
he  combined  in  producing  the  tides,  both  bodies  tending  to  produce 
high  as  well  as  low  water  at  the  same  places.  But  at  the  qnadn- 
tures  they  will  be  in  opposition  to  each  other,  the  one  tending  to 
raise  the  surface  of  the  water  where  the  other  tends  to  depress  it, 
and  vice  versa.  The  tides  should,  therefore,  be  much  hij^at 
the  syzigies  than  at  the  quadratures. 

Between  the  syzigies  and  the  quadratures  the  two  bodies  vill 
neitlier  directly  conspire  with  each  other,  nor  directly  oppose  each 
other,  and  tides  of  intermediate  height  will  have  place.  The 
points  of  highest  water  will  also,  in  the  configuration  supposed, 
neither  be  the  vertices  of  the  lunar  nor  of  the  solar  tide  wave,  but 
certain  points  between  them.  This  circumstance  will  occasion  a 
variation  in  the  length  of  the  interval  between  the  time  of  the 
moon's  passage  and  the  time  of  high  water. 

606.  The  effect  of  the  moon's  action  being  to  that  of  the  sqd^ 
nearly  as  3  to  1,  (Art.  604),  the  spring  tides  will  be  to  the  neap 
tides  nearly  as  2  to  1.  For,  let  x  =■  the  effect  of  the  moon,  and 
y  =  the  effect  of  the  sun :  then  the  ratio  of  j:  -f-  y  to  x  —  y  vill 
be  the  ratio  of  the  heights  of  the  spring  and  neap  tides.    Now, 

a:  =  3  y,  and  thus  ?±J^  =  Jy±J^=  2. 

^  — y     3y  — y 

This  result  is  conformable  to  observation. 

607.  The  height  of  the  lid?.,  as  well  as  the  interval  between 
the  time  of  high  water  and  that  of  the  moon's  meridian  passage, 
will  vary  not  only  with  the  elongation  of  the  moon  from  the  snn, 
but  also  with  the  distance  and  declination  of  the  moon  and  sun. 
For,  expressions  (a)  and  (6)  show  that  the  intensities  of  the 
moon's  and  sun's  actions  vary  inversely  as  the  cube  of  their  dis* 
tance ;  and  the  changes  of  the  declinations  of  the  two  bodies 
must  be  attended  with  a  change  both  in  the  absolute  and  relative 
situation  of  the  vertices  of  the  lunar  and  solar  tide  waves. 

608.  The  laws  of  the  tides,  which  would  obtain  on  the  hypodift' 
sis  of  the  earth  being  covered  entirely  with  water,  are  found  to 
correspond  only  partially  with  those  of  the  actual  tides.  The 
continents  have  a  material  influence  upon  the  formation  and 
propagation  of  the  tide  wave. 

609.  Professor  Whewell  infers,  from  a  careful  discussion  of  • 
great  number  of  observations  upon  the  tides,  that  the  tide  of  the 
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tic  Ocean  is,  for  the  most  part,  produced  by  a  derivative  tide 
sent  off  from  the  great  wave  which  in  the  Southern  Ocean 
8  the  moon  in  its  diurnal  motion  around  the  earth.  This 
idvances  more  rapidly  in  the  open  sea  than  along  the  coasts, 
it  meets  with  obstructions. 

ere  portions  of  the  tide  wave,  extending  from  one  point  of 
ast  to  another,  become  detached,  and  advance  into  a  nar- 
)ace,  particularly  high  tides  will  occur.  In  this  way  (as 
ipposed)  it  happens  that  the  tide  rises  at  certain  places  in 
Y  of  Fimdy,  to  the  height  of  60  or  70  feet. 

In  channels  peculiar  tides  occur  in  consequence  of  the 
ig  of  the  waves  which  enter  the  channels  at  their  two  ex- 
es. Where  the  two  waves  meet  in  the  same  state,  unusu- 
igh  tides  occur.  This  is  observed  to  be  the  case  at  some 
in  the  Irish  Channel.  In  the  port  of  Batsha,  in  Tonquin, 
ies  arrive  by  two  channels,  of  such  lengths  that  the  two 

meet  in  opposite  states,  or  that  the  flood  tide  arrives  by 
lannel  just  as  the  ebb  tide  begins  to  leave  by  the  other, 
le  consequence  is,  that  there  is  neither  high  nor  low 

s  is  the  case  when  the  moon  is  in  the  equator.  When 
IS  a  northern  or  southern  declination,  there  is  a  small  rise 
11  of  the  water  once  in  a  lunar  day,  owing  to  the  inequality 
morning  and  evening  tides  of  the  open  sea. 
Lakes  and  inland  seas  have  no  perceptible  tides,  for  the 
that  their  extent  is  not  sufficient  to  admit  of  any  sensible 
ility  of  gravity,  as  the  result  of  the  action  of  the  moon. 
.  The  tides  experienced  in  rivers  and  seas  communicating 
he  ocean,  are  not  produced  by  the  direct  actions  of  the 
id  moon,  but  are  waves  propagated  from  the  great  wave 
open  sea. 

ivers  of  considerable  length,  the  ascending  tides  are  en- 
ired  by  those  which  are  returning,  so  that  a  great  variety 
s  occur  along  their  shores. 

.  The  mean  interval  between  noon  and  the  time  of  high 
at  any  port,  on  the  day  of  new  or  full  moon,  is  called  the 
lishment  of  that  port.  It  will  be,  approximately,  the  in- 
between  the  time  of  the  meridian  passage  of  the  moon 
e  time  of  high  water  on  any  day  of  the  month.    To  ob- 
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ASTRONOMICAL    PROBLEMS. 


EXPLANATIONS  OF  THE  TABLES. 

The  Tables  which  form  a  part  of  this  work,  and  which  are 

employed  in  the  resolution  of  the  following  Problems,  consist  of 

Tables  of  the  Sun,  Tables  of  the  Moon,  Tables  of  the  Mean 

Ilaces  of  some  of  the  Fixed  Stars.  Tables  of  Corrections  for 

Refraction,  Aberration  and  Nutation,  and  Auxiliary  Tables. 

The  Tables  of  the  Sun,  which  are  from  XVII  to  XXXIV  in- 
elusive,  are,  for  the  most  part,  abridged  from  Delambre's  Solar 
Tables.    The  mean  longitudes  of  the  sun  and  of  his  perigee  for 
tile  beginning  of  each  year,  found  in  Table  XVIII,  have  been 
computed  from  the  formula  of  Prof.  Bessel,  given  in  the  Nauti- 
cal Almanac  of  1837.     The  Table  of  the  Equation  of  Time 
"^  reduced  from  the  table  in  the  Connaissance  des  Terns  of 
1810,  which  is  more  accurate  than  Delambre's  Table,  this  being 
Uj  some  instances  liable  to  an  error  of  2  seconds.     The  Table 
of  Nutation  (Table  XXVII)  was  extracted  from  FrancoBur's 
Practical  Astronomy.     The  maximum  of  nutation  of  obliquity 
is  taken  at  9".25.     The  Tables  of  the  Sun  will  give  the  sun's 
ioQgitude  from  the  mean  equinox  within  a  fraction  of  a  second 
of  the  result  obtained  immediately  from  Delambre's  Tables,  as 
corrected  by  Bessel.     The  Tables  of  the  Moon,  which  are  from 
XXXV  to  LXXXV  inclusive,  are  abridged  and  computed  from 
Surckhardt's  Tables  of  the  Moon.    To  facilitate  the  determina- 
ion  of  the  hourly  motions  in  longitude  and  latitude,  the  equa- 
ions  of  the  hourly  motions  have  all  been  rendered  positive,  like 
lose  of  the  longitude.    Some  few  new  tables  have  been  com- 
Qted  for  the  same  purpose.    The  longitude  and  hourly  moticm 
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in  longitude  will  very  rarely  dilBfer  from  the  results  of  Barck- 
hardt's  Tables  more  than  0".5,  and  never  as  much  as  1".  The 
error  of  the  latitude  and  hourly  motion  in  latitude  will  be  still 
less.  The  other  tables  have  been  taken  from  some  of  the  most 
approved  modern  Astronomical  Works.  (For  the  principles  of 
the  construction  of  the  Tables,  see  Chap.  X.) 

Before  entering  upon  the  explanation  of  each  of  the  tables, 
it  will  be  proper  to  define  a  few  terms  that  will  be  made  use  of 
in  the  sequel. 

The  given  quantity  with  which  a  quantity  is  taken  from  a 
table,  is  called  the  Argument. 

The  angular  arguments  are  expressed  in  some  of  the  tables 
according  to  the  sexagesimal  division  of  the  circle.  In  others,  tbey 
are  given  in  parts  of  the  circle  supposed  to  be  divided  into  a  100, 
a  1000,  or  10000  &c.  parts. 

Tables  are  of  Single  or  Double  Entry ^  according  as  they  con- 
tain one  or  two  arguments.  The  Epoch  of  a  table,  is  the  instant 
of  time  for  which  the  quantities  given  by  the  table  are  computed. 
By  the  Epoch  of  a  quantity,  is  meant  the  value  of  the  quan- 
tity found  for  some  chosen  epoch,  from  which  its  value  at 
other  epochs  is  to  be  computed  by  means  of  its  known  rate  of 
variation. 

Table  I,  contains  the  latitudes,  and  longitudes  from  the  me- 
ridian of  Greenwich,  of  various  conspicuous  places  in  different 
parts  of  the  earth.  The  longitudes  serve  to  make  known  the  time 
at  any  one  of  the  places  in  the  table,  when  that  at  any  of  the 
others  is  given.  The  latitude  of  a  place  is  an  important  element 
in  various  astronomical  calculations. 

Table  II,  is  a  table  of  the  Elements  of  the  Orbits  of  the  Planets 
with  their  secular  variations,  and  serves  to  make  kncAvn  the  ele- 
ments at  any  given  epoch  different  from  that  of  the  table.  Frooi 
these  the  elliptic  place  of  the  planets  at  the  given  epoch  may  be 
computed. 

Table  III,  is  a  similar  table  for  the  Moon. 

Tables  IV,  V,  VI,  VII,  require  no  explanation. 

Table  VIII,  gives  the  mean  Astronomical  Refractions ;  that  is; 
the  refractions  which  have  place  when  tlie  barometer  stands  at  90 
inches,  and  the  thermometer  of  Fahrenheit  at  50^. 

Table  IX,  contains  the  corrections  of  the  Moon  Refinetions  fiff 
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+  1  inch  in  the  barometer,  and  —  1°  in  the  thermometer,  from 
which  the  corrections  to  be  applied,  at  any  observed  height  of  the 
barometer  and  thermometer,  are  easily  derived. 

Table  X,  gives  the  Parallax  of  the  Sun  for  any  given  altitude 
on  a  given  day  of  the  year  *,  for  reducing  a  solar  observation  made 
at  the  surface  of  the  earth  to  what  it  would  have  been,  if  made  at 
the  centre. 

Table  XI,  is  designed  to  make  known  the  Sun's  Semi-diurnal 
Arc,  answering  to  any  given  latitude,  and  to  any  given  declina- 
tion of  the  sun ;  and  thus  the  time  of  the  sun^s  rising  and  set- 
ting, and  the  length  of  the  day. 

Table  XII,  serves  to  make  known  the  value  of  (he  Equation  of 
Time,  with  its  essential  sign,  which  is  to  be  aj^hed  to  the  appa^- 
rent  time  to  convert  it  into  the  mean.  If  the  s^  of  the  equation 
taken  from  the  table  be  changed,  it  will  serve  for  the  conver- 
sion of  mean  time  into  apparent.  This  table  is  constructed  for 
the  year  1840. 

Table  XIII,  is  to  be  used  in  connection  with  Table  Xn,  when 
tfie  given  date  is  in  any  other  year  than  1840.  It  furnishes  the 
Secular  Variation  of  the  Equation  of  Time,  from  which  the  pro- 
portional part  of  its  variation  in  the  interval  between  the  given  date 
and  the  epoch  of  Table  XII  is  easily  derived. 

Table  XIV,  contains  certain  other  Corrections  to  be  applied  ta 
the  equation  of  time  taken  from  Table  XII,  when  its  exact  value, 
to  within  a  small  fraction  of  a  second,  is  desired. 

Table  XV,  gives  the  Fraction  of  the  Year,  corresponding  to 
each  date.  This  table  is  useful,  when  quantities  vary  by  known 
and  uniform  degrees,  in  deducing  their  values  at  any  assumed 
time  from  their  values  at  any  other  time. 

Table  XVI,  is  for  converting  Hours,  Minutes,  and  Seconds 
into  decimal  parts  of  a  Day. 

Table  XVII,  is  for  converting  Minutes  and  Seconds  of  a 
degree  into  the  decimal  division  of  the  same.  It  will  also  serve 
for  the  conversion  of  minutes  and  seconds  of  time  into  decimal 
parts  of  an  hour. 

The  last  two  tables  will  be  found  frequently  useful  in  arith- 
metical operations. 

Table  XVIII,  is  a  table  of  Epochs  of  the  Sim's  Mean  Longi- 
tude, of  the  Longitude  of  the  Perigee^  and  of  the  Arguments  for 

32 
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finding  the  small  equations  of  the  Sun's  place.  They  are  all 
calculated  for  the  first  of  January  of  each  year,  at  mean  noon 
on  the  meridian  of  Greenwich.  Argument  i,  is  the  mean 
longitude  of  the  Moon  minus  that  of  the  Sun ;  Argument  n,  is 
the  heliocentric  longitude  of  the  Earth ;  Argument  m,  is  the 
heliocentric  longitude  of  Venus ;  Argument  lY,  is  the  heliocen- 
tric longitude  of  Mars ;  Argument  Y,  is  the  heliocentric  longi- 
tude of  Jupiter ;  Argument  Yi,  is  the  mean  anomaly  of  the 
Moon;  Argument  YIl,  is  the  heliocentric  longitude  of  Satum; 
and  Argument  N,  is  the  supplement  of  the  longitude  of  the 
Moon's  Ascending  Node.  Argument  I,  is  for  the  first  part  of  the 
equation  depending  on  the  action  of  the  Moon.    Aiguments 

I  and  YI,  are  the  arguments  for  the  remaining  part  of  the  lunar 
equation.  Arguments  11  and  III,  are  for  the  equation  depending 
on  the  action  of  Yenus ;  Ailments  11  and  lY,  for  the  equatioD 
depending  on  the  action  of  Mars ;  Arguments  n  and  Y,  for  the 
equation  depending  on  the  action  of  Jupiter;  and  Arguments 

II  and  YII,  for  the  equation  depending  on  the  action  of  Saturn. 
Argument  N,  is  the  argument  for  the  Nutation  in  longitude :  it 
is  also  the  argument  for  the  Nutation  in  right  ascension,  and  of 
the  obliquity  of  the  ecliptic. 

Table  XIX,  shows  the  Motions  of  the  Sun  and  Perigee,  and  the 
variations  of  the  arguments,  in  the  interval  between  the  b^[inning 
of  the  year  and  the  first  of  each  month. 

Table  XX,  shows  the  Motions  of  the  Sun  and  Perigee,  and  the 
variations  of  the  arguments,  for  Days  and  Hours. 

Table  XXI,  gives  the  Sun's  Motions  for  Minutes  and  Seconds. 
Tables  XYUI  to  XXI,  make  known  the  mean  longitude  of  the 
Sun  from  the  mean  equinox  at  any  moment  of  time. 

Table  XXII.  Mean  Obliquity  of  the  Ecliptic  for  the  beginning 
of  each  year  contained  in  the  table.  It  is  found  for  any  inter- 
mediate time  by  a  simple  proportion. 

Tables  XXm  and  XXIY,  fiimish  the  Sun's  Hourly  Motion 
and  Semi-diameter. 

Table  XXY,  is  designed  to  make  known  the  Equation  of  the 
Sun's  Centre.    When  the  equation  has  the  n^ative  sign,  its  sop- ' 
plement  to  12  s.  is  taken.    This  is  to  be  added  along  with  the 
other  equations  of  longitude,  and  12  s.  are  to  be  subtracted  fitoD 
the  suuL    The  signs  of  the  argument  are  given  both  at  the  beai 
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» 

«id  ibot  of  tlie  Colimms.  The  numbors  in  the  table  are  the 
values  of  the  equatioii  of  the  centre,  or  of  its  supplement,  dimin* 
iBfaed  by  46".  1. .  This  constant  is  subtracted  fix>m  each  value,  to 
balaace  the  different  quantities  added  to  the  other  equations  of 
tbe  longitude,  in  order  to  render  them  affirmative.  The  epoch  of 
this  table  is  the  year  1840. 

Table  XXYI,  gives  the  Seculajr  Variation  of  the  Ek][uation  of 
hd  Sun's  Centre,  from  which  the  proportional  part  of  the  varia- 
ioQ  in  the  interval  between  the  given  date  and  the  year  1840, 
any  be  derived. 

Table  XXYII,  is  for  the  Nutation  in  Longitude  and  Right  As- 
oenaion,  and  of  the  Obliquity  of  the  Ecliptic.  The  nutation  in 
longitude  and  in  right  ascension,  serve  to  transfer  the  origin  of 
the  longitude  and  right  ascension  from  the  mean  to  the  true  equi- 
UHL  And  the  nutation  of  obliquity  serves  to  change  the  mean 
iato  the  true  obliquity. 

Tables  XXYIII  to  XXXIII,  give  the  Equations  of  the  Sun's 
Longitude,  due  respectively  to  the  attractions  of  the  Moon, 
Tenus,  Jupiter,  Mars,  and  Saturn. 

Table  XXXIY  is  for  the  variable  part  of  the  Sun's  Aberration. 
The  numbers  have  all  been  rendered  positive  by  the  addition  of 
the  constant  0".3. 

Table  XXXY,  contains  the  Epochs  of  the  Moon's  Mean  Longi- 
^de^  and  of  the  Arguments  for  finding  the  equations  which  are 
oeoessary  in  determining  the  True  Longitude  and  Latitude  of  the 
UboQ.  They  are  all  calculated  for  the  first  of  January  of  each 
fear,  at  mean  noon  on  the  meridian  of  Greenwich.  The  Argu- 
BKiit  for  the  Evection  is  diminished  by  30' ;  the  Anomaly  by  2^ ; 
the  Argument  for  the  Variation  by  9° ;  and  the  Supplement  of  the 
Node  is  increased  by  7'.  This  is  done  to  balance  the  quantities 
riiich  are  added  to  the  different  equations  in  order  to  render 
hem  affirmative. 

Tables  XXXYI  to  XL,  inclusive,  give  the  Motions  of  the 

fbon,  and  the  variations  of  the  arguments  for  Months,  Days, 

lours,  Minutes,  and  Seconds ;  and,  together  with  Table  XXXY, 

»  for  finding  the  Moon's  Mean  Longitude  and  the  Arguments 

any  assumed  moment  of  time. 

Tables  ^TJ  to  LIU,  inclusive,  give  the  various  Equations  of 
e  Moon's  Longitude.    It  is  to  be  observed,  with  respect  to  Table 
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XLI,  that  the  right  hand  figure  of  the  argument  is  supposed  to 
be  dropped.  But  when  the  greatest  attainable  accuracy  is  ds- 
sired,  it  can  be  retained,  and  a  cjrpher  conceived  to  be  written 
after  the  numbers  in  tlie  columns  of  Arguments  in  the  table.  In 
Tables  L,  LI,  LII,  and  LV,  the  d^^rees  will  be  found  by  referriog 
to  the  head  or  foot  of  the  column.    (See  Problem  11,  Note  2). 

Table  LIT,  is  for  the  Nutation  of  the  Moon's  Longitude. 

Tables  LY  to  LIX,  inclusive,  are  for  finding  the  Latitude  of 
the  Moon. 

Tables  LX  to  LXIII,  inclusive,  are  for  the  Equatorial  Paiallax 
of  the  Moon. 

Table  LXIV,  furnishes  the  Reductions  of  Parallax  and  of  the 
Latitude  of  a  Place.  The  reduction  of  parallax  is  for  obtaining 
the  parallax  at  any  given  place  from  the  equatorial  parallax.  The 
reduction  of  latitude  is  for  reducing  the  true  latitude  of  a  place,  as 
determined  by  observation,  to  the  corresponding  latitude,  on  the 
supposition  of  the  earth  being  a  sphere.  The  ellipticity  to  which 
the  numbers  in  the  table  correspond  is  jij. 

Tables  LXV  and  LXYL  Moon's  Semi-diameter,  and  the  Aug- 
mentation  of  the  Semi-diameter  depending  on  the  altitude. 

Tables  LVII  to  LXXXV,  inclusive,  are  for  finding  the  Hourly 
Motions  of  the  Moon  in  Longitude  and  Latitude. 

Table  LXXX  VL  Mean  New  Moons,  and  the  Ailments  for  the 
Equations  for  New  and  Full  Moon  in  January.  The  time  of 
mean  new  moon  in  January  of  each  year  has  been  diminished  hj 
15  hours,  which  has  been  added  to  the  equations  in  Table 
LXXXIX.  Thus,  4h.  20m.  has  been  added  to  equation  I ;  lOh. 
10m.  to  equation  II ;  10m.  to  equation  III ;  and  20m.  to  equa- 
tion IV. 

Tables  LXXXVII  and  LXXX  VIII,  are  used  with  the  precediny 
in  finding  the  Approximate  Time  of  Mean  New  or  Pull  Moon 
in  any  given  month  of  the  year. 

Table  LXXXIX,  furnishes  the  Equations  for  finding  the 
Approximate  Time  of  New  or  Full  Moon. 

Table  XC,  contains  the  Mean  Right  Ascensions  and  Declina- 
tions of  60  principal  Fixed  Stars,  for  the  beginning  of  the  year 
1840,  with  their  Annual  Variations. 

Table  XCI)  is  for  finding  the  Aberration  and  Nutation  of  the 
Stars  in  the  preceding  catalogue. 


EXPLANATION   OF   THE   TABLES.  253 

Table  XCII,  contains  the  Mean  Longitudes  and  Latitudes  of 
some  of  the  principal  Fixed  Stars,  for  the  beginning  of  the  year 
1840,  with  their  Annual  Variations. 

Tables  XCUI,  XCIV,  XC  V.  Second,  Third,  and  Fourth  Dif- 
ferences. These  tables  are  useful  for  finding,  firom  the  Nautical 
Almanac,  the  moon's  longitude  or  latitude  for  any  time  between 
noon  and  midnight. 

Table  XCVI.  Logistical  Logarithms.  This  table  is  conve- 
nient in  working  proportions  when  the  terms  are  minutes  and 
seconds,  or  degrees  and  minutes,  or  hours  and  minutes, — espe- 
cially when  the  first  term  is  Ih.  or  60m. 

To  find  the  logistical  logarithm  of  a  number  composed  of 
fmutes  and  seconds^  or  degrees  and  mintUes  of  an  arc  ;  or  of 
minules  and  seconds^  or  hours  and  minutes  of  time. 

L  If  the  number  consists  of  minutes  and  seconds,  at  the  top 
or  bottom  of  the  table  seek  for  the  minutes,  and  in  the  same 
<^lumn  opposite  the  seconds  in  the  left-hand  column  will  be 
foood  the  logistical  logarithm. 

2.  If  the  number  is  composed  of  hours  and  minutes,  the  hours 
loost  be  used  as  if  they  were  minutes,  and  the  minutes  as  if 
^  were  seconds.  * 

3.  If  the  number  is  composed  of  degrees  and  minutes,  the  de- 
grees must  be  used  as  if  they  were  minutes,  and  the  minutes  as 
tf  they  were  seconds. 

To  find  the  logistical  logarithm  of  a  number  less  than  3600. 

Seek  in  the  second  line  of  the  table  from  the  top  the  number 
next  less  than  the  given  number,  and  the  remainder,  or  the  com- 
plement to  the  given  number,  in  the  first  column  on  the  left : 
then,  in  the  column  of  the  first  number,  and  opposite  the  com- 
plement, will  be  found  the  logistical  logarithm  of  the  sum. 
Thus,  to  obtain  the  logarithm  of  1531,  we  seek  for  Uie  column 
of  1600,  and  opposite  31  we  find  3713. 
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PROBLEM   I. 

To  workf  by  logistical  logarithms,  a  proportion  the  terms  (f 
which  are  degrees  and  minutes,  or  minutes  and  seconds  af 
an  arc ;  or  hours  and  minutes,  or  minutes  and  seconds  0/ 
tim£. 

With  the  degrees  or  minutes  at  the  top,  and  minutes  or  seconds 
at  the  side,  or  if  a  term  consists  of  hours  and  minutes,  or  minuto 
and  seconds,  with  the  hours  or  minutes  at  the  top,  and  minutes 
or  seconds  at  the  side,  take  from  Table  XCVI  the  logistical  loga- 
rithms of  the  three  given  terms ;  add  together  the  logistical  loga- 
rithms of  the  second  and  third  terms  and  the  arithmetical  comple- 
ment of  that  of  the  first  term,  rejecting  10  firom  the  index.*  The 
result  will  be  the  logistical  logarithm  of  the  fourth  term,  with 
which  take  it  from  the  table. 

• 

Note  1.  The  logistical  logarithm  of  60'  is  0. 

Note  2.  If  the  second  or  third  term  contains  tenths  of  seconds, 
(or  tenths  of  minutes,  when  it  consists  of  degrees  and  minutes), 
and  is  less  than  6',  or  6°,  multiply  it  by  10,  and  employ  the  loga- 
rithm of  the  product  in  place  of  that  of  the  term  itself  The 
result  obtained  by  the  table  divided  by  10  will  be  the  fourth  term  of 
the  proportion,  and  will  be  exact  to  tenths. 

Note  3.  If  none  of  the  terms  contain  tenths  of  minutes  or 
seconds,  and  it  is  desired  to  obtain  a  result  exact  to  tenths, 
diminish  the  index  of  the  logistical  of  the  fourth  term  by  1,  and 
cut  oflF  the  right-hand  figure  of  the  number  found  trom  the 
table,  for  tenths. 

Exam.  1.  When  the  moon's  hourly  motion  is  30*  12",  what  is 
its  motion  in  16m.  24s.  ? 

As  60m.  -    -    -    -    0 

:  30' 12"    -    -    -  2981 

::  16m.  24s.  -   -   -  6633 


8' 15"    -   -   -  8614 


*  Instead  of  adding  the  arithmetical  complement  of  the  logarithm  of  the  fint 
tenn,  the  logarithm  itielf  may  be  aubtracted  fixim  the  ■am  of  the  logarithmiflf 
tlie  othar  two  terms. 
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2.  If  the  moon's  declination  change  1°  31'  in  12  hours,  what 
will  be  the  change  in  7h.42in.? 

As  12h.  -         -         At.  Co.  9.3010 

:    10  31'        -        -        -    1.5973 

::   7h.  42m.     -        -        -       8917 


:   0°68'         -        -        -    1.7900 
3.  When  the  moon's  hourly  motion  in  latitude  is  2'  26".8, 
what  is  its  motion  in  36m.  22s.  ? 
2'  26".8 
60 


146".8 
10 


As    60m.    -        -        0 

1468   -   -    :  1468"  -   -  3896 

36m  22s.   -  2174 


:  890"  -    .  6070 

Ans.  1'  29".0. 
4.  When  the  sim's  hourly  motion  in  longitude  is  2'  28", 
^  is  its  motion  49m.  lis.  ?  Ans.  2'  1". 

6.  If  the  sun's  declination  changes  16'  33"  in  24  hours,  what 
will  be  the  change  in  14h.  18m.  ?  Ans.  9'  52". 

6.  If  the  moon's  declination  change  64".7  in  one  hour,  what 
will  be  the  change  in  52m.  18s.  ?  Ans.  47".7. 

PROBLEM   II. 

To  take  from  a  table  the  quantity  corresponding  to  a  given 

value  of  the  argument,  or  to  given  values  of  the  arguments 

of  the  table. 

Case  1.  When  quantities  are  given  in  the  table  for  each  sign 
^  degree  of  the  argument. 

With  the  signs  of  the  given  argument  at  the  top  or  bottom,  and 
^  degrees  at  the  side,  (at  the  left  side,  if  the  signs  are  found  at 
^  top ;  at  the  right  side,  if  they  are  found  at  the  bottom), 
Wee  out  the  corresponding  quantity.  Also  take  the  differ- 
^ce  between  this  quantity  and  the  next  following  one  in  the 
^le,  and  say,  60' :  this  difference  : :  odd  minutes  and  seconds  of 
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given  argument :  a  fourth  term.  This  fourth  term,  added  to  the 
quantity  taken  out,  when  the  quantities  in  the  table  are  incien- 
ing,  but  subtracted  when  they  are  decreasing,  will  give  the  re- 
quired quantity. 

Note  1.  When  the  quantities  change  but  little  from  degree  to 
degree,  the  required  quantity  may  frequently  be  estimated  without 
the  trouble  of  making  a  proportion. 

Note  2.  In  some  of  the  tables  the  d^rees  or  signs  of  the  quan- 
tity sought,  are  to  be  had  by  referring  to  the  head  or  foot  of  the 
column  in  which  the  minutes  and  seconds  are  found.  (See 
Tables  L,  LI,  LII,  and  LV.)  The  degrees  there  found  are  to  be 
taken,  if  no  horizontal  mark  intervenes ;  otherwise,  they  are  to  be 
increased  or  diminished  by  1°,  or  2°.  according  as  one  or  two 
marks  intervene.  They  are  to  be  increased,  or  diminished,  ac- 
cording as  their  number  is  less  or  greater  than  the  number  of 
degrees  at  the  other  end  of  the  column. 

Note  3.  If,  as  is  the  case  with  some  of  the  tables,  the  quantities 
in  the  table  have  an  algebraic  sign  prefixed  to  them,  n^lect  the 
consideration  of  the  sign  in  determining  the  correction  to  be  ap- 
plied to  the  quantity  first  taken  out,  and  proceed  according  to  the 
rule  above  given.  The  result  will  have  the  sign  of  the  quantity 
first  taken  out.  It  is  to  be  observed,  however,  that  if  the  two 
consecutive  quantities  chance  to  have  opposite  signs,  their  nu- 
merical sum  is  to  be  taken  instead  of  their  difference ;  also  that 
the  quantity  sought  will,  in  every  such  instance,  be  the  numerical 
difference  betv/een  the  correction  and  the  quantity  first  taken  out, 
and,  according  as  the  correction  is  less  or  greater  than  this  quan- 
tity, is  to  be  affected  with  the  same  or  the  opposite  sign. 

ExanL  1.  Given  the  aj^ment  7*  6°  24'  36",  to  find  the  cor- 
responding quantity  in  Table  L. 

7-  6^  gives  0°  43'  17".4. 

The  difference  between  (P  43'  17".4  and  the  next  following 
quantity  in  the  table  is  1'  7".3. 

60'  :  1'  7".3  :  :  24'  36"  :  27".6.* 


*  The  itudent  can  work  the  proportion  either  by  commoD  uithmetie,  or  \ij 
logiitical  logarithmi,  is  he  may  prefer.  In  working  thia  and  all  aimilar  propor. 
tiona  by  the  arithmetical  method,  the  aeconda  of  the  argument  may  be  coo?eittd 
into  the  equivalent  decimal  part  of  a  minute  by  meanp  of  Table  XViL  It  wiU  be 
■ai&dent  to  Uke  the  fraction  to  the  neareat  tenth. 
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From     (P  43'  IT' A 
Take  27 .6 


0    42  49.8 
2.  Given  the  argument  2«18°  41'  20",  to  find  the  correspond- 
ing quantity  in  Table  XXV. 

2-- 18°  gives  1°  52'  32".5. 
The  difference  between  1°  62'  32".6  and  the  next  following 
quantity  in  the  table  is  21".8. 

60'  :  21".8  :  :  41'  20"  :  15".0. 

To         1°  52'  32".5 
Add  16  .0 


1    62  47  .5 
3.  Given  the  argument  9"-  2P  13'  33",  to  find  the  correspond- 
ing quantity  in  Table  XII. 

9-.  2°  gives  29.8s. 
The  arithmetical  sum  of  29.8s.  and  the  next  following  quan- 
tity in  the  table  is  30.4s. 

60' :  30.4s.  : :  13°  33'  :  6.9s. 
From    29.8s. 
Take       6.9 


22.9s. 

4.  Given  the  argument  5''  8°  14'  62",  to  find  the  correspond- 
ing quantity  in  Table  LII.  Ans.  12'  36".0. 

5.  Given  the  argument  11"- 11°  23'  10",  to  find  the  correspond- 
ing quantity  in  Table  LVI.  Ans.  11'  48 '.0. 

6.  Given  the  argument  0'-  26°  20',  to  find  the  corresponding 
quantity  in  Table  XII.  Ans.  —  4l».0. 

Case  2.  When  the  argument  changes  in  (he  table  by  more 
or  less  than  1°  ;  or  when  it  is  given  in  lower  denominations 
than  signs. 

Take  out  of  the  table  the  quantity  answering  to  the  number 
in  the  cokimn  of  aiguments  next  less  than  the  given  argument* 
Take  the  difference  between  this  quantity  and  the  next  follow- 
ing  one,  and  also  the  difference  of  the  consecutive  values  of  the 
argument  inserted  in  the  table,  and  say,  difference  of  argu- 
ments :  difference  of  quantities  :  :  excess  of  the  given  argument 
over  the  value  next  less  in  the  table  :  a  fourth  term.    This 


oo 
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fourth  term  applied  to  the  quantity  first  taken  out,  according  to 
the  rule  given  in  the  preceding  case,  will  give  the  quantitf 
sought 

Note  3.  In  some  of  the  tables  the  columns  entitled  Diff.  are 
made  up  of  the  differences  answering  to  a  difference  of  lO*'  in 
the  argument.  In  obtaining  quantities  from  these  tables,  it  will 
be  found  more  convenient  to  take  for  the  first  and  second  terms 
of  the  proportion,  respectively,  10',  and  the  difference  furnished 
by  the  table,  and  work  the  proportion  by  the  arithmetical 
method.     (See  note  at  bottom  of  page  266). 

Exam.  1.  Given  the  argument  0*-  24^  42'  15",  to  find  the  cor- 
responding quantity  in  Table  LI. 

0«  24°  30'  gives  9°  47'  14".3. 

The  difference  between  9^  47'  14".3  and  the  next  following 

quantity  =  3  x  63".0  =  189".0.     The  argument  changes  by  30. 

And  the  excess  of  0«-  24°  42'  16"  over  0*  24°  30'  is  12'  15". 

Thus, 

30'  :  189".0  :  :  12'  15"  :  77  ".2. 

But  the  correction  may  be  found  more  readily  by  the  following 

proportion, 

10' :  63".0  : :  12'.25  :  77".2. 

To         9°  47'  14  ".3 

Add  77 .2 


90  48'  31  .6 
2.  Given  the  argument  1^  12',  to  find  the  correspondincr  quan- 
tity in  Table  VIII. 

10  10'  gives  23'  13", 

and  6'  :  27"  :  :  2'  :  11"  the  correction. 

From  23'  13" 

Take  11 


23     2 

3.  Given  the  argument  6"-  6°  7'  23",  to  find  the  correspond- 
ing quantity  in  Table  LV.  Ans.  90^  gC  53".5. 

4.  Given  the  argument  49°  27',  to  find  the  corresponding 
quantity  in  Table  LXIV.  Ans.  11'  19".a 

Case  3.   When  the  argument  is  given  in  the  table  in  hunr 
dredth,  thousandth,  or  ten  thousandth  parts  of  a  circle. 
The  required  quantity  can  be  foimd  in  this  case  by  the  sam6 
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rale  as  in  the  preceding ;  but  it  can  be  had  more  expeditiously 
by  observing  the  following  rules.  If  the  argument  varies  by 
10,  multiply  the  difference  of  the  quantities  between  which  the 
required  quantity  lies  by  the  excess  of  the  given  argument  over 
ttie  next  less  value  in  the  table,  and  remove  the  decimal  point 
one  figure  to  the  left ;  the  result  will  be  the  correction  to  be 
applied  to  the  quantity  taken  out  of  the  table.  The  same  rule 
will  apply  in  taking  quantities  from  tables  in  which  the  differ- 
ences, answering  to  a  change  of  10  in  the  argument,  are  given, 
although  the  argument  should  actually  change  by  60  or  100. 
If  the  argument  changes  by  100,  multiply  as  above,  and  remove 
the  decimal  point  two  figures  to  the  left.  When  the  common 
difference  of  the  arguments  is  6,  proceed  as  if  it  were  10,  and 
double  the  result.  In  like  manner,  when  the  common  differ- 
ence is  50,  proceed  as  if  it  were  100,  and  double  the  result. 

Exam.  1.  Given  the  argument  973,  to  find  the  corresponding 
quantity  in  Table  XLT,  column  headed  13. 

970  gives  23".5. 

The  difference  is  1".2,  and  the  excess  3. 

1".2  From    23".6 

3  Take  .4 


Corr.  .36  23  .1 

2.  Given  the  argument  4834,  to  find  the  corresponding  quan- 
tity in  Table  XLII,  column  headed  5. 

4800  gives  2'  3".7. 
The  difference  is  6".8,  and  the  excess  34. 
6".8 

34 
From    2'  3".7 

2.312        -        -        -     Take         2.3 


2   1.4 

3.  Given  the  argument  6444,  to  find  the  corresponding  quan- 
tity in  Table  XLI.  Ans.  15'  37".7.  ^ 

4.  Given  the  argument  4225,  to  find  the  corresponding  quan- 
tity in  Table  XLIII,  column  headed  8.  Ans.  0'  47".2. 

Case  4.    When  the  table  is  one  of  double  entry ^  or  quantities 
are  taken  from  it  by  means  of  two  arguments. 

Take  out  of  the  table  the  quantity  answering  to  the  values  of 
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the  arguments  of  the  table  next  less  than  the  given  values ;  and 
find  the  respective  corrections  to  be  applied  to  it,  due  to  the 
excess  of  the  given  value  of  each  argument  over  the  next  le» 
value  in  the  table,  by  the  general  rule  given  in  the  preceding 
case.  These  corrections  are  to  be  added  to  the  quantity  taken 
out,  or  subtracted  from  it,  according  as  the  quantities  increase 
or  decrease  with  the  arguments. 

Note  1.  If  the  tenths  of  seconds  be  omitted,  the  corrections 
above  mentioned  can  be  estimated,  without  the  trouble  of  sta- 
ting a  proportion,  or  performing  multiplications. 

Note  2.  The  rule  above  given  may,  in  some  rare  instances, 
give  a  result  differing  a  few  tenths  of  a  second  from  the  truth. 
The  following  rule  will  furnish  more  exact  results.  Find  the 
quantities  corresponding,  respectively,  to  the  value  of  the  ail- 
ment at  the  top  next  less  than  its  given  value,  and  the  other 
given  argument,  and  to  the  vahie  next  greater  and  the  other 
given  argument.  Take  the  difference  of  the  quantities  found, 
and  also  the  difference  of  the  corresponding  arguments  at  top, 
and  say,  difference  of  arguments  :  difference  of  quantities : :  ex- 
cess of  given  value  of  the  argument  at  the  top  over  its  next  less 
value  in  the  table  :  a  fourth  term.  This  fourth  term  added  to 
the  quantity  first  found,  if  it  is  less  than  the  other,  but  subtracted 
from  it,  if  it  is  greater,  will  give  the  required  quantity.  The 
error  of  the  first  rule  may  be  diminished  without  any  extra  calcu- 
lation, by  attending  to  the  differences  of  the  quantities  answering 
to  the  value  of  the  argument  at  the  side  next  greater  than  its 
given  value,  and  the  values  of  the  other  argument,  between 
which  its  given  value  lies. 

Exam.  1.  Given  the  argument  64  at  the  top  and  77  at  the  side, 
to  find  the  corresponding  quantity  in  Table  LXXXI. 

50  and  70  give  47".7. 

The  difference  between  47".7  and  the  next  quantity  below  it 
is  1".4.  The  excess  of  77  over  70  is  7,  and  the  argument  at  the 
side  changes  by  10. 

1".4 

7 

From    47".7 

Corr.  due  excess  7,      .98,  or  1".0.      Take       1  .0 


duantity  corresponding  to  60  and  77,     46  .7 
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The  difference  between  47".7  and  the  adjacent  quantity  in  the 
next  column  on  the  right  is  3".3.  The  excess  of  64  over  50  is 
14,  and  the  argument  at  the  top  changes  by  60. 

3'.3 
14 


.462 
2 


From    46".7 

Corr.  due  excess  14,     .924  Take      0  .9 


45  .8 

2.  Given  the  argument  223  at  the  top  and  448  at  the  side,  to 

find  the  corresponding  quantity  in  Table  XXX. 

220  and  440  give  16".0. 

The  difference  between  16".0  and  the  quantity  next  below  it 

is  2".2. 

2".2 

8 


9  )  1.76 

From    16".0 

Corr.  for  excess  8,  .88,  or  0".9.      Take      0  .9 

Quantity  corresponding  to  220  and  448,    15  .1 
The  difference  between  16".0  and  the  adjacent  quantity  in  the 
next  column  on  the  right  is  0".7. 

0".7 

3 

To      15".l 

Corr.  for  excess  3,  .21  Add  .2 

15  .3 

3.  Given  the  argument  472  at  the  top  and  786  at  the  side,  to 
find  the  corresponding  quantity  in  Table  XXXI. 

Ans.  9".7. 

4.  Given  the  argument  620  at  the  top  and  367  at  the  side,  to 
find  the  corresponding  quantity  in  Table  LXXXI. 

Ans.  65".2. 

5.  Given  the  argument  348  at  the  top  and  932  at  the  side,  to 
find  (by  the  rule  given  in  Note  2)  the  corresponding  quantity  in 
Table  XXXn.  Ans.  16".4. 
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PROBLEM   III. 

To  convert  Degrees,  Minuses,  and  Seconds  of  the  Etpiator  inh 

Time. 

Multiply  the  quantity  by  4,  and  call  the  product  of  the  seconds 
thirds ;  of  the  minutes,  seconds ;  and  of  the  degrees,  minutes. 
Exam  1.  Convert  83°  11'  52"  into  time. 

83°  11'    52" 
4 


5h.  32«n.  47-.  28'" 

2.  Convert  34P  67'  46"  into  time. 

Ans.  2h.  19m.  Slsec.  4'". 


PROBLEM   IV. 

To  convert  Time  into  Degrees,  Minutes,  and  Seconds, 

Reduce  the  hours  and  minutes,  to  minutes ;  divide  by  4,  and 

call  the  quotient  of  the  minutes,  degrees ;  of  the  seconds,  minutes; 

and  multiply  the  remainder  by  15,  for  the  seconds. 

Exam.  1.  Convert  7h.  9m.  34sec.  into  degrees,  &c. 

7h.  gm.  34s. 

60 


4)429    34 


107°  24'  30" 
2.  Convert  llh.  24m.  45s.  into  degrees,  &^. 

Ans.  1710  11'  16". 


PROBLEM   V. 

The  Longitudes  of  two  Places,  and  the  Tim£  at  one  of  them 
being  given,  to  find  the  corresponding  time  at  the  other. 

When  the  given  time  is  in  the  morning,  change  it  to  astronom- 
ical time,  by  adding  12  hours,  and  diminishing  the  number  of  the 
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by  a  unit.  When  the  given  time  is  in  the  eTcning,  it  is 
tdy  in  astronomical  time. 

ind  the  difference  of  longitude  of  the  two  places,  by  taking  the 
lerical  difference  of  their  longitudes,  when  these  are  of  the 
3  name ;  that  is,  both  east  or  both  west ;  and  the  sum,  when 
are  of  different  names  ;  that  is,  one  west  and  the  other  east. 
3n  one  of  the  places  is  Greenwich,  the  longitude  of  the  other 
e  difference  of  longitude. 

'hen,  if  the  place  at  which  the  time  is  required,  is  to  the  east 
le  other  place,  add  the  difference  of  longitude,  in  time,  to  the 
n  time  ;  but,  if  it  is  to  the  west,  subtract  the  difference  of  lon- 
le,  from  the  given  time.  The  sum  or  remainder  will  be  the 
ired  time. 

ote.  The  longitudes  of  the  places  mentioned  in  the  following 
nples,  are  given  in  Table  I. 

xam.  1.  When  it  is  October  25th,  3h.  13m.  22sec.  A.  M.,  at 
3nwich,  what  is  the  time,  as  reckoned  at  New  York? 
Time  at  Greenwich,  October,    24^-  IS**-  13»-22'- 
Diff.  of  Long.    -        -        -  4    56      4 


Time  at  New  York    -        -      24    10    17    18  P.M. 

.  When  it  is  June  9th,  5h.  25m.  lOsec.  P.  M.  at  Wa  hington, 

It  is  the  corresponding  time  at  Greenwich  ? 

Tinie  at  Washington,  June,         9*-  5^  25»- 10^ 
Diff.  of  Long.     -        .        -  6      8      7 


Time  at  Greenwich   -        -         9  10    33    17  P.  M. 
1.  When  it  is  January  15th,  2h.  44m.  23sec.  P.  M.  at  Paris, 
at  is  the  time  at  Thiladelphia? 

Longitude  of  Paris,    -        -        -  0»»-  9^-  21-.6    E 
Do.        of  FhiladelpLia,  -        -  5    0    44       W. 


5  10      5.6 


Time  at  Paris,  January,        -    15^-  2»»-  44«-  23-- 
Diff  of  Long,        ...  5    10      6 

Time  at  Philadelphia,    -        -    14  21    34    17 
hr  January  IStb,  9h.  34m.  17sec.  A.  M. 
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4.  When  it  is  March  31st,  8h.  4m.  21sec.  P.  M.  at  New  Haven, 
what  is  the  corresponding  time  at  Berlin? 

Ans.  April  1st,  Ih.  49ni.  48sec.  A.  M. 

5.  When  it  is  August  10th,  lOh.  32m.  14sec.  A.  M.  at  Boston, 
what  is  the  time  at  New  Orleans  ? 

Ans.  Aug.  10th,  9h.  16m.  3sec.  A.  M. 

6.  When  it  is  noon  of  the  23d  of  December  at  Greenwich, 
what  is  the  time  at  New  York  ? 

Ans.  Dec.  23d,  7h.  3m.  66sec.  A.  M. 


PROBLEM    VI. 

The  Apparent  Time  being  given,  to  find  the  corresponding 

Mean  Time ;  or  the  Mean  Time  being  given,  to  find  the 

Apparent. 

When  the  given  time  is  not  for  the  meridian  of  Greenwich,  re- 
duce it  to  that  meridian  by  the  last  problem.  Then  find  by  the 
tables  the  sun's  mean  longitude  corresponding  to  this  time.  Thus, 
from  Table  XVIII  take  out  the  longitude  answering  to  the  given 
year,  and  from  Tables  XIX,  XX,  and  XXI  take  out  the  motions  in 
longitude  for  the  given  month,  days,  hours  and  minutes,  neglect- 
ing the  seconds.  The  sum  of  the  quantities  taken  from  the  tables^ 
rejecting  12  signs,  when  it  exceeds  that  quantity,  will  be  the  sun's 
mean  longitude  for  the  given  time. 

With  the  sun's  mean  longitude,  thus  found,  take  the  Equation 
of  Time  from  Table  XII.  Then,  when  Apparent  Time  is  given  to 
find  the  Mean,  apply  the  equation  with  the  sign  it  has  in  the  table; 
but  when  Mean  Time  is  given  to  find  the  Apparent,  apply  it  with 
the  contrary  sign ;  the  result  will  be  the  Mean  or  Apparent  Time 
required. 

This  rule  will  be  sufficiently  exact  for  ordinary  purposes,  for 
several  years  before  and  after  the  year  1840.  When  the  given 
date  is  a  number  of  years  distant  from  this  epoch,  take  also  with 
the  sun's  mean  longitude  the  Secular  Variation  of  the  Equation  of 
Time  from  Table  XIII,  and  find  by  simple  proportion  the  variation 
in  the  interval  between  the  given  year  and  1840.  The  result, 
appUed  to  the  equation  of  time  taken  from  Table  XII,  according  to 
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I 

ga^  if  the  given  time  is  subsequent  to  the  year  1840,  but  with 
pposite  sign,  if  it  is  prior  to  1840,  will  give  the  equation  of 
at  the  given  date,  which  apply  to  the  given  time  as  above 
ted 

)te  1.  When  the  exact  mean  or  apparent  time  to  within  a 
1  fraction  of  a  second  is  demanded,  take  the  numbers  in  the 
inns  entitled  I,  II,  III,  IV,  V,  N,  in  Tables  XVII,  XIX,  XX, 
L,  answering  respectively  to  the  year,  montlis,  dajrs,  hours,  and 
ites  of  the  given  time.  With  the  respective  sums  of  the 
bers  taken  from  each  column,  as  arguments,  enter  Table  XIV, 
take  out  the  corresponding  quantities.  These  quantities  add- 
» the  equation  of  time  as  given  by  Tables  XII  and  XIII,  and 
constant  3.0s.  subtracted,  will  give  the  true  Equation  of 
e,  if  the  given  time  is  Mean  Time.  When  Apparent  Time  is 
1,  it  will  be  farther  necessary  to  correct  the  equation  of  time  as 
1  by  the  tables,  by  stating  the  proportion,  24  hours  :  change 
nation  for  1^  of  longitude  : :  equation  of  time  :  correction. 
)te  2.  The  Equation  of  Time  is  given  in  the  Nautical  Alma- 
for  each  day  of  the  year,  at  apparent,  and  also  at  mean  noon, 
le  meridian  of  Greenwich,  and  can  easily  be  found  for  any 
mediate  time  by  proportion.  Directions  for  appljring  it  to 
^ven  time  are  placed  at  the  head  of  the  column.  The  Equa- 
is  given  on  the  first  and  second  pages  of  each  month, 
cam.  1.  On  the  16th  of  July,  1840,  when  it  is9h.  35m.  22$.  P. 
lean  time  at  New  York,  what  is  the  apparent  time  at  the 
i  place? 

Time  at  New  York,  July  1840,  -  W  9^  36"-  22»- 
Diff.  ofLong.  -        -        -        -  4    56      4 

Time  at  Greenwich,  July  1840,    16  14    31    26 

M.  Long. 

1840 9«- 10<^  12'  49" 

July 5  29    23  16 

16d 14    47     6 

14h.        ....--  34  30 

31nL 1   16 


M.Long.         -        -       -       -     3  24    58  56 

34 


ABTROKOHT. 


The  eqiintionortime  in  Table  XII,  coiresponding  to3*-  24° 6& 

Mean  Time  at  New  York,  July  1840, 16'i'  9*^  35"^  22^ 
Equation  of  time,  sign  changed,        -  — 6    44 


Apparent  Time,  16    9    29    38  P.  M. 

2.  On  the  9ih  of  May,  1842,  when  it  b  4h.  15m.  21aec.  A.  M. 
apparent  time  at  New  York,  what  is  the  mean  time  at  the  saiw 
place,  and  also  at  Greenwich  1 

Time  ni  New  York,  May  1842,  8''  16"-  15"-  21'- 
Diff.  of  Long.        ...  4    66      4 


Time  at  Greenwich,        -        -  8    31    11    25 

M.  Long. 

1842    - 

-    9'   10O43"  18>- 

M.y     - 

.    3    28  16    40 

8d.    - 

6  53    68 

21  h.    ■ 

51    45 

11m.  - 

27 

M.Long.  -  1  16  46  8.  Equa.oftime,  — 3ia4Bi. 
Apparent  Time  at  Greenwich,  May,  1842,  8'-  SI""-  ll-as* 
Equation  of  Time, —  3    45 


Mean  Time  at  Greenwich, 
Diff.  of  Long. 


8    21      7 
4     56 


8    16    11    36 


Mean  Time  at  New  York, 

Or,  May  9ih,  4h.  11m.  36s.  A.  M. 

3.  On  the  3d  of  February,  1855,  when  it  is  2h.  43m.  36s.  flpp>- 
tent  time  at  Greenwich,  what  is  the  exact  mean  time  at  the  same 
place  ? 

Appar.  Time  at  Greenwich,  Feb.,  1855,  3d.  2h.  43m.  363. 


1H55    .    . 

M.  Long. 

t. 

II, 

III. 

TV.  1  V. 

N. 

9-    10=  34'    30 

43:1 

P7<) 

fiOfi 

«!■<> 

sfis 

Feb.     .     . 

1      0    33     IB 

47 

f!. 

m 

4.S 

7 

5 

3d.     .     . 

1   5d   n 

41" 

5 

n 

;< 

It 

0 

3h.    .    . 

i    56 

.1 

43m.   .    . 

10     13     12    47 

551 

35d 

953 

93; 

P73   SSjj 
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Appar,  Time  at  Greenwich,  Feb.  1855,  S**-  2»»-  43"  36»- 

Equation  of  time  by  Table  XII,  -        -  +14      8.6 
lOOyrs. :  13s.  ( Sec.  Var.  Table  XIII) 

: :  ISyrs. :  1.9s.  -        •        -        -  — 1.9 

Approx.  Mean  Time  at  Greenwich,    -    3    2  57    42.7 
24h. ;  6s.  (change  of  equa.  for  1°  of 

long.) : :  14m.  :  0.1s.  -        -        -        -  +0.1 

II.  III. 0.8 

n.  IV. 1.0 

11.  V. 0.4 

L 0.3 

N. 0.1 

Constant. — 3.0 

Mean  Time  at  Greenwich  -    3    2    57    42.4 

4.  On  the  18th  of  November,  1841,  when  it  is  2h.  12m.  26sec. 
A.M.  mean  time  at  Greenwich,  what  is  the  apparent  time  at 
Philadelphia?  Ans.  Nov.  17th,  9h.  26m.  24s.  P.M. 

5.  On  the  2d  of  February,  1839,  when  it  is  6h.  32m.  35sec. 
P.  M.  apparent  time  at  New  Haven,  what  is  the  mean  time  at  the 
same  place  ?  Ans.  6h.  46m.  3Ss.  P.  M. 

6.  On  the  23d  of  September,  1850,  when  it  is  9h.  10m.  12sec. 
mean  time  at  Boston,  what  is  the  exact  apparent  time  at  the  same 
place?  Ans.  9h.  8m.  l.Os. 


PROBLEM  VIL 

To  correct  the   Observed  Altitude  of  a  Heavenly  Body  for 

Refraction. 

With  the  given  altitude  take  the  corresponding  refraction  from 
Table  VIII.  Subtract  the  refraction  from  the  given  altitude, 
and  the  result  will  be  the  true  altitude  of  the  body  at  the  given 
station. 

This  rule  will  give  exact  results  if  the  barometer  stands  at  30 
inches,  and  Fahrenheit's  thermometer  at  50^,  and  results  sufficient- 
ly exact  for  ordinary  purposes  in  any  state  of  the  atmosphere. 
When  there  b  occasion  for  greater  precision,  take  from  Table  IX 
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the  conections  for  +  1  inch  in  the  height  of  the  barometer,  and 
—  1°  in  the  height  of  Fahrenheit's  thermometer,  and  compote  the 
corrections  for  the  di^rence  between  the  observed  height  of  the 
barometer  and  30  in.  and  for  the  difference  between  the  ob- 
served height  of  the  thermometer  and  50^.  Add  these  to  the  meBD 
refraction  taken  from  Table  YIII,  if  the  barometer  stands  h^ber 
than  30  in.  and  the  thermometer  lower  than  50^;  bat  in  the 
opposite  case,  subtract  them,  and  the  result  will  be  the  true  re&8^ 
tion,  which  subtract  from  the  observed  altitude. 

Exam.  1.  The  observed  altitude  of  the  sun  being  32P  Iff  25", 
what  is  its  true  altitude  at  the  place  of  observation  ? 

Observed  alt. 32°  10'  25" 

Refraction  (Table  VIII)    -        -        -  —  1    32 


True  alt.  at  the  station  -  -  -  32^  8  53 
2.  The  observed  altitude  of  Sirius  being  20^  42'  11",  the  ba- 
rometer 29.5  inches,  and  the  thermometer  of  Fahrenheit  70^,  re- 
quired the  tnie  altitude  at  the  place  of  observation.  The  differ- 
ence between  29.5  inches  and  30  inches  is  0.5  inches,  and  the 
difference  between  70°  and  50°  is  20°. 
Obs.  alt.     .      20°  42'  11".0 


Refirac.  (Table  VIII),  2'  33".0;  Bar.+lin.,5".12;ther.— 1°,  0".310 
Corr.for— 0.5in.bar.  —  2  .6  5  20 

Corr.  for + 20°,  ther.     —6.2  — 

2.560  650 


Truerefrac.      -        2  24 .2 


True  alt.      -    20    39  46.8 

3.  The  observed  altitude  of  the  moon  on  the  11th  of  April,  1839i 
being  14°  17'  20",  required  the  true  altitude  at  the  place  of  obser- 
vation. Ans.  14°  13'  36". 

4.  Let  the  observed  altitude  of  Aldebaran  be  48°  36'  62",  the 
barometer  at  the  same  time  standing  at  30.7  inches,  and  the  ther- 
mometer at  42°,  required  the  true  altitude. 

Ans.  48°  34'  68".a 
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PROBLEM  VIII. 

The  Apparent  Altitude  of  a  Heavenly  Body  being  given^  to 

find  its  True  Altitude. 
Correct  the  observed  altitude  for  refraction  by  the  foregoing 
problem.    Then, 

1.  If  the  sun  is  the  body  whose  altitude  is  taken,  find  its  paral- 
lax in  altitude  by  Table  X,  and  add  it  to  the  observed  altitude 
corrected  for  refraction.  The  result  will  be  the  true  altitude, 
sought. 

2.  If  it  is  the  altitude  of  the  moon  that  is  taken,  and  the  hori- 
zontal parallax  at  the  time  of  the  observation  is  known,  find  the 
parallax  in  altitude  by  the  following  formula : 

log.  sin  (par.  in  alt.)  =  log.  sin  (hor.  par.)  -f  log.  cos.(app.  alt.) — 10; 

and  add  it,  as  before,  to  the  apparent  altitude  corrected  for 
refraction. 

3.  If  one  of  the  planets  is  the  body  observed,  the  following 
formula  will  serve  for  the  determination  of  the  parallax  in  altitude 
when  the  horizontal  parallax  is  known : 

log.  (par.  in  alt.)  =  log.  (hor.  par.)  +  log.  (cos  appar.  alt.)  — 10. 

Note  1.  The  equatorial  horizontal  parallax  of  the  moon  at  any 
given  time  may  be  obtained  from  the  tables  appended  to  the  work. 
(See  Problem  XIV).  But  it  can  be  had  much  more  readily  from 
the  Nautical  Almanac.  The  equatorial  horizontal  parallax  being 
known,  the  horizontal  parallax  at  any  given  latitude  may  be  ob- 
tained by  subtracting  the  Reduction  of  Parallax,  to  be  found  in 
Table  LXIV.  The  horizontal  parallax  of  any  planet,  the  altitude 
of  which  is  measured,  may  also  be  derived  from  the  Nautical 
Almanac. 

Note  2.  The  fixed  stars  have  no  sensible  parallax,  and  thus  the 
observed  altitude  of  a  star,  corrected  for  refraction,  will  be  its  true 
altitude  at  the  centre  of  the  earth  as  well  as  at  the  station  of  the 
observer. 

Note  3.  If  the  true  altitude  of  a  heavenly  body  is  given,  and 
it  is  required  to  find  the  apparent,  the  rules  for  finding  the  par- 
allax in  altitude  and  the  refraction  are  the  same  as  when  the 
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apparent  altitude  is  given;  the  tme  altitude  being  used  in 
place  of  the  apparent.  Eut  these  corrections  are  to  be  applied 
with  the  opposite  signs  from  those  used  in  the  determinatioo  of 
the  true  altitude  from  the  apparent ;  that  is,  the  parallax  is  to 
be  subtracted,  and  the  refraction  added.  It  will  also  be  more  ac- 
curate to  make  use  of  equa.  (12),  p.  44,  in  the  case  of  the  moon. 
Exam.  1.  The  observed  altitude  of  the  sun  on  the  1st  of  May, 
1837,  being  28°  40'  20",  what  is  its  true  altitude  ? 

Obs.  alt. 26°  40'  20" 

Refraction — 166 


True  alt.  at  the  station,  -        -        -  26    38    24 
Parallax  in  alt.  (Table  X)      -        -  +8 

True  altitude       -        -        •        -   26    38   32 
2.  Let  the  apparent  altitude  of  the  moon  at  New  York  on  the 
17th  of  March,  1837,  8h.  P.  M.,  be  66^  10'  44" ;  the  barometer 
30.4  in.  and  the  thermometer  62^  ;  required  the  true  altitude. 
Appar.  alt     -        -      66°  10'  44" 

Mean  refrac.  -  0  25.7 

Corr.  for  +  0.4  in.  bar.  +  0.3 

Corr.  for  +  12°  ther.  —  0.6 


True  refrac.  -        -  0  25.4 


logarithms. 

True  alt  at  N.  York,  66     10  18.6        cos.  9.60637 
Equa.  par.  by  N.  Almanac,  54'  13" 
Reduc.  for  lat  40^,  4 


Hor.  par.  at  New  York,     54     9        -        -  sin.  8.19731 


Par.  in  alt      -        -  21  62  sin.  7.80368 


True  altitude  -  66  32  11 
3.  On  the  18th  of  February,  1837,  the  tme  meridian  altitude 
of  the  planet  Jupiter  at  Greenwich  was  56°  54'  57",  what  was 
its  apparent  altitude  at  the  time  of  the  meridian  passage,  the 
horizontal  parallax  being  taken  at  1".9  as  given  by  the  Naatical 
Almanac? 
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True  alt.        -        -    56°  54'  67"      -    cos.  9.7371 
Hor.  par.  1".9 log.  0.2787 

Par.  in  alt.        •        -        -  —  1.0    -    log.  0.0158 
Refraction         -        •        -  +21.0 


Appar.  alt     -        -    56    54  37 

4.  What  will  be  the  true  altitude  of  the  sun  on  the  22d  of 
September,  1840,  at  the  time  its  apparent  altitude  is  39^  17'  50"  ? 

Ans.  390  16'  46". 

5.  Given  29^  33'  30"  the  apparent  altitude  of  the  moon  at 
Philadelphia  on  the  16th  of  June,  1837,  at  9h.  30ra.  P.  M.,  and 
68'  33"  the  equatorial  parallax  of  the  moon  at  the  same  time,  to 
find  the  true  altitude.  ^  Ans.  3(P  22'  41". 

6.  Given  16°  24'  23"  the  true  altitude  of  Venus,  and  8"  its 
borizontal  parallax,  to  find  the  apparent  altitude. 

Ans.  16°  27'  41". 


PROBLEM  IX. 

To  find  the  Sun^s  Longitude,  Semi-diameter^  and  BSovrly 
Motion,  for  a  given  time,  from  the  Tables. 

For  the  Longitude, 

When  the  given  time  is  not  for  the  meridian  of  Greenwich, 
reduce  it  to  that  meridian  by  Problem  Y  ;  and  when  it  is  appa- 
rent time,  convert  it  into  mean  time  by  the  last  problem. 

With  the  mean  time  at  Greenwich,  take  from  Tables  XVXII, 
XIX,  XX,  and  XXI,  the  quantities  corresponding  to  the  year, 
month,  day,  hour,  minute,  and  second  (omitting  those  in  the 
last  two  columns),  and  place  them  in  separate  columns  headed 
as  in  Table  XVIII,  and  take  their  sums.*  The  sum  in  the 
column  entitled  M  Long,  will  be  the  tabular  mean  longitude  of 


*  la  adding  quantitiei  that  are  ezpreMod  in  figns,  degrees,  &.c.  reject  19  or  94 
figne  whensTer  the  earn  exceedf  either  of  these  quantities.  In  adding  argomenta 
iprewed  in  100  or  1030,  &.c.  parts  of  the  circle,  when  they  consist  of  two  figaroi^ 
^jaet  the  hnndredt  from  the  sum ;  when  of  three  figores,  the  thousands ;  and  when 
of  fimr  ilgoree,  the  Ufa  thoosands. 
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the  sun ;  the  sum  in  the  column  entitled  hong.  Perigee  will  be 
the  tabular  longitude  of  the  sun's  perigee ;  and  the  sums  in  the 
columns  headed  I,  II,  III,  IT,  Y,  N,  will  be  the  ailments  for 
the  small  equations  of  the  sun's  longitude,  and  for  the  equadoo 
of  the  equinoxes,  which  forms  one  of  them. 

Subtract  the  longitude  of  the  perigee  from  the  sun's  mean 
longitude,  adding  12  signs  when  necessary  to  render  the  sub- 
traction possible;  the  remainder  will  be  the  sun's  mean  ano- 
maly. With  the  mean  anomaly  take  the  equation  of  the  sun's 
centre  from  Table  XXV,  and  correct  it  by  estimation,  for  the 
proportional  part  ofthe  secular  variation  in  the  interval  between 
the  given  year  and  1840 ;  also,  with  the  arguments  I,  II,  ID, 
IV,  V,  take  the  corresponding  equations  from  Tables  XXVIIl, 
XXX,  XXXI  and  XXXII.  The  equation  of  the  centre  and  the 
four  other  equations,  added  to  the  mean  longitude,  will  give  the 
sun's  Tnie  Longitude,  reckoned  from  the  Mean  Equinox. 

With  the  argument  N  take  the  equation  of  the  equinoxes  or 
Lunar  Nutation  in  longitude  from  Table  XXVII.  Also  take 
the  Solar  Nutation  in  longitude,  answering  to  the  given  date, 
from  the  same  table.  Apply  these  equations  according  to  their 
signs  to  the  true  longitude  from  the  mean  equinox,  already  founi 
and  add  the  constant  3",  the  result  will  be  the  True  Longitude 
from  the  Apparent  Equinox. 

For  the  Semi-diameter  and  Hourly  Motion. 

With  the  sun's  mean  anomaly,  take  the  Hourly  Motion  and 
Semi-diameter  from  Tables  XXIII  and  XXIV. 

Note  1.  If  the  tenths  of  seconds  be  omitted  in  taking  tlie  equa- 
tions from  the  tables  of  double  entry,  the  error  cannot  exceed  2"; 
in  case  the  precaution  is  taken  to  add  a  unit,  whenever  the 
tenths  exceed  .5. 

Note  2.  The  longitude  of  the  sun,  obtained  by  the  foregoing 
rule,  may  differ  about  3"  from  the  same  as  derived  from  the  most 
accurate  solar  tables  now  in  use.  When  there  is  occasion  for 
greater  precision,  take  from  Table  XVIII,  XIX,  and  XX,  Ae 
quantities  in  the  colunms  entitled  VI  and  VII,  along  with  those  in 
the  other  columns.  With  the  sums  in  these  columns,  and  those  in 
the  colunms  I,  II,  as  arguments,  take  the  corresponding  equaCiotf 
from  Tables  XXIX  and  XXXin.  Also  with  the  sun's  mean  ano- 
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maly  take  the  equation  for  the  Tariable  part  of  the  abenatioD  from 
Table  XXXIV.  Add  these  three  equations  along  with  the  others 
to  the  mean  longitude,  and  omit  the  addition  of  the  cmistaDt  3". 
The  result  will  be  exact  to  within  a  fraction  of  a  second. 

Exam.  1.  Required  the  sun's  longitude,  hourly  motion,  and 
semi-diameter,  on  the  25th  October,  1837,  at  llh.  27m.  38s.  A.  M. 
mean  time  at  New  York. 

Mean  lime  at  N.  York,  Oct  1837,   24'  23"  27»  38^ 
DiCofLong.        ...  4    66      4 


Mean  time  at  Greenwich 


25      4     23    42 


LonBP"'J!«i-     I-     JI     '"     IV.     V. 


9  10  55  47.3 

e  »9    4  54.1 

S3  39  19.9 


9  10    8  55 
T    3  50  51 


94    Sli    753    411 


9  23  41  5G  Mean  Anomaly. 
Sun'a  Houity  Matioo,  .  .  . 
Saa'i  Scmijliunotor.    .     .    . 


.    »  99"  .7 
.  IS'  17" .2 


'  2.  Required  the  sun's  longitude,  hourly  motion,  and  semi- 
diameter,  on  the  I5th  of  July,  1837,  at  8h.  20m.  408.  P.  M.  mean 
time  at  Greenwich. 


ASTBOVOMT. 


II.  Ill  iv.j  V.  N.  vjJth, 


1897 
JuIt 
ISd. 


9  10  55  47.3   ! 
S  ae  34    7^ 
13  47  5B.6 
19  43.B 


I.    VI. 

II.  VII. 
Abcr.    . 


6  13  19  47  Meui  Anoaiilj. 

in'i  Hourly  Motion 3'  3}  .1 

id'*  Ssmi-diinietai IS'  45  .1 


■  trac  Inag.     3  33    3 

3.  Required  the  sun's  longitude,  hourly  motion,  and  semi- 
diameter,  on  the  10th  of  June,  1838,  at  9h.  46m.  26s.  A.  M. 
mean  time  at  Philadelphia,  (omitting  the  three  smallest  equatioos 
of  longitude). 

Ans.  Sun's  longitude,  2'- 19*11' 67";  hourly  motion,  2' 23. 3; 
semi-diameter,  15'  4G".l. 

4.  Required  the  sun's  longitude,  hourly  motion,  and  semi- 
diameter,  on  the  1st  of  February,  1837,  at  12h.  30m.  15s.  P.  -M. 
mean  time  at  Greenwich. 

Ans.  Sun's  longitude,  ID"-  13°  1'  44".6 ;  hourly  motion,  2' 
32".l  ;  semi-diameter,  16'  14".7. 


PROBLEM  X. 

Tojmdthe  Apparent  Obliquity  of  the  Ecliplic,/or  agtventiine, 
from  the  Tables. 
Take  the  mean  obliquity  for  the  given  year  from  Table  XXH 
Then  with  the  argument  N,  found  as  in  the  foregoing  problem, 
and  the  given  date,  take  from  Table  XXTII  the  lunar  and  solu 
Dotations  of  obliquity ;  apply  these  according  to  their  signi  to 
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the  mean  obliquity;  and  the  result  will  be  the  apparent  ob- 
liquity. 

Exam.  1.  Required  the  apparent  obliquity  of  the  ecliptic  on 
ihe  15th  of  March,  1839. 

N. 
1839,  .        3 
March,        9 

16d.    .        2 

—  M.  Obliquity,     23°  27'  36".9 

14 +  9  .1 

Solar  Nutation  for  March  15th,     -        -    +  0  .6 


Apparent  Obliquity,     -  -    23  27  46  .5 

2.  Required  the  apparent  obliquity  of  the  ecliptic  on  the  12th 
of  July,  1845.  Ans.  23°  27'  28".0. 


PROBLEM    XI. 

Given  the  Suites  Longitude  and  the  Obliquity  of  the  Ecliptic^ 
to  find  his  Right  Ascension  and  Declination,* 

Let  cj  =  obliquity  of  the  ecliptic ;  L  =  sun's  loneritude ;  R  = 
sun's  right  ascension  ;  and  D  =  sun's  declination  ;  then  to  find  R 
and  D,  we  have, 

log.  tang  R  =  log.  tang  L  +  log.  cos  w  —  10, 

log.  sin  D  =  log.  sin  L  +  log.  sin  cj  —  10. 

The  ri^ht  ascension  must  always  be  taken  in  the  same  quad- 
rant as  the  longitude.  The  declination  must  be  taken  less  than 
90^ ;  and  it  will  be  north  or  south  according  as  its  trigonometri- 
cal sine  comes  out  positive  or  negative. 

Note.  The  sim's  right  ascension  and  declination  are  given  in 
the  Nautical  Almanac  for  each  day  in  the  year  at  noon  on  the 
meridian  of  Greenwich,  and  may  be  found  at  any  intermediate 
time  by  a  proportion. 

Exam.  1.  Given  the  sun's  longitude  205°  23'  50",  and  the  ob- 


*  The  obliquity  of  the  ecliptic  at  anj  given  time  for  which  the  son*!  longitude 
if  known,  'm  found  bj  the  foregoing  Problem. 


276  ASTRONOMY. 

Uquity  of  the  ecliptic  23^  27'  36",  to  find  his  light  asoenaion  and 

declination. 

L  =  205°  23'    50"       -        -        -        tan.   9.67649 
u  =    23    27    36        -        -        -        cos.    9.96253 


R  =  203    32      5        -        -        -        tan.    9.63902 


L  =  205    23     60        -        -        -        sin.    9.63235 
«=    23    27    36        -        -        .        sin.    9.60000 


D=     9    49    52S.   .        -        .        sin.    9.23235  — 
2.  The  obliquity  of  the  ecliptic  being  23^  27'  30",  required 

the  sun's  right  ascension  and  declination  when  his  longitude  is 

440  18'  25". 
Ans.  Bight  ascension  41<>  50'  30",  and  declination  16^  8'  40"  N. 


PROBLEM  XIL 

Cfiven  the  Sun^s  Right  Ascension^  and  the  Obliquity  of  the 
Ecliptic,  to  find  his  Longitude  and  Declination, 

Using  the  same  notation  as  in  the  last  problem,  we  have,  to 
find  the  longitude  and  declination, 

log.  tang  L  =  log.  tang  R  +  ar.  co.  log.  cos  cj, 

log.  tang  D  =  log.  sin  R  +  log.  tang  w  —  10. 

Exam.  1.  What  is  the  longitude  and  declination  of  the  sun, 
when  his  right  ascension  is  142^  11'  34",  and  the  obliquity  of 
the  ecliptic  23°  27'  40"  ? 

R  =  142o  11'  34"        -        .        -        tan.  9.88979  — 
«=   23    27  40         -        -    Ar.Co.cos.  0.03747 


L  =  139    46  30         -        -        -        tan.  9.92726  — 


R  =  142    11   34         -        -        .        sin.  9.78746 
«=   23    27  40         .        -        -        tan.  9.63750 


D  =    14    53  56  N      -        -        -        tan.  9.42496 
2.  Given  the  sun's  right  ascension  310°  25'  11,  and  the  obli- 
quity of  the  ecliptic  23°  27'  35",  to  find  the  longitude  and  declina- 
tion. 

Ans.  Longitude  307°  59'  57",  and  declination  18°  17'  0"S. 
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PROBLEM  XIII. 

The  SurCs  Longitude  and  the  Obliquity  of  the  Ecliptic 
being  given^  to  find  the  Angle  of  Position. 

Let  p  =  angle  of  position  ;  u  =  obliquity  of  the  ecliptic  ;  and 
L  =  sun's  longitude.    Then, 

log.  tang  p  =  log.  cos  L  +  log.  tang  u  —  10. 

The  angle  of  position  is  always  less  than  90^.  The  northern 
part  of  the  circle  of  latitude  will  be  to  the  west  or  east  of  the 
northern  part  of  the  circle  of  declination,  according  as  the  sign 
of  the  tangent  of  the  angle  of  position  is  positive  or  negative. 

Exam.  1.  Given  the  sun's  longitude  24°  15'  20",  and  the  obli- 
quity of  the  ecliptic  23°  27'  32",  required  the  angle  of  position. 
L=  240  16'  20"      -        -        -        -        cos.    9.96986 
«  =  23    27  32       -        .        -        -        tan.   9.63746 


p=  21    36   10        -        -        -        -        tan.    9.69731 
The  northern  part  of  the  circle  of  latitude  lies  to  the  west  of 
the  circle  of  declination. 

2.  When  the  sun's  longitude  is  120°  18'  66",  and  the  obli- 
quity  of  the  ecliptic  23°  27'  30",  what  is  the  angle  of  position  ? 
Ans.  12°  21'  17" ;  and  the  northern  part  of  the  circle  of  lati- 
tude lies  to  the  east  of  the  circle  of  declination. 


PROBLEM   XIV. 

To  find  from  the  Tables^  the  Moofris  Longitude^  Latitude^ 
Equatorial  Parallax^  Semi-diameter,  and  Hourly  Motion 
in  Longitude  and  LcUitude,  fofi*  a  given  time. 

When  the  given  time  is  not  for  the  meridian  of  Greenwich, 
reduce  it  to  that  meridian,  and  when  it  is  apparent  time  convert 
it  into  mean  time. 

Take  from  Table  XXXV,  and  the  following  tables,  the  ai^- 
ments  numbered  1,  2,  3,  &c.,  to  20,  for  the  given  year,  and  their 
variations  for  the  given  month,  days,  &c.,  and  find  the  sums  of 
the  numbers  ibr  the  different  arguments  respectively ;  rejecting 
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the  hundred  thousands  and  also  the  units  in  the  fint,  the  ten 
thousands  in  the  next  eight,  and  the  thousands  in  the  othen. 

The  resulting  quantities  will  be  the  arguments  for  the  fiist 
twenty  equations  of  longitude. 

With  the  same  time,  take  from  the  same  tables  the  remaiiiiDg 
arguments  with  their  variations,  entitled  Evection,  Anoii:aly,  Ta- 
riation,  Longitude,  Supplement  of  the  Node,  11,  V,  VI,  VII,  VIII, 
IX,  and  X,  and  add  the  quantities  in  the  column  for  the  Supple- 
ment of  the  Node. 

For  the  Longitude. 

With  the  first  twenty  arguments  of  longitude,  take  from  Tables 
XLI  to  XLVI,  inclusive,  the  corresponding  equations  ;  and  with 
the  Supplement  of  the  Node  for  another  argument,  take  the  cor- 
responding equation  from  Table  XLIX.  Place  these  twenty-one 
equations  in  a  single  column,  headed  Eqs.  of  Long. ;  and  write 
beneath  them  the  constant  55".  Find  the  sum  of  the  whole, 
and  place  it  in  the  column  of  Evection.  Then  tlie  sum  of  the 
quantities  in  this  column  will  be  the  corrected  argument  of 
Evection. 

With  the  corrected  argument  of  Evection,  take  the  Evection 
from  Table  L,  and  add  it  to  the  sum  in  the  column  of  Eqs.  of 
Long.  Place  this  in  the  column  of  Anomaly.  Then  the  sum  rf 
the  quantities  in  this  column  will  be  the  corrected  Anomaly. 

With  the  corrected  Anomaly,  take  the  Equation  of  the  Centre 
from  Table  LI,  and  add  it  to  the  last  sum  in  the  column  of 
Eqs.  of  Long.  Place  the  resulting  sum  in  the  column  of  Va- 
riation. Then  the  sum  of  the  quantities  in  this  column  will  be 
the  corrected  argument  of  Variation. 

With  the  corrected  argument  of  Variation,  take  the  variation 
from  Table  LII,  and  add  it  to  the  last  sum  in  the  column  of 
Eqs.  of  Long. ;  the  result  will  be  the  sum  of  the  principal 
equations  of  the  Orbit  Longitude,  amounting  in  all  to  twenty- 
four,  and  the  constants  subtracted  for  the  other  equations.  Place 
this  sum  in  the  colunm  of  Longitude.  Then,  the  sum  of  the 
quantities  in  this  column  will  be  the  Orbit  Longitude  of  the 
Moon,  reckoned  from  the  mean  equinox. 

Add  the  orbit  longitude  to  the  supplement  of  the  node,  and 
the  resulting  sum  will  be  the  argument  of  Reduction. 
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With  the  argument  of  Reduction,  take  the  Reduction  from 
Table  LIII,  and  add  it  to  the  Orbit  Longitude.  The  sum  will 
be  the  Longitude  as  reckoned  from  the  mean  equinox.  With 
the  Supplement  of  the  Node,  take  the  Nutation  in  Longitude 
from  Table  XXTII,  and  apply  it,  according  to  its  sign,  to  the 
longitude  from  the  mean  equinox.  The  result  will  be  the 
Moon's  True  Longitude  from  the  Apparent  Equinox. 

For  the  Latitude. 

The  argument  of  the  Reduction  is  also  the  1st  argument  of 
Latitude.  Place  the  sum  of  the  first  twenty-four  equations  of 
Longitude,  taken  to  the  nearest  minute,  in  the  colunrn  of  Arg. 
n.  Find  the  sum  of  the  quantities  in  this  column,  and  it  will 
be  the  Arg.  11  of  Latitude,  corrected.  The  Moon's  true  Longi- 
tude is  the  3d  argument  of  Latitude.  The  20th  ailment 
of  Longitude  is  the  4th  argument  of  Latitude.  Take  from 
Table  LYIII  the  thousandth  parts  of  the  circle,  answering  to 
the  degrees  and  minutes  in  the  sum  of  the  first  twenty-four 
equations  of  longitude  ;  and  place  it  in  the  columns  V,  VI,  VII, 
Vni,  and  IX ;  but  not  in  the  column  X.  Then  the  sums  of 
the  quantities  in  columns  V,  VI,  VII,  VIII,  IX  and  X,  rejecting 
the  thousands,  will  be  the  5th,  6th,  7th,  8th,  9th,  and  10th  ar- 
guments of  Latitude. 

With  the  Arg.  I  of  Latitude,  take  the  moon's  distance  from 
the  North  Pole  of  the  Ecliptic,  from  Table  LV ;  and  with  the 
remaining  nine  arguments  of  latitude,  take  the  corresponding 
equations  from  Tables  LVI,  LVII  and  LIX.  The  sum  of  these 
quantities  increased  by  8",  will  be  the  Moon's  true  distance 
from  the  North  Pole  of  the  Ecliptic.  The  difierence  between 
this  distance  and  90^  will  be  the  Moon's  true  latitude ;  which 
will  be  North  or  Souths  according  as  the  distance  is  less  or 
greater  than  90^. 

For  the  Equatorial  ParallaT. 

With  the  corrected  arguments.  Erection,  Anomaly,  and  Vari- 
ation, take  out  the  corresponding  quantities  from  Tables  LXI, 
LXIX,  and  LXm.  Their  sum  increased  by  7",  will  be  the  Equa- 
torial Parallax. 
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For  the  Semirdiameter. 

With  the  Equatorial  ParallfUE  as  an  argoment,  take  out  the 
moon's  semi-diameter  from  Table  LXV. 

For  the  Hourly  Motion  in  Longitude. 

With  the  arguments  2,  3,  4,  6,  and  6  of  Longitude,  rejecting 
the  two  right-hand  figures  in  each,  take  the  coniesponding 
equations  of  the  hourly  motion  in  longitude  from  Table  LXVDL 
Find  the  sum  of  these  equations,  and  the  constant  3",  and  with 
this  sum  at  the  top,  and  the  corrected  argument  of  the  Evection 
at  the  side,  take  the  corresponding  equation  from  Table  LXIX; 
also  with  the  corrected  argument  of  the  Evection,  take  the  cor- 
responding equation  from  Table  LXVIII. 

Add  these  equations  to  the  sum  just  found,  and  with  the  re- 
sulting sum  at  the  top,  and  the  correct  anomaly  at  the  side,  take 
the  corresponding  equation  from  Table  LXX;  also  with  the 
corrected  anomaly,  take  the  corresponding  equation  from  Table 
LXXI. 

Add  these  two  equations  to  the  sum  last  found,  and  with  the 
resulting  sum  at  the  top,  and  the  corrected  ai^iment  of  the 
Variation  at  the  side,  take  the  corresponding  equation  from 
Table  LXXIL  With  the  corrected  argument  of  the  Yariation, 
take  the  corresponding  equation  from  Table  LXXHI. 

Add  these  two  equations  to  the  sum  last  foimd,  and  with  the 
resulting  sum  at  the  top,  and  the  argument  of  the  Reduction  at 
the  side,  take  the  corresponding  equation  from  Table  LXXIT. 
Also,  with  the  argument  of  the  Reduction  take  the  correspond- 
ing equation  from  Table  LXXY.  These  two  equations,  added 
to  the  last  sum,  will  give  the  sum  of  the  principal  equations  of 
the  hourly  motion  in  longitude,  and  the  constants  subtracted 
for  the  others.  To  this  add  the  constant  27'  24".0,  and  the  re- 
sult will  be  the  Moon's  Hourly  Motion  in  Longitude. 

jFbr  the  Hourly  Motion  in  Latitude. 

With  the  Argument  I  of  Latitude,  take  the  corresponding 
equation  from  Table  LXXIX.  ith  this  equation,  and  the 
sum  of  all  the  equations  of  the  hourly  motion  in  Icmgitude, 
except  the  last  two,  take  the  corresponding  equation  frofl 
Table  LXXXI.    With  the  Argument  II  of  Latitude,  take  the 
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corresponding  equation  from  Table  LXXXII.  And  with  this 
equation  at  the  top,  and  the  sum  of  all  the  equations  of  the 
hourly  motion  in  longitude,  except  the  last  two,  take  the  equa- 
tion from  Table  LXXXm.  Find  the  sum  of  these  four  equa- 
tions and  the  constant  1".  To  the  resulting  sum  apply  the 
constant  — 2  37".2.  The  difference  will  be  the  Moon's  true 
Hourly  Motion  in  Latitude.  The  moon  will  be  tending  North 
or  Southj  according  as  the  sign  is  positive  or  negative. 

Note.  The  errors  of  the  results  obtained  by  the  foregoing  rules, 
occasioned  by  the  neglect  of  the  smaller  equations,  cannot  exceed 
lor  the  longitude  15",  for  the  latitude  8",  for  the  parallax  7",  for 
the  hourly  motion  in  longitude  5",  and  for  the  hourly  motion  in 
latitude  3" ;  and  they  will  generally  be  very  much  less.  When 
greater  accuracy  is  required,  take  from  Tables  XXXV  to  XXXIX 
the  arguments  from  21  to  31,  along  with  those  from  1  to  20,  and 
their  variations.  The  sums  of  the  numbers  for  the  different  argu- 
ments, respectively,  will  be  the  arguments  of  eleven  small  addi- 
tional equations  of  longitude.  Also  take  from  the  same  tables 
the  arguments  entitled  XI  and  XII,  along  with  those  in  the  pre- 
ceding columns.  Retain  the  right-hand  figure  of  the  sum  in 
column  1  of  arguments,  and  conceive  a  cypher  to  be  aimexed  to 
each  number  in  the  columns  of  arguments  of  Table  XLI.  The 
numbers  in  the  columns  entitled  LHf.for  10,  will  then  be  the 
differences  for  a  variation  of  100  in  the  argument. 

For  the  Longitude.  With  the  arguments  21  to  31,  take  the  cor^ 
responding  equations  from  Tables  XLYII  and  XLYIII,  and  place 
them  in  the  same  column  with  the  equations  taken  out  with  the  ar- 
guments 1, 2,  &c.  to  20.  Take  alsoequation  32  from  Table  XLIX, 
as  before.  Find  the  sum,of  the  whole,  (omitting  the  constant  65") 
and  then  continue  on  as  above.  The  longitude  from  the  mean  equi- 
nox being  found,  take  the  lunar  nutation  in  longitude  from  Table 
Liy,  and  the  solar  nutation  answering  to  the  given  date  from 
Table  XXVII.  Apply  them  both,  according  to  their  sign,  to  the 
longitude  from  the  mean  equinox,  and  the  result  will  be  the  more 
exact  longitude  from  the  apparent  equinox,  required. 


OlS 
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Fw  the  Latitude.  With  the  argaments  XI  and  XII,  take  die 
corresponding  equations  from  Table  LIX.  Add  these  with  die 
other  equations,  and  omit  the  constant  8".  The  difference  betwen 
the  sum  and  90^  will  be  the  more  exact  latitude. 

jFV  the  EqucUarial  Parallax.  With  the  arguments  1, 2, 4, 
6,  6,  8,  9,  12, 13,  take  the  corresponding  equations  from  TdUe 
LX.  Find  the  sum  of  these  and  the  other  equations,  omitting 
the  constant  7",  and  it  will  be  the  more  exact  value  of  the 
Parallax. 

For  the  Hourly  Motion  in  Longitude.  With  the  aigumenls 
1,  7,  8,  9, 10, 11, 12, 13, 14, 16, 16, 17,  and  18,  of  longitude,  along 
with  the  arguments  2,  3,  4,  6,  and  6,  heretofore  used,  take  the 
corresponding  equations  from  Table  LXYIL  Find  the  sum  of 
the  whole,  omitting  the  constant  3",  and  proceed  as  in  the  nile 
already  given. 

To  obtain  the  motion  in  longitude  for  the  hour  which  precedes 
or  follows  the  given  time,  with  the  ailments  of  Tables  LXX 
LXXII,  and  LXXIV,  take  the  equation  from  Tables  LXXVI  and 
LXXVII.  Also,  with  the  arguments  of  Evection,  Anomaly,  Va- 
riation, and  Reduction,  take  the  equations  from  Tables  LXXYIU 
Find  the  sum  of  all  these  equations.  Then,  for  the  hour  which 
follows  the  given  time,  add  this  sum  to  the  hourly  motion  at  the 
given  time  already  found,  and  subtract  2".0 ;  for  the  hour  which 
precedes,  subtract  it  from  the  same  quantity,  and  add  2".0. 

It  will  expedite  the  calculation  to  take  the  equations  of  the 
second  order  from  the  tables,  at  the  same  time  with  those  of  the 
first  order  which  have  the  same  arguments. 

For  the  Hourly  Motion  in  Latitude.  The  moon's  houily 
motion  in  latitude  may  be  had  more  exactly  by  taking  with  the 
arguments  of  Latitude  Y,  YI,  &c.  to  XII,  the  corresponding  equa- 
tions from  Table  LXXX,  and  finding  the  sum  of  these  and  the 
other  equations  of  the  hourly  motion  in  latitude. 

To  obtain  the  moon's  motion  in  latitude  for  the  hour  which 
precedes  or  follows  the  given  time,  with  the  Argument  I  of  Lati- 
tude take  the  equation  from  Table  LXXXIY,  and  with  this  equa- 
tion and  the  sum  of  all  the  equations  of  the  hourly  motbn  in  lon- 
gitude except  the  two  last,  take  the  equation  from  Table  LXXXY. 
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Find  the  sum  of  these  two  equations.  Then,  for  the  hour  which 
Mlows  the  given  time,  add  this  sum  to  the  Hourly  Motion  in 
Latitade  already  found,  and  subtract  1".3 ;  and  for  the  hour  which 
precedes,  subtract  it  from  the  same  quantity,  and  add  1".3. 

It  will  also  be  more  exact  to  enter  Table  LXXXI  with  the  sum 
of  all  the  otlier  equations,  diminished  by  6",  instead  of  the  last 
aquation,  for  the  argument  at  the  side.  The  numbers  over  the 
tops  of  the  colunms  in  Table  LXXXI  are  the  conmion  differences 
of  the  consecutive  numbers  in  the  columns.  The  numbers  in  the 
hat  column  are  the  common  differences  of  the  consecutive  num- 
bers in  the  same  horizontal  line. 

Exam.  1.  Required  the  moon's  longitude,  latitude,  equatorial 
parallax,  semi-diameter,  and  hourly  motions  in  longitude  and  lat- 
itude, on  the  14th  of  October,  1838,  at  6h.  54m.  34s.  P.  M.  mean 
time  at  New  York. 

Mean  time  at  New  York,  October,    14^-    6**-  64"-  34«- 
DifflofLong.    .        -        -        -  4    66      4 

Mean  time  at  Greenwich,  October,  14    11    60    38 
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Exam.  2.  Required  the  moon's  longitude,  latitude,  equatorial 
parallax,  semi-diameter,  and  hourly  motions  in  longitude  and 
latitude,  on  the  9th  of  April,  1838,  at  8h.  68m.  19sec.  P.  M.  mean 
time  at  Washington. 

Ans.  Long.  6-  19°  45'  31".2 ;  lat  3ff  21".9  S. ;  equat.  par. 
64'  36".3;  semi-diameter  14'  62".7;  hor.  mot  in  long.  Sff 
16".2  ;  and  hor.  mot  in  lat  2'  47".0,  tending  south.* 


PROBLEM    XV. 

The  Mwnis  Equatorial  Parallax,  and  the  Latitude  of  a  Place, 
being  given,  to  find  the  Reduced  ParaUux  and  Latitude. 

With  the  latitude  of  the  place,  take  the  reductions  from  Table 
LXIY,  and  subtract  them  from  the  Parallax  and  Latitude. 

Exam.  1.  Given  the  equatorial  parallax  66'  16",  and  the  lati- 
tude of  New  York  4(P  42'  49"  N.,  to  find  the  reduced  parallax 
and  latitude. 

Equatorial  parallax       -        -        -        -    66'  15" 
Reduction 6 


Reduced  parallax  -        -        -        -    66  10 


Latitude  of  New  York  -        -        .      40°  42'  40"  N. 
Reduction 11  20 


Reduced  Lat.  of  New  York  -        -      40    31  20 

2.  Given  the  equatorial  parallax  60'  36"  and  the  latitude  of 
Baltimore  39^  17'  13"  N.,  to  find  the  reduced  parallax  and 
latitude. 

Ans.  Reduced  par.  60'  32",  and  reduced  lat.  39°  6'  69". 

3.  Given  the  equatorial  parallax  67'  22",  and  the  latitude  of 
New  Orleans  29^  57'  45"  N.,  to  find  the  reduced  parallax  and 
latitude. 

Ans.  Reduced  par.  67'  19",  and  reduced  lat.  29°  47'  50". 


*  The  imaller  eqottions  were  omitted  in  working  this  example. 
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PROBLEM    XVI. 

id  the  Longitude  and  Altitude  of  the  Nonetgesimal  Degree 
of  the  Ecliptic^  for  a  given  time  and  place. 

'  the  given  time  reduced  to  mean  time  at  Greenwich,  find 
iin's  mean  longitude  and  the  argument  N  from  Tables 
[,  XIX,  XX,  and  XXI.  To  the  sun's  mean  longitude, 
according  to  its  sign  the  nutation  in  right  ascension,  taken 
Table  XXVII  with  argument  N  ;  and  the  result  will  be 
m's  mean  longitude,  reckoned  from  the  true  equinox, 
luce  the  mean  time  of  day  at  the  given  place,  expressed 
lomically,  to  degrees,  &c.,  and  add  it  to  the  sun's  mean  Ion- 
3  from  the  true  equinox.  The  sum,  rejecting  360®,  when 
eeds  that  quantity,  will  be  the  right  ascension  of  the  mid- 
71,  or  the  sidereal  time  in  degrees, 

xt,  find  the  reduced  latitude  of  the  place  by  Problem  XV ; 
rhen  it  is  rior/A,  subtract  it  from  90®  ;  but  when  it  is  souths 
t  to  90® ;  the  sum  or  difierence  will  be  the  reduced  distance 
f  place  from  the  north  pole, 

K>  take  the  obliquity  of  the  ecliptic  for  the  given  year  from 
3  XXII.* 

lese  three  quantities  having  been  found,  the  longitude  and 
de  of  the  nonagesimal  degree  may  be  computed  from  the 
ving  formulse : 

JOS.  J  (H  —  w)  —  log.  COS.  J  (H  +  w)  =  A  .  .  .  (1) ; 

ang  i  (H  —  w)  +  10  — log.  tangi  (H  +  w)  =  B  .  .  .  (2) ; 

ang    E  =  A  +  log.  tang  i  (S  —  90®)  .  .  .  (3) ; 

aug    F  =  log.  tangE  +  B  .  .  .  (4) ; 

N  =  E  +  F  +  90®  .  .  .  (5); 

ang  i  A  =  log.  COS.  E  +  log.  tang  ^  (H  +  «)  -f  ar.  co.  log. 

COS.  F— 20  ...  (6); 


'  great  preciiion  is  required,  the  apparent  obliquity  is  to  be  uied  in  place  of 
mn,    (See  Prob.  X.) 

37 
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in  which, 

H  =  the  reduced  distance  of  the  place  firom  the  north  pole; 

u  =  the  Obliquity  of  the  Ecliptic ; 

S  =  the  Sidereal  Time  converted  into  degrees  ; 

N  =  the  required  Longitude  of  the  Nonagesinud  ; 

h  =  the  required  Altitude  of  the  Nonagesimal ; 

E  and  F  are  auxiliary  angles. 

We  first  find  the  logarithmic  sums  A  and  B.  With  these  we 
determine  the  angles  E  and  F  by  formulae  (3)  and  (4),  and  with 
these  again  N  and  A  by  formulae  (5)  and  (6). 

The  angles  E,  F  are  to  be  taken  less  than  180^  ;  and  less  or 
greater  than  90^,  according  as  the  sign  of  their  tangent  proves 
to  be  positive  or  negative. 

Note  1.  In  case  the  given  place  lies  within  the  arctic  circle, 
we  must  take,  in  place  of  formula  (5),  the  following  : 

N  =  E— F  +  9(P. 

Note  2.  As  the  obliquity  of  the  ecliptic  varies  but  slowly  from 
year  to  year,  the  values  which  have  once  been  found  for  the 
logarithms  A,  B,  and  C,  will  answer  for  several  years  from  the 
date  of  their  determination,  unless  very  great  accuracy  is 
required. 

Note  3.  The  angle  A  derived  from  formula  (6),  is  the  distance 
of  the  zenith  of  the  given  place  from  the  north  pole  of  the  eclip- 
tic. This  is  not  always  equal  to  the  altitude  of  the  nonagesimal. 
Throughout  the  southern  hemisphere,  and  frequently  in  the 
northern  near  the  equator,  it  is  the  supplement  of  the  altitude. 
In  employing  this  angle  in  the  following  Problem,  it  is,  however, 
for  the  sake  of  simplicity,  called  the  altitude  of  the  nonagesimal 
in  all  cases. 

Exam.  1.  Required  the  longitude  and  altitude  of  the  nonagesi- 
mal degree  of  the  ecliptic  at  New  York,  on  the  18th  of  Septem- 
ber, 1838,  at  3h.  52m.  56sec.  P.  M.  mean  time. 

The  sun's  mean  longitude  taken  from  the  tables,  for  the  given 
time,  is  5»-  27°  19'  17",  and  the  argument  N  is  987.  The  nuta- 
tion taken  from  Table  XXVIl  with  argument  N  is  — 1". 
Hence,  the  sun's  mean  longitude  from  the  true  equinox  is  5*-  27° 
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1 9'  16".    The  given  time  of  day,  expressed  astronomieally,  is 
3h.  62in.  66sec. ;  which  in  degrees  is  68^  14'  0". 

The  reduced  latitude  of  New  York,  found  by  Problem  XY,  is 
40^  31'  20",  and  this  taken  from  90^  leaves  the  polar  distance  49^ 
28'  40".  The  obliquity  of  the  ecliptic,  derived  from  Table 
XXII,  is  230  27'  37 ". 

Given  time  in  degrees  ...      68^  14'   0" 
Sun's  mean  longitude   ...    177    19  16 


Sidereal  time  in  d^iees  (S)  - 


235    33  16 
90 

2 )  146    33  16 


H  • 

-  49° 

-  23 

28'  40" 
27  37 

.i(S  — 90)    72 

COS.  9.98870    •   tan. 
COS.  9.90635    •   tan. 

46  38 

Diff. 
Sum 

-  26 

-  72 

1    3 
66  17 

idiif. 
inm 

-  13 

-  36 

•90^)72 

-  76 

-  50 
90 

0  31    - 

28    8    - 

46  38 
38  65 

41  66 
0    0 

+  10,19.36366 
C.  9.86871 

i(8- 
E  - 

P   . 

A.    0.08336 
0.60866 

B.  9.49496 

tan.  0.69201    -   cos. 
B.    9.49495 

9.39422 
C.  9.86871 

tan.  0.08696    -  Ar.c 
laltnon.160    7' 64" 

o.  cos.  0.19832 

tan.  9.46126 

long.  non.  216    20  60  

alt  non.  32    16  48 
2.  Required  the  longitude  and  altitude  of  the  nonagesimal 
degree  of  the  ecliptic  at  New  York,  on  the  10th  of  May,  1838,  at 
llL  33m.  66sec.  P.  M.  mean  time. 

Ans.  Long.  200°  12'  23",  and  alt  37<>  V  84". 
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PROBLEM    XVII. 

Th  find  the  Apparent  Limgitude  and  Latitude^  as  affected  by 
Parallax^  and  the  Avgfnented  Semi-Diameter  of  the  Moon ;  the 
Mooris  TS'ue  Longitude,  Latitude,  Horizontal  Semv-diameteTj 
and  EqtuUorial  Parallax,  and  the  Longitude  and  Altitude  of 
the  Nonagesimal  Degree  of  the  Ecliptic,  being  givefi. 

We  have  for  the  resolution  of  this  Problem  the  following 
formulae : 

log.  X  =  log. P  -f  log.  cos.  A  +  ar.  co.  log. cos.  X — 10 . .  (1); 

e  =  log.  X  +  log.  tang  h  —  10  ...  (2) ; 

log.  M  =  c  +  log.  sin  K  —  10  .  .  .  (3) ; 

log.  u'  =  c  +  log.  sin  (K  +  m)  —  10  .  .  .  (4) ; 

log.  p  =c  +  log.  sin  (K  +  w')  —  10  .  .  .  (6) ; 

Appar.  long.    =  tnie  long,  -f  p  .  .  .  (6) ; 

log.  tang  X'  =  log.  p  +  ar.  co.  log.  cos.  X  +  ar.  co.  log.  u  + 

log.  sin  (X  —  x)  —  10  .  .  .  (7) ; 

log.  V  =  log.  P  +  log.  cos.  A  +  log.  cos.  X'  —  10  ...  (8); 

log.  z  =  log.  V  +  log.  tang  A  +  log.  tang  X'  +  log.  cos. 

(K+i;,)-30  .  .  .(9); 

*   =1?  —  z  .  .  .  (10) ; 

Appar.  lat.    =  true  lat. —  ir  .  .  .  (11); 

log.  R'  =  log.  p  +  ar.  co.  log.  cos.  X  +  ar.  co.  log.  u  +  log. 
COS.  X'-f-  log.  R— 10  .  .  .  (12); 

in  which, 

P  =  the  Reduced  Parallax  of  the  Moon ; 

A  =  the  Altitude  of  the  Nonagesimal ; 

X  =  the  True  Latitude  of  the  Moon  (minus  when  south) ; 

K  =  the  Longitude  of  the  Moon,  minus  the  longitude  of 
the  Nonagesimal ; 

p  =  the  required  Parallax  in  Longitude  ; 

X'  =  the  approximate  Apparent  Latitude  of  the  Moon ; 

c  =  the  required  Parallax  in  Latitude  ; 
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R'  =  the  True  Semi-diameter  of  the  Moon  ; 

R'  =  the  Augmented  Semi-diameter  of  the  Moon ; 

x^  ti,  u\  t7,  JT,  are  auxiliary  arcs. 

Formulae  (1),  (2),  (3),  (4),  and  (5),  being  resolved  in  succes- 
sion, we  derive  the  apparent  longitude  from  formula  (6) ;  then  the 
apparent  latitude  from  equations  (7),  (8),  (9),  (10),  (11) ;  and 
lastly,  the  augmented  semi-diameter  from  equation  12. 

The  latitude  of  the  moon  must  be  affected  with  the  negative 
sign  when  south  ;  and  the  apparent  latitude  will  be  scuth  when 
it  comes  out  negative.  In  performing  the  operations,  it  is  to  be 
remembered  that  the  cosine  of  a  negative  arc  has  the  same  sign 
as  the  cosine  of  a  positive  arc  of  an  equal  number  of  degrees ; 
but  that  the  sine  or  tangent  of  a  negative  arc  has  the  opposite 
sign  from  the  sine  or  tangent  of  an  equal  positive  arc.  Attention 
must  also  be  paid  to  the  signs  in  the  addition  and  subtraction  of 
arcs.  Thus,  two  arcs  affected  with  essential  signs,  which  are  to 
be  added  to  each  other,  are  to  be  added  arithmetically,  when 
they  have  like  signs,  but  subtracted  if  they  have  unlike  signs ;  and 
when  one  arc  is  to  be  taken  from  another,  its  sign  is  to  be  changed, 
and  the  two  united  according  to  their  signs.  An  arithmetical 
sum,  when  taken,  will  have  the  same  sign  as  each  of  the  arcs ; 
and  an  arithmetical  difference  the  same  sign  as  the  greater 
arc. 

The  use  of  negative  arcs  may  be  avoided,  though  the  calcula- 
tion would  be  somewhat  longer,  by  using  the  tnie  polar  distance 
dj  and  the  approximate  apparent  polar  distance  d',  in  place  of  X 
and  X',  substituting  sin  d  for  cos.  X,  cos.  {d  +  x)  for  sin  (X  —  ar), 
sin  d'  for  cos.  X',  log.  co-tang  d'  for  log.  tang  X' ;  and  .observing 
that  p  is  to  be  subtracted  from  the  true  longitude  in  case  the 
longitude  of  the  nonagesimal  exceeds  the  longitude  of  the  moon ; 
that  Zj  when  it  comes  out  negative,  is  to  be  added  to  v,  which  is 
always  positive  to  the  north  of  the  tropic,  otherwise  subtracted ; 
and  that  the  parallax  in  latitude  is  to  be  applied  according  to  its 
sign  to  the  true  polar  distance. 

In  seeking  for  the  logarithms  of  the  trigonometrical  lines,  it 
will  be  sufficient  to  take  those  answering  to  the  nearest  tens  of 
seconds. 

Note  1.  When  great  accuracy  is  not  desired,  u'  may  be  taken 
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for  p,  from  which  it  can  never  differ  more  than  a  fraction  d  i 
second. 

2.  In  solar  eclipses,  the  moon's  latitude  is  very  small,  and  for- 
mula (7)  may  be  changed  into  the  following, 

log.  X'  =  log.p  +  ar.co.  log.cos.X  +  ar.co.log.  u+ log.  (X — x)  — 10 

and  COS.  X'  omitted  in  formula  (12)  without  material  error. 

Formulae  (8),  (9),  (10),  and  (11),  may  also  now  be  dispensed 
with,  unless  very  great  precision  b  desired,  and  the  value  of  X' 
given  by  the  above  formula  taken  for  the  apparent  latitude. 

It  is  to  be  observed  also,  that  in  eclipses  of  the  sun  P  is  taken 
equal  to  the  reduced  parallax  of  the  moon  minus  the  sun's  hori- 
zontal parallax.  By  this  the  parallax  of  the  sun  in  longitude  and 
latitude  is  referred  to  the  moon,  and  the  relative  apparent  plicei 
of  the  sun  and  moon  are  correctly  obtained,  without  the  neces- 
sity of  a  separate  computation  of  the  sun's  parallax  in  longitude 
and  latitude. 

Exam.  1.  About  the  time  of  the  middle  of  the  occultation  of 
the  star  Antares,  on  the  10th  of  May,  1838,  the  moon's  longitude, 
by  the  Connaissance  des  Tems,  was  247°  37'  6".7  ;  latitude  4° 
14'  14".7  S.;  semi-diameter  16'  24".2 ;  and  equatorial  parallax 
66'  31  ".7 ;  and  the  longitude  of  the  nonagesimal  at  New  YoA 
was  200°  12'  23"  ;  the  altitude  37°  0'  34"  ;  required  the  appa- 
rent longitude  and  latitude,  and  the  augmented  semi-diameter  of 
the  moon  at  New  York,  at  the  time  in  question. 

Equat.  par.     66'  31  ".7  Moon's  long.    247°  37'     7" 

Reduction  4  .6  Long,  nonag.   200    12    23 


p 
h 

P  = 

•                         • 

56 

27  .1                           K  =   47    24    44 

A  =   37      0    34 
X  -  —4    14    147 

-    3387".l    -        -       log.  3.62983 
-    370    0-    34"    -        -        COB.  9.90230 

X 

a.    3.43213 
—  4    14    15    •      Ar.  CO.  COS.  0.00119 

X 

h 

45    12    •  2712"    •  log.  3.43338 
.    37      0    34    .        -      -  tan.9.877» 

e.     3.31057 
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e.     3.31067 

K        -       -       •    470  24'  44"  •       •       -  nn.  9.86701 


M            -           - 

.    47 

• 

-  47 

-  247 

26 

49 
25 

49 

26 
37 

6    - 

49   • 
16   - 

69   - 

16.3 
6.7 

1606"     -  log.  3.17768 

c    3.31067 
•  sin.  9.86991 

K+ tt' 

P 

Trae  long.  - 

1616".2  •  log.  3.18048 

c     3.31067 
-  sin.  9.86993 

1616".3  -  log.ai8060 

Appar.  long. 
f 

X— J. 

X 

-  248 
-_4 

-  6 

-  6 

m                       m 

-  47 

nged)   - 
4 

2 

69 

1 
1 

44 

37 

—2 
46 

-46 
14 

22.0 
27   - 

10  - 
10  - 

64.4 
22   - 

c 

0.2 
646 

64.6 
14.7 

•  log.  3.18060 

-  sin.  8.93967— 
Ar.  CO.  cos.  0.00119 
Ar.  CO.  \og.  6.82242 

-  tan.  8.94368— 

X'        . 

-  COS.  9.99833 
a.    3.43213 

9 

h    -     - 

X'       . 

K  +  ip      . 

2694".4  •  log.  3.43046 

-  tan.  9.87725 

-  tan.  8.94368— 

-  COS.  9.82867 

z 

v-^z{s\gn  cha 
Trm  lat 

120".2  -  log.  2.08006- 

Appar.  lat.   - 

P 
X 

X' 

R 

•      6 

1 

m 

16 

9.3  S 
24.2 

-  log.  3.18060 
Ar.  CO.  COS.  0.00119 
Ar.  CO.  log.  6.82242 

-  008.9.99838 
924".2  -  log.  2.96677 

Aagm.  aemi-diam.  16    29.4      929".4  •  log.  2.96821 
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Exam.  2.  About  the  middle  of  the  eclipse  of  the  son  oo  tb 
18th  of  September,  1838,  the  moon's  longitude  was  175°  V 
19".0,  latitude  47'  47".5,  equatorial  parallax  53'  63".6,  andaemi- 
diameter  14'  41".l ;  and  the  longitude  of  the  nonagesimal  it 
New  York  was  216°  20*  50",  the  altitude  32^  15'  48" :  reqaind 
the  apparent  longitude  and  latitude,  and  the  augmented  seair 
diameter  of  the  moon. 


Equat  parol. 
Redaction, 

63'  63".6           Moon's  long. 
4 .4           Long,  nonag. 

1750  29'  19' 
216    20  50 

Sun's  parol. 

63  49.1                          K  =  - 
8.6                          Ai= 

-40    61  31 
32    15  4S 

P  = 
P 
h 

X 

=  63  40.6                           x  = 
-    3220".6     - 
32°  15' 48"      - 

-  47  47.6    -        -    Ar.  cc 

-  46  23.6  -  2723".6     - 
32  16  48 

—40  61  31 

—  18  45        -    1126"    - 

—  41  10  ife        -        -        - 

—  18  62.9     -    1132".9. 

—  41  10  24 

0  47  47.5 
log.  3.50792 
cos.  9.92716 
t.  cos.  O.OOflOi 

h 

log.  3.43512 
tan.  9.80023 

K      - 

c.     3^23535 
sin.  9.81570.- 

u        -        - 
K  +  u 

log.  3.05105- 

e.     3.23535 
sin.  9.81844- 

K  +  u' 

log.,3.05379- 

e.     3iJ3535 
sin.  9.81844- 

p        .        -  _  18  52.9     -    1132".9  -     log.  3.06379- 

True  long.         175  29  19.0 

Appar.  long.       175  10  26.1 
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log.  3.06379 

-        -        -        Ar.  CO.  COS.  0.00004 

4*11 Ar.  CO.  log.  6.94895 

^^   ^  —  T         •        2*  24".0     .    144".0  -        .    log.  2.16836 

Appar.  latitude     2'  24".9  N.     144".9  -        -    log.  2.16114 

p log.  3.05379 

X Ar.  CO.  COS.  0.00004 

u Ar.  CO.  log.  6.94895 

R  -        -          14'41".l  -     881M  -        .  log.  2.94502 

AugHLsemi-diam.  14  46.7    -    886".7  -        -  log.  2.94780 


PROBLEM  XVIII. 

T6jmdtihe  Mean  Right  Ascension  and  DeclifuUion,  ar  Longi- 
tude and  LcUitude  of  a  Star,  for  a  given  time,  from  the 
Tables. 

Take  the  diflference  between  the  given  year  and  1840.    Then 

seek  in  Table  XV  for  the  fraction  of  the  year  answering  to  the 

given  month  and  days,  and  add  it  to  this  diflference,  if  the  given 

time  is  after  the  beginning  of  the  year  1840 ;  but  if  it  is  before, 

subiract  it.    Multiply  the  sum  or  diflference  by  the  annual 

'^wiation  given  in  the  catalogue  (Table  XC),  and  the  product 

Will  be  the  variation  in  the  interval  between  the  given  time  and 

^  epoch  of  the  catalogue.    Apply  this  product  to  the  quantity 

given  in  the  catalogue,  according  to  its  sign,  if  the  given  time  is 

rilerthe  beginning  of  the  year  1840,  but  with  the  opposite  sign 

if  it  is  before,  and  the  result  will  be  the  quantity  sought. 

Exam.  1.  Required  the  mean  right  ascension  and  declination 
of  the  star  Sirius  on  the  16th  of  August,  1842. 
Interval  between  given  time  and  beginn.  of  1840  {t),    2.619  yrs. 
Annual  variation  of  right  ascension,       ...        2.646s. 

Variation  of  right  ascension  for  interval  /,        -        -      6.93s. 

A  similar  operation  gives  for  the  variation  of  declination  in 
the  same  interval,  ll".66. 

38 
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Mean  right  ascen.  beginning  of  1840,  Table  XC,    6^-38*5Jfr 
Tariation  for  interval  t, +658 

IMean  right  ascension  required,  -        •         •     6  38  12.S8 

Mean  declination  beginning  of  1840,         -  16^  30^  V.Til 

Tariation  for  interval  t,     -        -        -        -         -         + 11 .65 

Mean  declination  required,       -        -        -  16  30  16 .448. 

2.  Required  the  mean  longitude  and  latitude  of  Aldebaran  « 
the  20th  of  October,  1838. 

Interval  between  given  time  and  begin,  of  1840,  (t)      1.200  ya 
Annual  variation  of  longitude,  ...  WSXR 

Variation  of  longitude  for  interval  t,         -        -  60"J8 

A  similar  operation  gives  for  the  variation  of  latitude  in  die 
same  interval  0".4. 

Mean  longitude  beginning  of  1840,          -  2«-  7°  33'  5"i 

Variation  for  interval  t, —  10i.| 

Mean  longitude  required,  -        -        -        2    7    32  5  i! 

Mean  latitude  beginning  of  1840,      -        -        -     5o28'38".0S. 
Variation  for  interval  t, +0.4 

Mean  latitude  required, 5    28  38.4 S. 

3.  Required  the  mean  right  ascension  and  declination  of  Ca- 
pella  on  the  9th  of  February,  1839  ? 

Ans.  Mean  right  ascension  5*»-  4"-  48.74« ,  and  mean  declina- 
tion 45°  49'  38^53  N. 

4.  .Required  the  mean  longitude  and  latitude  of  Aldebaran  on 
the  16th  of  April,  1845  ? 

Ans.  Mean  longitude  2-  7°  37'  30".9,  and  mean  latitude  5°  2S 
36".2. 
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PROBLEM   XIX. 

To  foul  the  Aberration  of  a  Star  in  Right  Ascension  and  Dedi- 
%  nation,  for  a  given  Day. 

This  problem  may  be  resolved  for  any  of  the  stars  in  the- 
catalogue  of  Table  XC  by  means  of  the  following  formulae  : 

log.  (aber.  in  right  ascen.)  =  log.  M  +  log.  sin.  (O  +  9)  —  10. 

log.  (aber.  in  declin.)        =  log.  N  +  log.  sin.  (O  +  ^)  — 10, 

in  which  M,  N,  are  constants,  O  the  longitude  of  the  sun  on  the- 
pven  day,  and  9,  d,  auxiliary  angles.  Log  M,  log  N,  and  the- 
ingles  9, 6 J  are  given  for  each  of  the  stars  in  the  catalogue,  in 
Fable  XCI.  O  may  be  derived  from  an  ephemeris  of  the  sun,, 
XT  it  may  be  computed  from  the  solar  tables  by  Problem  IX. 

Exam.  1.  What  was  the  amount  of  aberration,  in  right  ascen- 
don  and  declination  of  a  Orionis  on  the  20th  of  December,. 
L837,  the  sun's  longitude  on  that  day  being  8«-  28°  28'  ? 

Right  Ascension. 
Fable  XCI,  9  -        6«-  3°  13'      log.  M        -        0.1361 

O        -         8  28   28 


0  +  <p  i3    1   41        .        -        sin.  9.9998 

Aberration  =  1".37     -        -        -        -        log.  0.1359 

Declination. 
Fable  XCI,    6         -        8--28°23'       log.N        -        0.7621 

O       -        8  28  28 


O  +  d  -       5  26   61        -        -        sin.  8.7399 

Aberration  =  0".31    -        -        -        -        lofir."1.4920 
2.  Required  the  aberrations  in  right  ascension  and  declina- 
tion of  a  Andromedae  on  the  1st  of  May,  1838,  the  sun's  longi- 
tude being  1-  10°  38'. 

Ans.  Aberr.  in  right  ascension  — 1".07,  and  aberr.  in  declina- 
tion — 11'  .70. 
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PROBLEM    XX. 

To  find  the  Nuiaiion  of  a  Star  in  Right  Aseenncn  and  Dedir 

nation^  for  a  given  Day, 

This  Problem  may  be  solved  by  means  of  the  formulae, 

log.  (nuta.  in  right  asc.)  -  log.  M'  +  log.  sin  ( Q  +  9')  — 10; 

log.  (nuta.  in  declinat.)    =  log.  N'  +  log.  sin  ( Q  +  &)  — 10 ; 

in  which  M',  N'  are  constants,  Q  the  mean  longitude  of  the 
moon's  ascending  node,  and  <p',  ^  auxiliary  angles.  Log.  M',  log. 
N',  and  the  angles  (p',  6'  are  given  for  each  of  the  stars  in  the  catft- 
logue,  in  Table  XCI.  The  mean  longitude  of  the  moon's  ascend- 
ing node  is  given  for  every  tenth  day  of  the  year  in  the  Nautical 
Almanac,  page  266,  and  may  be  easily,  found  for  any  interme- 
diate day  from  the  daily  motion  inserted  at  the  foot  of  the  column 
of  longitudes.  It  may  also  be  had  by  finding  the  supplement  of 
the  moon's  node,  for  the  given  time,  from  the  tables,  and  subtract* 
ing  it  from  12'-  0^  7'. 

Exam.  1.  What  was  the  amount  of  the  nutation,  in  ri^t  ascen- 
sion and  declination,  of  a  Orionis  on  the  20th  of  December,  1837, 
the  mean  longitude  of  the  moon's  node  on  that  day  being  18^  54  ] 

Right  Ascension. 

Table  XCI,  9'  -  6«-  0°  15',  log.  M'  -  -  0.0481  ■ 
Q        .    0    18    64 


Q  +  <p'    6    19      9  .        -        -      sin.  9.5159- 


Nutation  =  — 0".37    -        -      log.  1.5640- 

Declination. 
Table  XCI,  ^'        -    3«-     2°  37',     log.  N'  -        -    0.9657 
Q        -     0    18    54 


Q  4-  d'     3    21    31  -        .        -     sin.  9.9686 


Nutation  =      8".60    -        -     log.  0.9343 
2.  Required  the  nutations  in  right  ascension  and  declination  of 

a  Andromedae  on  the  1st  of  May,  1838. 
Ans.  Nutation  in  right  ascension  —  0".54,  and  nutation  in 

declination  —  1".43. 
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Note.  Wfaea  the  appaient  pkce  of  a  star  is  desired  with  great 
accuracy,  the  «o2ar  nutations  must  also  be  estimated  and  allowed 
for.  These  may  be  determined  by  repeating  the  process  for  find* 
log  the  lunar  nutations,  only  using  twice  diie  sun's  longitude  in 
place  of  the  longitude  of  the  moon's  node,  and  multipl3ring  the  re* 
suits  by  the  decimal  .076. 

The  calculation  of  the  solar  nutations  in  Example  1st,  is  as 

follows : 

Right  Ascension. 

Table  XCI,   9'      -    6«-    (P  15',     log.M'    -        -      0.0481 

2  O     -    4    66    56 


2  0+(p'  10    67     11   - 

sin.  9.7466 — 

0".06 
.075 

logri.7936— 

Solar  Nutat.  =  —  0".00 
Declination. 
Table  XCI,     «'    -    3'-     2P  37',     log.  N'    - 

20-    4    66    66 

-      0.9667 

7    69    33  - 

sin.  9.9999— 

— 9".24       - 
.076 

-      0.9666— 

• 

Solar  Nutat  =  —  0  .69 
In  Example  2d,  we  find  for  the  solar  nutation  in  right  ascen- 
sion, —  0".08,  and  for  the  solar  nutation  in  declination,  —  0".67. 


PROBLEM   XXI. 

To  fiand  the  Apparent  Right  Ascension  and  Declination  of  a 

Star  on  a  given  Day. 

Find  the  mean  right  ascension  and  declination  for' the  given 
day  by  Problem  XYIII ;  then  compute  the  aberrations  in  right 
ascension  and  declination  by  Problem  XIX,  and  the  lunar  and 
solar  nutations  in  right  ascension  and  declination  by  Problem 
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ZX.  Apply  the  aberrations  and  nutations  according  to  their 
signs,  to  the  mean  right  ascension  and  declination  on  the  given 
day,  observing  that  the  declination  when  south  is  to  be  marked 
negative,  and  the  results  will  be  the  apparent  right  ascension  and 
declination  sought. 

Exam.  1.  What  was  the  apparent  right  ascension  and  decli- 
nation of  a  Ononis  on  the  20th  of  December,  1837  ? 

h.   m.         •.  or         r/ 

Table  XC,  M.  right  ascen.    5  46  30.71,    M.  dec.  7  22  17.UN. 
Variations       -  —6.59      -        -         —2.42 


5  46  24.12                 7  22  14.72 

Aberr.    -        -            +137  -  -  +0.31 

Lun.  nutat.     -           —  0.37  -  -  +8.60 

SoLnutat       -                0.00  -  -  —0.69 


App.  right  asc.    5  46  25.12,  App.dec.  7  22  22.94N. 

2.  Required  the  apparent  right  ascension  and  declination  ofa 
Andromedse  on  the  1st  of  May,  1838. 

Ans.  Appar.  right  ascen.  Oh.  Om.  0.90s.,  and  appar.  dec.  28^ 
11'  39".90. 


PROBLEM    XXII. 

To  find  the  Aberration  of  a  Star  in  Longitude  and  Latitude, 

for  a  given  Day. 

The  formulae  for  the  computation  are, 

log.  (aber.  in  long )  =  1.30880  +  log.  cos.  (6s.  +  O  —  L)  +  ar. 

CO.  log.  cos.  X  —  10  ; 

log.  (aber.  in  lat.)  =  1.30830  +  log.  sin.  (6s.  +  ©  —  L)  +log. 

sin.  X  —  20 ; 

in  which  O  =  longitude  of  the  sun  on  the  given  day ;  L  ~  mem 
longitude  of  the  star ;  and  X  =  mean  latitude  of  the  star. 

Exam.  1.  Required  the  aberrations  in  longitude  and  latitude 
ofa  Seorpii,  on  the  26th  of  February,  1838.  the  sun's  longitude 
on  that  day  being  ll"-  7^  29'. 
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ByProb.XVIII,L=.  8^  7o3(y,      andx=         4o32'S. 
68.  +  O     -   17    7   29        Ck)nst.  log.  1.3088 

6s.  +  O  — L  8  29   59     -        -    cos.  6.4637— 
X        -        -  4  32        Ar.co.cos.  0.0014 


Aberr.  in  long.  =  —  0".00  log.  3.7739— 


Const,  log.  1.3088 
6s.  +  O  —  L    8--  29°  59'    -  sin.  9.2474— 

X    -        .        .-        4  32     -  sin.  9.7099 


Aberr.  in  lat.  =  —  l".6l,  log.  0.2661— 
2.  Required  the  aberrations  in  longitude  and  latitude  of  Arc- 
turns  on  the  5th  of  October,  1838,  the  sun's  longitude  being 
6^  11°  47'. 

Ans.  Aberr.  in  long.  —  23".34,  and  aberr.  in  lat.  1".85. 
Note.  The  nutation  in  longitude  of  a  fixed  star  may  be  found 
after  the  same  manner  as  the  nutation  in  longitude  of  the  8un. 
(See  Problem  IX,  page  271). 


PROBLEM  XXIII. 

To  find  the  Apparent  Longitude  and  Latitude  of  a  StoTj/or  a 

given  Day, 

Find  the  mean  longitude  and  latitude  on  the  given  day  by 
Problem  XYIIL  Find  also  the  aberrations  in  longitude  and  lati- 
tude by  Problem  XXII,  and  the  nutation  in  longitude,  as  in 
Problem  IX.  Apply  the  aberration  and  nutation  in  lougitudey 
according  to  their  signs,  to  the  mean  longitude,  and  the  result  will 
be  the  apparent  longitude ;  and  apply  the  aberration  in  latitude 
according  to  its  sign,  to  the  mean  latitude,  and  the  result  will  be 
the  apparent  latitude. 

Exam.  1.  Required  the  apparent  longitude  and  latitude  of  a 
Scorpii  on  the  26th  of  February,  1838. 
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Table  XC,  M.  long.   »■  7<>  31'  A5''2,     M.kt.40  32*  6I*j6S. 
V«r.  —1   32.67  0.78 


8    7    30   12  .63 

4    32  BOm 

Aberr. 

0  .00 

—  1.61 

Nutot. 

—4  .40 

App.  long.  8    7    30      8  .23,  App.Iat.  4    32    49  il& 
2.  Required  the  apparent  longitude  and  latitude  of  Arctams  oo 

the  6th  of  October,  1838. 
Ana.   Appar.  long.  6^  21^  68'  40".4,  and  appar.  lat  2(P  51 

19".l. 


PROBLEM    XXIV. 

To  tompuie  the  Longitude  and  Latitude  of  a  Heavenly  Bodf 
from  its  Right  Ascension  and  Declination^  the  Obliquitftf 
the  Ecliptic  being  given. 

This  Problem  may  be  solved  by  means  of  the  following 
formulae : 

log.  tango: = log.  tang  D  +  ar.  co.  log.  sin  R; 

log.tangL=log.cos.(2: — w) + log.  tang  R+ ar.co.log.  cos.  x— 10; 

log.  tang  Xs:log.  tang  {x  —  cj)  +  log.  ;$in  L  *-*  10 ; 

in  which 

R  ^  the  Bight  Ascension ; 

D  z  the  Declination  (minus  when  south) ; 

L  =  the  Longitude ; 

X  =  the  Latitude ; 

cj  =  tlie  Obliquity  of  the  ecliptic ; 

jr  is  tti  auxiliary  arc.  It  must  be  taken  according  to  tht  sign  d 
its  tangent,  but  always  less  than  18(P.  Tlie  longitade  wiB 
always  be  in  the  same  quadrant  as  the  right  aseeoaioo.  Tte 
latitude  must  be  taken  less  than  90^,  and  will  be  iumiA  or  miAt 
according  as  the  sign  is  positive  or  negative. 

Note.  When  the  mean  longitude  and  latitude  are  to  be  derived 
from  the  mean  right  ascension  and  declination,  the  mean  oUi- 
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quity  of  the  ecliptic  is  taken.  When  the  apparent  longitude  and 
latitude  are  to  be  derived  from  the  apparent  right  ascension  and 
declination,  found  as  in  Problem  XXI,  the  apparent  obliquity  is 
taken.  The  mean  obliquity  of  the  ecliptic  at  any  assumed  time 
is  easily  deduced  from  Table  XXII.  The  apparent  obliquity  is 
found  by  Problem  X. 

Exam.  1.  On  the  20th  of  June,  1838,  the  right  ascension  of 
Capclla  was  76^  11'  29",  the  declination  45°  49'  36"  N.,  and  the 
obliquity  of  the  ecliptic  23°  27'  37" :  required  the  longitude  and 
latitude. 

D=  45°  49' 35"    -        -        -  tan.  0.0125295 

R=  76   11  29     -        -        Ar.  CO.  sin.  0.0127367 


*  =  46   39  54      -        -        -          tan.  0.0252662 
w  =  23   27  37  


or  —  «=  23   12  17      .        -        -  cos.  9.9633641 

R=  76    11  29      -        -        -  tan.  0.6094483 

ar=46   39  64      -        -       Ar.  co.  cos.  0.1636095 


Long.  =  79   36    3      -        -        .  tan.  0.7363219 

L  =79   36    3      .        -        -  sin.  9.9928071 

x  —  w  =  23   12  17      .        -        -  tan.  9.6321516 


Lat.  =  22   51  47      -        -        -  tan.  9.6249587 

2.  Given  the  right  ascension  of  Sjpica  199°  11'  35",  and  decli- 
nation 10°  19'  24"  S.,  and  the  obliquity  of  the  ecliptic  23°  27'  36", 
on  the  1st  of  January,  1840,  to  find  the  longitude  and  latitude. 

Ans.  Long.  201°  36'  32",  and  lat.  2°  2'  30"  S. 


PROBLEM    XXV. 

To  compute  the  Right  Ascension  and  Declination  of  a  Hea- 
venly Body  from  its  longitude  and  latitude^  the  obliquity 
iff  the  ecliptic  hei7ig  given. 

The  formulse  for  the  solution  of  this  problem  are, 

log.  riulg  y  =  log.  tang  X  +  ar.  co.  log.  sin  L ; 

39 
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log.  tang  R  =  log.  COS.  (y+w)+ log.  tangL+ar.  co.  log.cos.  y— 10; 
log.  tang  D  =  l<^.  tang  (y +  w)  +  log.  sin.  R  — 10; 
in  which 

L  =  the  Longitude ; 

X  =  the  Latitude  {minv^  when  South) ; 

R  =  the  Right  Ascension ; 

D  =  the  Declination ; 

u  =  the  Obliquity  of  the  ecliptic ; 

y  is  an  auxiliary  arc.  It  must  be  taken  according  to  the  sign  of 
its  tangent,  but  always  less  tlian  180^.  The  right  ascension  will 
always  be  in  the  same  quadrant  with  the  longitude.  The  decli- 
nation must  be  taken  less  than  90°,  and  will  be  north  or  south, 
according  as  the  sign  is  positive  or  negative. 

Note.  The  mean  or  apparent  obliquity  of  the  ecliptic  is  taken, 
according  as  the  given  and  required  elements  are  mean  or 
apparent. 

Exam  1.  On  the  1st  of  January,  1830,  the  longfitude  of  Sinus 
was  3'-  11°  44'  18",  the  latitude  39°  34'  1"  S.,  and  the  obliquity 
of  the  ecliptic  23°  27'  41" :  required  the  right  ascension  and 
declination. 

X  =  —  39°  34'    1"       .        .  tan.  9.9171381  - 

L  =    101    44  18        -       Ar.  co.  sin.  0.0091788 


y=     139    50  14        -        -          tan.  9.9263 169- 
w  =      23    27  41  


y  +  w  =  163  17  55  -  -          cos.  9.9812819 - 

L  =  101  44  18  -  -          tan.  0.6823798  - 

y=  139  50  14  -  Ar.  co.  cos.  0.1167843 - 

Right  ascen.  =  99  24  48  -  -          tan.  0.7804460 - 


R  =      99    24  48        -        -  sin.  9.9941121 

y  +  w  =    163    17  55        -        -  tan.  9.4771803- 

Dec.  =      16    29  20S.  -  tan.  9.4712924- 

2.  Given  the  longitude  of  Aldebaran  67°  33'  5",  and  latitude 

5°  28'  38"  S.,  and  the  obliquity  of  the  ecliptic  23°  27'  36",  on  the 

1st  of  January,  1840.  to  find  the  right  ascension  and  declination. 

Ans.  Right  ascension  66°  41'  4",  and  declination  16®  10'  57"  N. 
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PROBLEM    XXVI. 

The  Longitude  and  Declination  of  a  Body  being  given,  and 
also  the  Obliquity  of  the  Ecliptic,  to  find  the  Angle  of 
Position, 

The  formula  is 

log.  sin  jp  =  log.  sin  w  +  log.  cos.  L  +  ar.  co.  log.  cos.  D  — 10 ; 

p  =  Angle  of  Position  (required) ; 

L  =  Longitude ; 

D  =  Declination ; 

*  =  Obliquity  of  the  ecliptic. 

The  angle  of  position  p  must  be  taken  less  than  90°.  It  is  to 
be  observed  also  that  when  the  longitude  is  le:«  than  90°,  or 
more  than  270^,  ttie  northern  part  of  the  circle  of  latitude  lies  to 
the  west  of  the  circle  of  declination,  but  that  when  the  longitude 
is  between  90°  and  270°,  it  lies  to  the  east. 

Note.  The  angle  of  position  may  also  be  computed  from  the 
right  ascension  and  latitude,  by  means  of  a  formula  similar  to 
that  just  given,  namely, 

log.  sin  p  =  log.  sin  gj  +  log.  cos.  R  +  ar.  co.  log.  cos.  X — 10. 

Exam.  1.  Given  the  longitude  of  Regulus  147°  27'  54",  and 
declination  12°  47'  45"  N.,  and  the  obliquity  of  the  ecliptic  23° 
27'  41",  to  find  the  angle  of  position. 

w  =  23°  27'  41"  -  .  sin.  9.6000260 
L  =  147  27  54  -  -  cos.  9.9258601 
D  =    12  47  45       -     Ar.  co.  cos.  0.0109217 


Angle  of  pos.  =    20     7  58       -        -        sin.  9.5368078 

The  circle  of  latitude  lies  to  the  east  of  the  circle  of  decli- 
nation. 

2.  Given  the  longitude  of  Fomalhaut  351°  51'  38",  and  decli- 
nation  30°  31'  14"  S.,  and  the  obliquity  of  the  ecliptic  23°  27'  41", 
to  find  the  angle  of  position.  Ans.  27°  13'  36". 

The  circle  of  latitude  lies  to  the  west  of  the  circle  of  decli* 
nation. 
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PROBLEM    XXVII. 

To  find  from  the  Tables  the  Time  of  New  or  Full  Moon,  for 

a  given  Year  and  Month. 

For  the  New  Moon. 

Take  from  TableLXXXVI,  the  time  of  mean  new  moon  in  Jan- 
uary, and  the  Arguments  I,  II,  III  and  IV,  for  the  given  year. 
Take  from  Table  LXXXVII,  as  many  lunations  with  the  corves- 
ponding  variations  of  Arguments  I,  II,  III,  and  IV,  as  theg\^ 
month  is  months  past  January,  and  add  these  quaatities  tatbe  | 
former,  rejecting  the  ten  thousands  from  the  sums  in  the  colunmi 
of  the  first  two  arguments,  and  the  hundreds  from  the  sums  in 
the  columns  of  the  other  two.  'Seek  the  number  of  days  from  the 
irst  of  January  to  the  first  of  the  given  month,  in  the  second  ot 
third  column  of  Table  LXXXVIII,  according  as  the  given  year  it 
a  common  or  bissextile  year,  and  subtract  it  from  the  sum  in  the 
column  of  mean  new  moon  :  the  remainder  will  be  tabular  thnB 
of  mean  new  moon  for  the  given  month.     It  will  sometiotf 
happen  that  the  number  of  days  taken  from  Table  LXXXVIS^ 
will  exceed  the  number  of  days  of  the  sum  in  the  celunm  of 
mean  new  moon  :  in  this  case  one  lunation  more,  w\\h  the  cot" 
responding  arguments,  must  be  added. 

With  the  sums  in  the  columns  I,  II,  III,  and  IV,  as  ai^iment^ 
take  the  corresponding  equations  from  Table  LXXXIX,  and  acH 
them  to  the  time  of  mean  new  moon  :  the  sum  will  be  Approxi- 
mate time  of  new  moon  for  the  given  month,  expressed  in  mean 
time  at  Greenwich. 

Next,  for  the  approximate  time  of  new  moon  calculate  the  true 
longitudes  and  hourly  motions  in  longitude  of  the  sl^I  andn9(Wif^; 
subtract  the  less  longitude  from  the  greater^  and  the  hpurly  po- 
tion of  the  sun  from  the  hourly  motion  of  the  moon  ;  and  s^itt 
the  difference  between  the  hourly  motions  :  the  diflS»ence  between 
the  longitudes  : :  60  minutes  :  the  correction  of  t|[ie  ap[UQXi|?MMi 
time.  The  correction  added  to  the  approximate  time,  whentbft 
sun's  longitude  is  greater  than  the  moon's,  but  subtracted,  when 
it  is  less,  will  give  the  true  time  of  new  moon  required,  in  mei^ 
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tune  at  GieeOTich.    1%is  time  may  be  reduced  to  the  meridian 
of  any  given  place  by  Problem  V. 

Forf\tU  Moon. 
Take  from  Table  LXXXVI,  the  tizne  of  mean  ne  v  moon,  and 
the  corresponding  A^uments  I,  II,  III,  and  IV,  for  January  of  the 
given  year,  and  from  Table  LXXXVII,  a  half  lunation  with  the 
corresponding  changes  of  the  ai^iments.  Then,  when  the  time 
of  mean  new  moon  for  January  is  on  or  after  the  16th,  subtract 
the  latter  quantities  from  the  former,  increasing,  when  necessary 
to  render  the  subtraction  possible,  either  or  both  of  the  first  two 
u^ments  by  10,000,  and  of  the  last  two  by  100  ;  but  add  them 
when  the  time  is  before  the  16th.  The  result  will  be  the  tabular 
tiioe  of  mean  fnll  moon  and  the  corresponding  arguments,  for 
January.  Proceed  to  find  the  approximnte  time  of  full  moon 
lAerthe  same  manner  as  directed  for  the  new  moon. 

For  tbe  approximate  of  full  moon  calculate  the  true  loDgi- 
tades  and  hourly  motions  in  longitude  of  the  sun  and  moon. 
Sobtract  the  sun's  longitude  from  the  moon's,  adding  360°  to  the 
litter  if  necessary.  Take  the  dilfereuce  between  the  remainder 
<od  TI  signs,  and  call  the  result  R.  Also  subtract  the  hourly 
DotioQ  of  tbe  sun  from  the  hourly  motion  of  the  moon.  Then 
ny,  as  the  differetice  between  the  hourly  motions  :  R : :  60m. 
:  Ibe  correction  of  the  approximate  time.  The  correction  added 
to  the  approximate  time  of  full  moon,  when  the  excess  of  the 
■noon's  longitude  over  the  sun's  is  lesa  than  VI  signs,  but  subtract- 
tdwben  it  ia^«afer,  will  give  the  true  time  of  full  moon. 

Exam.  1.  Required  the  time  of  new  moon  in  September, 
1838,  expressed  in  mean  time  at  New- York. 


IB38, 

SIUD. 

M.NewMoDD. 

I. 

II. 

ni. 

IV. 

d.    h.  m. 
94  16  .13 
236    5  .'2 

0C8T 
6468 

91 7S 
5737 

99 
33 

93 

D.?.. 

26D  SS  45 
243 

7149  1  4912 

SI 

78 

Sapft, 

III. 
IV. 

17  23  45 

0  J6 

9  33 

3 

10 

S»plT. 

IS    8  49 

Appro 

imato 

me. 

1 
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Moon's  trae  long,  found  for  approx.  time,  is  6"-  25°  29'   19" 
Sun's  do.  do.  do.  5    25    27    27 


Difference, 


Moon's  hourly  motion  in  long,  is 
Sun's  do.  do. 


1  52 

29    28 

2  27 


Difference, 27     1 

As  27'  1"  :  1'  52"  : :  60"  :  4*»  9«-,  the  correction. 


.    18^  8^-  49°»-  0' 
—  4    9 

.    18    8    44  51 
4    56    4 

True  time,  in  mean  time  at  New  York,     -    18    3    48  47 

Exam.  2.  Required  the  time  of  full  moon  in  April,  1838,  ex- 
pressed in  mean  time  at  New  York. 


Approx.  time  of  new  moon,  September, 
Correction, 

True  time,  in  mean  time  at  Greenwich, 
Diff.  of  meridians,    -        -        -        - 


1838, 
i  lun. 

M.  Full  Moon. 

I. 

II. 

III. 

IV. 

85 
50 

.^5 
97 

3^ 

d.   h.  m. 
24  16  53 
14  18  22 

0681 
404 

9175 
5359 

99 

58 

Slun. 

9  22  31 
88  14  12 

0277 
2425 

3816 
21.5] 

41 
46 

Days, 

98  12  43 
93 

2702 
Appro: 

5967 

87 

April, 

I. 

II. 

III. 

IV. 

8  12  43 

8  29 

16    7 

15 

30 

April, 

9  14    4 

cimate  t 

ime. 

Moon's  true  long,  foimd  for  approx.  time,  is  6*'  19°  44'  17" 

Sun's            do.            do.            do.            0     19    45  22 

6    29     58  55 

6      0      0  0 


R 
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Moon's  hourly  motion  in  long,  is  -        -    30'  16" 
Sun's  do.  do.  -        -      2  27 


Difference 27  48 

As  27'  48"  :  1'  6"  : :  60«  :  2«-  20--,  the  correction. 

Approximate  time  of  full  moon,  April,         9^- 14^-  4»-  0"- 
Correction, +  2  20 

True  time,  in  mean  time  at  Greenwich,        9   14     6  20 
Diff.  of  meridians,      -        -        -        -  4  66    4 

True  time,  in  mean  time  at  New  York,        9     9  10  16 

3.  Required  the  time  of  new  moon  in  September,  1837,  ex- 
pressed in  mean  time  at  Philadelphia ;  taking  the  longitudes  for 
the  approximate  time  from  the  Nautical  Almanac. 

Ans.  29d.  3h.  Om.  6s. 

4.  Required  the  time  of  fiiU  moon,  in  October,  1837,  ex- 
pressed in  mean  time  at  Boston. 

Ans.  13d.  6h.  30m.  268. 


PROBLEM    XXVIII. 

To  determine  the  number  of  Eclipses  of  the  Sun  and  Moon 
that  may  be  expected  to  occur  in  any  given  Year^  and  the 
Times  nearly  at  which  they  will  take  place. 

For  the  Eclipses  of  the  Sun, 

Take,  for  the  given  year,  from  Table  LXXXVI  the  time  of 
mean  new  moon  in  January,  the  arguments  and  the  number  N. 
If  the  number  N  differs  less  than  37  from  either  0,  600,  or  1000, 
en  eclipse  must  occur  at  that  new  moon.  If  the  difference  is 
between  37  and  63,  there  may  be  an  eclipse,  but  it  is  doubtful, 
and  the  doubt  can  only  be  removed  by  a  calculation  of  the  true 
places  of  the  moon  and  sun.  If  the  difference  exceeds  63,  an 
^lipse  is  impossible. 

If  an  eclipse  may  or  must  occur  at  the  new  moon  in  January, 
i^Iculate  the  approximate  time  of  new  moon  by  Problem  XXVII, 
ind  it  will  be  the  time  nearly  of  the  middle  of  the  eclipse,  ex- 
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pressed  in  mean  time  at  Greenwich.    This  may  be  ledaced  to 
the  meridian  of  any  other  place  by  Problem  V. 

To  find  the  first  new  moon  after  January,  at  which  an  eclipse 
of  the  sun  may  be  expected,  seek  in  column  N  of  Table  LXXXVII 
the  first  number  after  that  answering  to  the  half  lunation,  that, 
added  to  the  number  N  for  the  given  year,  will  make  the  sum 
come  within  53  of  0,  500,  or  1000.  Take  the  corresponding  lu- 
nations, changes  of  the  arguments,  and  the  number  N,  and  add 
them,  respectively,  to  the  mean  new  moon  in  January,  the  argu- 
ments, and  the  number  N,  for  the  given  year.  Take  from  the 
second  or  third  column  of  Table  LXXXVIII,  according  as  the 
given  year  is  a  common  or  bissextile  year,  the  number  of  days 
next  less  than  the  days  of  the  sum  in  the  column  of  mean  new 
moon,  and  subtract  it  from  this  sum ;  the  remainder  will  be  the 
tabular  time  of  mean  new  moon  in  the  month  corresponding  to 
the  days  taken  from  Table  LXXXVIII.  At  this  new  moon  there 
may  be  an  eclipse  of  the  sun ;  and  if  the  sum  in  the  colunm  N  is 
within  37  of  the  numbers  mentioned  above,  there  must  be  one. 
Find  the  approximate  time  of  new  moon,  and  it  will  be  the  time 
nearly  of  the  middle  of  the  eclipse. 

If  any  of  the  other  numbers  in  the  last  column  of  Table 
LXXXVII  are  found,  when  added  to  the  number  N  of  the  given 
year,  to  give  a  sum  that  falls  within  the  limit  53,  proceed  in  a 
similar  manner  to  find  the  approximate  times  of  the  eclipses. 

Note.  When  the  sum  of  the  numbers  N,  or  the  number  N 
itself,  in  case  the  eclipse  happens  in  January,  is  a  little  above  0, 
or  a  little  less  than  500,  the  moon  will  be  to  the  north  of  the  sun, 
and  there  is  a  probability  that  the  eclipse  will  be  visible  at  any 
given  place  in  north  latitude  at  which  the  approximate  time  of 
the  eclipse  found  as  just  explained  and  reduced  to  tlie  meridian 
of  the  place  comes  during  the  day-time.  When  the  numba*  N 
found  for  the  eclipse  is  more  than  500,  the  moon  will  be  to  the 
south  of  the  sun,  and  the  eclipse  will  seldom  be  visible  in  the 
northern  hemisphere  except  near  the  equator. 

Fhr  the  Eclipses  of  the  Moon. 
Find  the  time  of  full  moon  and  the  corresponding  ^rguitients 
and  number  N,  for  Janua  y  of  the  given  year,  as  explained  in 
Problem  XXTlI.    Then  proceed  to  find  the  times  at  which 
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eclipees  of  the  moon  may  or  must  occur,  aAer  the  same  manner 
as  for  eclipses  of  the  sun,  only  making  use  of  the  limits  36  and 
26,  instead  of  53  and  37.* 

Note.  An  eclipse  of  the  moon  will  be  visible  at  a  given  place, 
if  the  time  of  the  eclipse  thus  found  nearly  and  reduced  to  the 
meridian  of  the  place  comes  in  the  night. 

Exam.  1.  Required  the  eclipses  that  may  be  expected  in  the 
year  1840,  and  the  times  nearly  at  which  they  will  take  place. 

f^  the  Edipses  of  the  Sun. 


M.NewM-OD. 

I. 

11. 

JII. 

IV. 

N. 

d.   b.  in. 

1840, 

3  10  30 

00S5 

6386 

f\h 

tiS 

844 

31UD. 

59     1  38 

1617 

1434 

H 

m 

no 

63  II  S8 

i7oa 

vfiao 

U 

61 

(114 

60 

A>  Die  ram  nf  the  nambsn 

Marcb 

S  It  S8 

I. 

S    3 

N  coineii  within  31  oTO,  there 

11. 

19  38 

rami  be  an  eclipn. 

IV. 

13 

Much 

3  16    4 

Meai> 

imsat 

Groe 

wici 

1 

1840, 

8!un. 

M.  New  Moon. 

1. 

II. 

III. 

rv. 

N. 

d.    b.  m. 

3  10  33 

23G    5  53 

OOfiS 
«468 

6386 
3737 

6S 
22 

4i3 
<i3 

844 
C83 

239  16  2i 
313 

G553 

3133 

87 

56 

5S6 

!I. 

in. 

IV, 

36  16  23 

0  54 

0  49 

IS 

)6 

Ab  the  gotn 
N    cotnee  wi 
tbsTc  must  ba 

oflhe  nil 
lin    37  of 

nbera 
500. 

AOR. 

S6  16  36 

M«LD 

tae.t 

Gree 

wich 

*  Tbe  DDiDlMn  53,  37,  md  35,  95,  ars  the  limiiT  and  Kilir  ecliptic  limit*,  u 
datarmuied  bj  IMunbn.  The  limita  gimn  in  the  text,  conreited  into  Ibcn. 
Hodth  p«it>  of  tiM  eireb,  «n  GS,  37,  and  37,  31. 
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For  the  Edipset  of  the 

Moon. 

18M, 

M.  Full  Moon 

I. 

II, 

III. 

IV. 

N. 

d.  h.  m. 
3  10  31) 
U  IS  23 

0085 
4U4 

G3!^6 
5359 

65 

58 

G3 
50 

8U 
43 

18    4  52 
39  13  44 

489 
808 

174.i 

717 

23 

15 

13 

99 

887 
65 

47  17  36 
31 

1297 

sum 

38 

13 

972 

Fcbr. 

r. 
11. 
lit. 

IV. 

16  n  36 

7  37 

0  33 

5 

37 

Aa  the  eum  of  (he  namben 
N.  Bltboueli  it  comet  within 
3S   of  lOUO.   (i«i«   DOt  come 
HTithin  25,  tho  ec1>p»  may  be 

Febr. 

17     1  58 

Moui 

raeit 

JroBQ 

wi=h 

there  miut  be  no  ecIipH. 


Mean  time  it  Greenwich. 


2.  Required  the  eclipses  that  may  be  expected  io  the  year  1639, 
and  the  times  nearly  at  which  they  will  take  place,  exprea^  in 
mean  civil  time  at  New  York. 

Ans.  One  of  the  sun  on  the  16th'  of  March  at  9b.  20iu.  A.  H, ; 
and  one  of  the  sun  on  the  7th  of  September  at  5h.  24m.  P.  M. 

3.  Required  the  eclipses  that  may  be  expected  in  the  year  1811, 
and  the  times  nearly  at  which  they  will  take  place,  expressed  in 
mean  civil  time  at  New  York. 

Ans.  Four  of  the  sun,  namely,  one  on  the  22nd  of  January  at 
12h.  18m.  P.  M. ;  one  on  the  2l3t  of  February  at  6h.  17m.  A.  M. ; 
one  on  the  18th  of  July  at  9h.  24m.  A.  M. ;  and  one  on  the  Ifitfa 
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of  August  at  4h.  28m.  P.  M. :  and  two  of  the  moon,  namely,  one 
on  the  6th  of  February  at  9h.  10m.  P.  M. ;  and  one  on  the  2d  of 
August  at  5h.  5m.  A.  M. 

The  eclipses  of  the  sun  in  January  and  August  may  be  consid- 
ered as  doubtful. 


PROBLEM  XXIX. 

To  calculate  an  Eclipse  of  the  Moon. 

The  calculation  of  the  circumstances  of  a  kinar  eclipse  is  effect- 
ed with  the  following  fundamental  data,  derived  from  the  tables 
of  the  sun  and  moon : 

Approximate  Time  of  Full  Moon  (at  Greenwich)       T 

Sun's  Longitude  at  that  time,         .        .        -  L 

Do.  Hourly  Motion,  .        .        .        .  ^ 

Do.  Semi-diameter, 8 

Do.  Parallax, p 

Moon's  Longitude,        -        -        .        -        .  / 

Do.      Latitude, X 

Do.      Equatorial  Parallax,  ...  p 

Do.      Semi-diameter,  -        -        -        -  d 

Do.      Hourly  Motion  in  longitude,       -        -  m 

Do.      Hourly  Motion  in  latitude,  -        -  n 

We  obtain  the  time  T  by  Problem  XXVII ;  the  quantities  apper- 
taining to  the  sun,  namely,  L,  s,  and  6,  by  Problem  IX  ;*  and  those 
which  have  relation  to  the  moon,  namely,  /,  X,  P,  d,  m,  and  n,  by 
Problem  XIV. 

From  these  quantities  we  derive  the  following : 

True  Time  of  Full  Moon,  (at  given  place)        -        T 
Moon's  Latitude  at  that  time,  -        -        -        X' 

Semi-diameter  of  earth's  shadow,    -        -        -        S 
Inclination  of  Moon's  relative  orbit,         -        -        I 
T  being  known,  T'  is  found  as  explained  in  Problem  XXVII. 
To  obtain  X',  we  state  the  following  proportion, 

1  hour :  correction  for  the  time  of  full  moon  ::n:  x; 


*  p  may  be  taken  =  ^', 
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from  this  we  deduce  the  value  of  r;  and  thence  findx'bytb 
equation, 

X'  =  X  i  jr. 

When  the  tnie  time  of  full  moon,  expressed  in  mean  time  at 
Greenwich,  is  IcUer  than  the  approximate  time,  the  upper  sign  is 
to  be  used,  if  the  latitude  is  increasirigj  the  lower  if  it  is  decreoi- 
ing ;  but  when  the  true  time  is  earlier  than  the  approxinuae  time, 
the  lower  sign  is  to  be  used  if  the  latitude  is  increcLsing]  the  upper ^ 
if  it  is  decreasing. 

The  value  of  S  is  derived  from  the  equation, 

S  =  (e+p  — <J)  +  V^(P+p  — ^); 

and  the  angle  I  from  the  formula, 

log.  tang  I  =  log.  n  +  ar.  co.  log.  (m  —  s). 

The  foregoing  quantities  having  all  been  determined,  the  va- 
rious circumstances  of  the  eclipse  may  be  calculated  by  the  follow- 
ing formulae : 

F6r  the  Time  of  the  Middle  of  the  Eclipse. 

3.55630  +  log.  COS.  I  +  ar.  co.  log.  {m  —  s)  —  10  =  R; 

log.  ^  =  R  +  log.  X'  +  log.  sin  I  —  10; 

M  =  T'±/: 

t  =  interval  between  time  of  middle  of  eclipse  and  time  of  full 
moon ;  M  =  time  of  middle  of  the  eclipse. 

The  upper  sign  is  to  be  taken  in  the  last  equation  when  the 
latitude  is  decreasing ;  the  lower j  when  it  is  increasing, 

Fhr  the  Times  of  Beginning  umd  End. 

log.  c  =  log.  V  +  log.  COS.  I  — 10 ; 
....-log-(S  +  d  +  c)  +  log.(S+d-c)  ,  p. 

B  =  M— r,  and  E  =  M  +  t?: 

V  =  half  duration  of  the  eclipse ;  B  =  time  of  beginning;  and 
E  =  time  of  end. 

Note.  If  c  is  equal  to  or  greater  than  S  +  c{,  there  cannot  be 
an  eclipse. 
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Fbr  the  Times  of  Beginning  and  End  of  the  Total  Eclipse. 
log.r'=  \og^{S-d  +  c)  +  \og.(S-d-c)  ^ ^ . 

B'  =  M  — v',  andE'  =  M+t?'; 

V*  =  half  duration  of  the  total  eclipse ;  B'  =  time  of  beginning  of 
total  eclipse ;  and  E'  ^  time  of  end  of  total  eclipse. 

Note.  When  c  is  greater  than  S  —  d,  the  eclipse  cannot  be 
total. 

For  the  Quantity  of  the  Eclipse. 

log.  a  =  0.77815  +  log.  (S  +  d  —  c)  +  ar.  co.  log.  rf  — 10 ; 
d  =  the  quantity  of  the  eclipse  in  digits. 

Note  1.  An  eclipse  of  the  moon  begins  on  the  eastern  limb,  and 
ends  on  the  western.  In  partial  eclipses  the  southern  part  of  the 
moon  is  eclipsed  when  the  latitude  is  north,  and  the  northern 
part  when  the  latitude  is  south. 

Note  2.  When  the  eclipse  commences  before  sunset,  and  ends 
after  sunset,  the  moon  will  rise  more  or  less  eclipsed.  To  obtain 
the  quantity  of  the  eclipse  at  the  time  of  the  moon's  rising,  find 
the  moon's  hourly  motion  on  the  relative  orbit  by  the  equation, 

log.  h  =  log.  (m  —  s)  +  ar.  co.  log.  cos.  I ; 

in  which  A  =  hourly  motion  or  relative  orbit.  Also  find  the  in- 
terval between  the  time  of  sunset  and  the  time  of  the  middle  of 
the  eclipse,  which  call  i.    Then, 

1  hour  :  i  :  :  h  :  X, 

Deduce  the  value  of  ir  firom  this  proportion,  and  substitute  it 
in  the  equation, 

c'  =  Vc*  +  X* ; 

in  wliich  c  designates  the  same  quantity  as  in  previous  formulas. 
Find  the  value  of  c',  and  use  it  in  place  of  c  in  the  above  formula 
for  the  quantity  of  the  eclipse,  and  it  will  give  the  quantity  of 
the  eclipse  at  the  time  of  the  moon's  rising.  When  the  eclipse 
begins  before  and  ends  after  sunrise,  the  quantity  of  the  eclipse 
at  the  time  of  the  moon's  setting  may  be  found  in  the  same  man- 
ner, only  using  sunrise  instead  of  sunset. 

Example.  Required  to  calculate,  for  the  meridian  of  New-York, 
the  eclipse  of  the  moon  in  October,  1837. 
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Elements. 

Approximate  time  of  full  moon,  -  T  =  11*»- 10»-  (Oct.  13) 

Sun's  longitude  at  that  time,      -  -  L  =   6--  20°  24'  28 

Do.  hourly  motion,        -        -  -  ^  =  2  29 

Do.  semi- diameter,         -        -  -  ^  =  16    4 

Do.  parallax,  -        -        -  -  p  =  9 

Moon's  longitude,     -        -        -  -  Z  =   0    20   21  51 

Do.  latitude,  -        -        -  -  X  =  11  28 

Do.  equatorial  parallax,  -        -  -  P  =  59  32 

Do.  semi-diameter,         -        -  -  rf  =  16  13 

Do.  hourly  motion  in  long.     -  -  m=  35  54 

Do.  hourly  motion  in  lat.  (tending  north),  n  =  3  19 

Approx.  time  of  fall  moon,  October,        -        13^  IP  10*"  00^ 
Correction  found  by  Prob.  XXVII,         -  +  4    42 

True  time,  in  mean  time  at  Greenwich,    -        13     1 1    14    42 
Diff.  of  meridians,         ....  4    56     4 

True  time,  in  mean  time  at  New  York,  T'  =    13      6    18    3S 

60m. .  4m.  42.. :  ;  3'  19"  :  a:  =  16". 

Moon's  lat.  at  approx.  time,        -        -        -        X  =  11'  28  S. 
Correction, x=     — 16 

Moon's  lat.  at  true  time,    -        -        -        -        X'  =  11   12 

Moon's  equatorial  parallax,        -        -        -        -        P  =  59'  32' 
Sun's  do. p  =       9 

Sum, 59  41 

Sun's  semi-diameter, ^=16   4 

Diff. P+p_^=43  3T 

Add ^V(P+p_<5)=      44 

Semi-diameter  of  earth's  shadow,        -        -        -        S  =  44  21 

Moon's  hor.  mot.  less  sun's  (m — 5)  =  2005"  -  Ar.  co.  log.  6.69789 
Moon's  hor.  motion  in  latitude,     n  =    199         -       log.  2.29885 

Inclination  of  rel.  orbit,  I  =  50  40'     -        -        -       tan.  8.99674 
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Time  of  Middle. 

3.65630 

-     5"  40'        -        -         COS.  9.99787 

•*     -        -        -        -        -  2005"  Ar.  CO.  log.  6.69789 

R.    0.25206 

672"      -     log.  2.82737 

5°  40'  -        -      sin.  8.99450 

0"-  l"-  68'-  =  118'-       -      log.  2.07393 
6  18    38  P.M. 

Ue,     -        -        -       6  20    36  P.M. 

Times  of  Beginning  and  End. 

log.  2.82737 

COS.  9.99787 

ir9"  =  669"    -        log.  2.82524 

•d  +  c 4303"    -        log.  3.63377 

d  —  c 2965      -        log.  3.47202 

2 )  7.10579 

•^  3.55289 

R.    0.25206 

.        .        ih-  46'»-  22«-  =  6382'-    -        1<^.  3.80495 
idle,        •        -        6    20    36 

inning,  -        -        4    34    14  P.M. 
I,    -        -        -        8      6    58  P.M. 

-rf  +  c   -   -   -   -    2357"  -   log.  3.37236 
-d  —  e       -   -   -   -    1019   -   log.  3.00817 

2 )  6.38053 

3.19026 
R.  0.25206 

0»-46«-9^  a2769«-  -   1(^.3.44232 
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Qh.  46«.  9..  =  2769--    .        log.  3.44232 
Bfiddle,         *        •        6    20  36 


Beg.  of  total  eclipse,        5    34  27  P.M. 
End  of  total  eclipse,        7      6  45  P.M. 

0.77815 

8  +  d  —  c log.  3.47202 

d 973"  At.  co.  1<^.  7.01189 


Quantity,     -     -      18.3  digits,        -        -        -        log.  1.26206 


PROBLEM  XXX. 

7b  calculate  an  Eclipse  of  the  Sun^for  a  given  Place. 

Having  fonnd  by  the  rule  given  in  the  note  to  Problem 
XXYIII,  that  there  is  a  probability  that  the  eclipse  will  be  visi- 
ble at  the  given  place,  and  calculated  the  approximate  time  of  nev 
moon  by  Problem  XXYII,  find  from  the  tables  for  this  time  oi 
for  the  nearest  whole  or  half  hour,  the  sun's  longitude,  hourly 
motion,  and  semi-diameter ;  and  the  moon's  longitude,  latitude, 
equatorial  parallax,  semi-diameter,  and  hourly  motions  in  lons:i- 
tude  and  latitude.  Find  also  by  Problem  XVI,  the  longitude 
and  altitude  ofthe  nonagesimal  degree  ;  and  thence  compute  by 
Problem  XYII,  the  apparent  longitude,  latitude,  and  augmented 
semi-diameter  of  the  moon,  (using  the  relative  horizontal  ^ffuA- 
lax).  With  these  data  compute  the  apparent  distance  of  the 
centres  of  the  sun  and  moon,  at  the  time  in  question,  by  means 
of  the  following  formulae : 

log.  tang  a  =  log.  X'  -f  ar.  co.  log.  a ; 

log.  A  =  log.  a  +  ar.  CO.  log.  cos.  h ; 

in  which, 

A  =  appar.  distance  of  centres ; 

X'  =  appar.  Lat.  of  Moon ; 

a  =  Diff.  of  appar.  Long,  of  Moon  and  Sun  =  diff.  of  appff. 

long,  of  Moon  (found  as  fiboTe)  and  true  long,  of  Son* 
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^  is  an  auxiliary  arc.  The  value  of  6  being  derived  from  the 
first  equation,  the  second  will  then  make  known  the  value  of  A. 

a  and  X'  are  in  every  instance  to  be  effected  with  the  positive 
sign.* 

For  the  Approximate  Times  of  Beginning,  Greatest 

Obscuration,  and  End 

Let  the  time  for  which  the  above  calculations  are  made, 
be  denoted  by  T.  If  the  apparent  distance  of  the  centres 
of  the  sun  and  moon,  found  for  the  time  T,  is  less  than  the 
sum  of  their  apparent  semi-diameters,  there  is  an  eclipse  at  this 
time.  But  if  it  is  greater,  either  the  eclipse  has  not  yet  com- 
menced, or  it  has  already  terminated.  It  has  not  commenced 
if  the  apparent  longitude  of  the  moon  is  less  than  the  longitude 
of  the  sun  ;  and  has  terminated,  if  the  apparent  longitude  of  the 
moon  is  greater  than  the  longitude  of  the  sun. 

1.  If  there  should  be  an  eclipse  at  the  time  T,  from  the  sun's 
longitude  and  hourly  motion  in  longitude,  and  the  moon's  longi- 
tude and  latitude,  and  hourly  motions  in  longitude  and  latitude, 
found  for  this  time,  calculate  the  longitudes  and  the  moon's  lati- 
tude for  two  instants  respectively  an  hour  before,  and  an  hour 
after  the  time  T.  The  semi  diameter  of  the  sun,  and  the  equa- 
torial parallax  and  semi-diameter  of  the  moon,  may,  in  our  pre- 
sent inquiry,  be  regarded  as  remaining  the  same  during  the 
eclipse.  Find  the  apparent  longitude  and  latitude,  and  the  aug- 
mented semi-diameter  of  the  moon  (u^ingin  all  cases  the  relative 
parallax),  and  thence  compute  by  the  formulae  already  given,  the 
apparent  distance  of  the  centres  of  the  sun  and  moon  at  the  two 
instants  in  question. 

Observe  for  each  result,  whether  it  is  less  or  greater  than  the 
sum  of  the  apparent  semi-diameters  of  the  two  bodies.    If  the 


*  The  apparent  distance  or  the  centres  A  may  ha  found  without  the  aid  of  log^ 
rithms  by  moans  of  the  following  equation  : 

A  =  y/  a^  +  X'"». 

[f  the  logarithmic  formulas  are  used,  it  will  be  sufficisnt  here  to  take  outtheangFo 
9  to  the  nearest  minute.  When  we  have  occasion  to  obtain  the  distance  of  the 
eentres  exact  to  within  a  small  fraction  of  a  second,  B  must  bo  takeo  to  tbe  aeaiett 
tens  of  seconds,  if  it  exceeds  20°  or  30°. 

41 
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moon  is  apparently  on  the  same  9ide  of  the  sun  at  the  times  T 
and  T  +  Ih.,  take  the  difference  of  the  distances  of  the  two  bo- 
dies in  apparent  longitude  at  these  times,  but  if  it  is  on  opposite 
sides,  take  their  sum,  and  it  will  be  the  variation  of  this  distance 
in  the  hour  following  T.  Find  in  like  manner  tlie  variation  of 
the  distance  during  the  hour  preceding  T.  Then,  if  the  apparent 
distance  of  the  centres  at  the  times  (T  —  Ih.),  (T  +  Ih.)  is  less 
than  the  sum  of  the  apparent  semi-diameters,  deduce  from  these 
results  the  variations  of  the  distance  in  apparent  longitude  daring 
the  preceding  and  following  hours,  allowing  for  the  second  dif- 
ference, and  observing  whether  the  two  bodies  are  approaching 
each  other  or  receding  fropi  each  other.  Thence,  find  the  dis- 
tance in  apparent  longitude  at  the  times  (T  —  2h.),  (T  +  2h.) 
Find  by  the  same  method  the  apparent  latitude  of  the  moon  at 
the  instants  (T  —  2h.),  (T  -f-  2h.),  observing  that  the  variation 
of  the  apparent  latitude  in  any  given  interval  is  the  difference 
between  the  latitudes  at  the  beginning  and  end  of  it,  if  they  are 
both  of  the  same  name ;  their  sum,  if  they  are  of  opposite  names. 

From  these  results  derive  the  apparent  distance  of  the  centres 
of  the  sun  and  moon  at  the  two  instants  in  question. 

If  there  should  still  be  an  eclipse  at  the  time  (T  +  %.)or 
(T  —  2h.),  find  by  the  same  method  the  distance  of  the  centres 
at  the  time  (T  +  3h.)  or  (T  —  3h.)  These  calculaticms  being 
effected,  the  times  of  the  beginning,  greatest  obscuration,  and  end 
of  the  eclipse  will  fall  between  some  of  the  instants  T,  (T— 
Ih.),  (T  +  Ih.)  &c.,  for  which  the  apparent  distance  of  the  cen 
tres  is  computed. 

2.  If  the  eclipse  occurs  afler  the  time  T,  the  different  phases 
will  happen  between  the  instants  T,  (T  +  Ih.),  (T  -f-  2h.),  Ac. 
Find  the  apparent  distance  of  the  centres  of  the  sun  and  moon 
for  the  times  (T  +  Ih.),  (T  -f  2h.),  by  the  same  method  as  that 
by  which  it  is  found  for  the  times  (T  +  Ih.),  (T  —  Ih.),  in  the 
case  just  considered.  Then,  if  the  eclipse  has  not  terminated, 
deduce  the  distance  of  the  moon  from  the  sun  in  apparent  longi- 
tude, and  the  moon's  apparent  latitude,  for  the  time  (T  +  3h.), 
from  these  distances  and  latitudes  at  the  times  T,  (T  +  Ih.), 
(T  +  2h.) ;  as  in  the  preceding  case  the  distance  and  latitude  for 
the  time  (T  +  2h.)  were  deduced  from  the  same  at  the  times 
(T  —  Ih.),  T,  (T  +  Ih.).    With  the  results  obtained  compm 
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the  apparent  distance  of  the  centres  of  the  two  bodies  at  the 
time  (T  +  3h.) 

3.  In  case  the  eclipse  occurs  before  the  time  T,  the  apparent 
distance  of  the  centres  must  be  found  by  similar  methods  for  the 
times  (T  —  Ih,),  (T  —  2h.),  &c. 

The  calculation  is  to  be  continued  until  the  distance,  from 
being  less,  becomes  greater  than  the  sum  of  the  semi-diameters. 

Now,  let  h  =-  variation  of  apparent  distance  of  centres  in  the 
interval  of  one  hour  comprised  between  the  first  two  of  the  in- 
stants for  which  the  distance  is  computed ;  d  =  difference  be- 
tween the  sum  of  the  semi-diameters  of  the  sun  and  moon  and 
the  apparent  distance  of  their  centres  at  the  first  instant ;  and  t 
^  interval  between  first  instant  and  the  time  of  the  beginning  of 
the  eclipse.     Then, 

h:  d: :  60™-  :  t  (nearly). 

Find  the  value  oft  given  by  this  proportion,  and  add  it  to  the 
time  at  the  first  instant,  and  the  result  will  be  n  first  approxima- 
tion to  the  time  of  the  beginning  of  the  eclipse,  which  call  6. 
Find,  by  interpolation,*  the  distance  of  the  moon  from  the  sun  in 
apparent  longitude  (a),  and  the  moon's  apparent  latitude  (\'),  for 
this  time,  and  thence  compute  the  apparent  distance  of  the  cen- 
tres. Take  h  =  variation  of  apparent  distance  in  the  interval 
between  the  time  6  and  the  nearest  of  the  two  instants  above 
mentioned,  between  which  the  beginning  falls,  and  d  =  diflference 
between  the  apparent  distance  of  the  centres  at  the  time  b  and  the 
snm  of  the  semi-diameters,  and  compute  again  the  value  of  t   Add 


*  The  second  diffdrencei  may  easily  bo  taken  into  the  account  in  finding  the 
qaantitiet  a  and  X'  for  the  time  b.  Thus,  let  ib  =  variation  of  a  for  the  intenral  of 
•n  hoar  comprised  between  the  instants  above  mentioned,  k'  =  same  for  the 
MceaediDg  hoar,  and  t  as  interval  between  b  and  the  nearer  of  the  two  instants, 

(in  minntes).    Then,  if  we  put  /  =  _,  c  =  — __,  and  v  =  var.  of  a  in  inter. 

6  36 

10 
The  upper  sign  is  to  be  used  when  the  time  b  is  nearer  the  first  than  the  second 
Instant,  the  lower  when  it  is  nearel*  the  second  than  the  first.    The  error  by  thi» 
method  will  not  exceed  the  number  e  (supposing  the  changes  of  k,  k  from  10m* 
to  10m.  to  increase  or  decrease  by  equal  degrees). 
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this  to  the  time  6,  or  subtract  it  from  it,  according  as  6  is  befoie 
or  after  the  beginning,  and  the  result  will  be  a  second  approxima- 
tion to  the  time  of  the  beginning,  which  call  B.  If  necessary,  a 
result  still  more  approximate  may  be  had,  by  taking  h  =  variation 
of  apparent  distance  of  centres  in  the  interval  B  —  bjd=  differ- 
ence between  apparent  distance  at  the  time  B  and  sum  of  semi- 
diameters,  finding  anew  the  value  of  t  given  by  the  preceding 
proportion,  and  adding  it  to  or  subtracting  it  from,  as  the  case  may 
be,  the  time  B. 

The  end  of  the  eclipse  will  fall  between  the  last  two  of  the 
several  instants  for  which  the  apparent  distance  of  the  centres 
of  the  moon  and  sun  have  been  computed.  The  approximate 
time  of  the  end  is  found  by  the  same  method  as  that  of  the  be- 
ginning.* 

The  middle  of  the  interval  between  the  approximate  times  of 
the  beginning  and  end  of  the  eclipse,  will  be  a  first  approximation 
to  the  time  of  greatest  obscuration. 

Note.  When  the  object  is  merely  to  prepare  for  an  observation, 
results  sufliciently  near  the  truth  may  be  obtained  by  a  graphical 
construction.  The  elements  of  the  construction  are  the  difierence 
of  the  apparent  longitudes  of  the  moon  and  sun,  and  the  apparent 
latitude  of  the  moon,  found  as  above,  for  two  or  more  instants  dur- 
ing the  continuance  of  the  eclipse.  Draw  a  right  line  E  F  (Fig.  78), 
to  represent  the  ecliptic,  assume  on  it  some  point  C  for  the  position 
of  the  sun  at  the  instant  of  apparent  conjunction,  and  lay  off  C  A, 
C  A',  equal  to  the  two  differences  of  apparent  longitude ;  and  to  the 
right  or  left,  according  as  the  moon  is  to  the  west  or  east  of  the  sun 
at  the  instants  for  which  the  calculations  have  been  m«ide.  Erect 
the  perpendiculars  A  p.  A'  p',  and  mark  off  A  a,  A'  a'  equal  to 
the  two  apparent  latitudes.  Through  a,  a',  draw  a  right  line,  and 
it  will  be  the  apparent  relative  orbit  of  the  moon,  or  will  differ  but 
little  from  it.  From  C  let  fall  the  perpendicular  C  m  upon  the  rela- 
tive orbit,  m  will  be  the  apparent  place  of  the  moon  at  the  instant 
of  greatest  obscuration.     Take  a  distance  in  the  dividers  equal  to 


*  In  efidcting  the  reductions  of  the  quantities  a  and  X'  to  the  first  approximate 
time  of  end,  k'  must  stand  for  the  variation  of  a  during  the  hour  preceding  that 
comprised  between  the  lost  two  instants,  and  the  last  instant  moat  be  flobttitiilid 
for  the  first.    (See  Note,  p.  323.) 
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the  sum  of  the  apparent  semi-diameters  of  the  moon  and  sun,  and 
placing  one  fix)t  of  it  atO,  mark  off  with  the  other  the  points/,/*, 
for  the  beginning  and  end  of  the  eclipse,  and  by  means  of  a  square 
mark  on  E  F  the  points  6, 6,  which  answer  to  the  beginning  and  end. 
If  the  eclipse  be  total  or  annular,  mark  the  points  of  immersion  and 
emersion,  g,  g^,  with  an  opening  in  the  dividers  equal  to  the  differ- 
ence of  the  semi-diameters,  and  find  the  corresponding  points  6',  e^ 
on  the  line  E  F. 

If  the  calculations  are  made  from  hour  to  hour,  the  distance  A  A' 
is  the  apparent  relative  hourly  motion  of  the  sun  and  moon  in  long- 
itude. This  distance  laid  off  repeatedly  to  the  right  and  left,  will 
determine  the  points  1, 2,  &c.,  answering  to  Ih.,  2h.,  &c.  before  and 
after  the  times  for  which  the  calculations  are  made.  If  the  spaces 
in  which  the  points  6,  e,  answering  to  the  beginning  and  end  of  the 
eclipse,  occur,  be  divided  into  quarters,  and  then  sub-divided  into 
three  equal  parts  or  five  minute  spaces,  the  appoximate  times  of  the 
beorinning  and  end  of  the  eclipse  will  become  known. 

From  the  point  m,  as  a  centre,  describe  the  lunar  disc  ;  and 
from  the  point  C,  as  a  centre,  describe  the  sun's  disc,  and  we  shall 
have  the  figure  of  the  greatest  eclipse.  The  quantity  of  the 
eclipse  will  result  from  the  proportion, 

S  N  :  M  N  : :  12  :  number  of  digits  eclipsed. 

Draw  from  the  centre  C  to  the  place  of  commencement/,  the 
line  C/;  and  through  the  same  point  C  raise  a  perpendicular  to 
the  eel  iptic.  With  the  declination  and  longitude  of  the  sun  at  the 
time  of  the  beginning,  calculate  its  angle  of  position  by  Problem 
Xin,  and  lay  it  off  in  the  figure,  placing  the  circle  of  declina- 
tion C  P  to  the  left  if  the  tangent  of  the  angle  of  position  be  posi- 
tive,  to  the  right  if  it  be  negative. 

Compute  also  for  the  time  of  beginning,  the  angle  of  the 
vertical  of  the  sun  with  the  circle  of  declination,  that  is,  the  angle 
PSZ  in  Figure  18,  for  which  we  have  in  the  triangle  PSZ 
the  side  P  S  =  co-declination,  the  side  P  Z  =  co-latitude,  and 
the  included  angle  Z  P  S.  (The  requisite  formulae  are  given  in  the 
Appendix).  Form  this  angle  in  the  figure  at  the  point  C,  plac- 
ing C  Z  to  the  right  or  left  of  C  P,  according  as  the  time  is  in 
the  forenoon  or  afternoon,  C  Z  will  be  the  vertical,  and  Z  the 
vertex^  or  highest  point  of  the  sun.    The  arc  Z  /  on  the  limb  of 
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the  sun,  will  be  the  angular  distance  ficom  the  vertex  of  the  point 
on  the  limb  at  which  the  eclipse  commences. 

Fhr  the  True  Times  of  Beginnings  Greatest  Obscuration^ 

and  End. 

The  approximate  times  of  beginning,  greatest  obscuration,  and 
end  of  the  eclipse,  being  calculated  by  the  rules  which  have  been 
given,  find  from  the  tables,  the  moon's  longitude,  latitude,  equato- 
rial parallax,  semi-diameter,  and  hourly  motions  in  longitude  and 
latitude,  for  the  approximate  time  of  greatest  obscuration.  With 
the  moon's  longitude  and  latitude,  and  hourly  motions  in  longi- 
tude and  latitude,  found  for  this  time,  calculate  the  longitude  and 
latitude  for  the  approximate  times  of  beginning  and  end.  The 
parallax  and  semi-diameter  may,  without  material  error,  be  con- 
sidered the  same  during  the  eclipse.  With  the  moon's  true  longi- 
tude, latitude  and  semi-diameter  at  the  approximate  times  of  begin- 
ning, greatest  obscuration,  and  end,  calculate  its  apparent  longi- 
tude and  latitude,  and  augmented  semi-diameter,  for  these  several 
times,  (making  use  of  the  relative  parallax).  With  the  sun's 
longitude  and  hourly  motion  previously  found  for  the  approxi- 
mate time  of  new  moon,  find  his  longitude  at  the  approximate 
times  of  beginning,  greatest  obscuration,  and. end.  The  sun's 
semi-diameter  found  for  the  approximate  time  of  new  moon  will 
serve  also  for  any  time  during  the  eclipse.  With  the  data  thus 
obtained,  calculate  by  the  formulae  given  on  page  320,  the  appa- 
rent distance  of  the  centres  of  the  sun  and  moon  at  the  approxi- 
mate times  of  the  three  phases. 

Note.  When  very  great  accuracy  is  required,  the  moon's  lon- 
gitude, latitude,  equatorial  parallax,  semi-diameter,  and  hourly 
motions  in  longitude  and  latitude,  must  be  calculated  directly 
from  the  tables,  for  the  approximate  times  of  the  beginning  and 
end,  as  well  as  for  that  of  the  greatest  obscuration. 

/^r  the  Beginning, 

Subtract  the  apparent  longitude  of  the  moon  at  the  ap- 
proximate time  of  beginning  from  the  true  longitude  of 
the  sun  at  the  same  time,  and  denote  the  difference  by  a.  Do 
the  same  for  the  approximate  time  of  greatest  obscuration. 
Subtract  the  latter  residt  from  the  former,  paying  attention  to 
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the  signs,  and  call  the  remainder  k.  Next,  tate  the  difference 
between  the  apparent  latitudes  of  the  moon  at  the  approximate 
times  of  beginning  and  greatest  obscuration,  if  they  are  of  the  same 
name  ;  their  sum,  if  they  are  of  opposite  names ;  and  denote  the 
difference  or  sum,  as  the  case  may  be,  by  n.  This  done,  com- 
pute the  correction  to  be  applied  to  tiie  approximate  time  of  be- 
ginning, by  means  of  the  following  formulae  : 

log.  h  =  log.  a  +  log.  A:  +  ar.  CO.  log.  n  —  10 ; 

c  =  x'  — 6,  S=rf+a  — 5"; 

log.  t  =  log.  (S  +  A)  +  log.  (S  —  A)  +  ar.  co.  log.  n  +  ar. 
CO.  log.  c  +  log.  L  +  1.47712  —  20 ; 

in  which, 

t  =  Correction  of  approx.  time  of  beginn.  (required) ; 

a  =  Diff.  of  appar.  long,  of  Moon  and  Sun  at  approx.  time ; 

L  =  Half  duration  of  eclipse  in  minutes  (known  approx- 
imately) ; 

k  =  Appar.  relative  motion  of  Sun  and  Moon  in  long,  in  the 
interval  L ; 

n  =  Moon's  appar.  motion  in  lat.  in  same  interval ; 

X'=  Moon's  appar.  lat. ; 

d  s=  Augmented  semi-diameter  of  Moon ; 

6  =r  Semi-diam.  of  Sun  ; 

A=  Appar.  distance  of  centres  of  Sun  and  Moon. 

b  and  c  are  auxiliary  quantities. 

First  find  the  value  of  6  by  the  first  equation,  and  substitute  it 
in  the  second.  Then  derive  the  values  of  c  and  S  from  the 
second  and  third  equations,  and  substitute  them  in  the  fourth, 
and  it  will  make  known  the  value  off,  which  is  to  be  applied  to 
the  approximate  time  of  the  beginning  of  the  eclipse  according 
to  its  sign. 

The  quantities  a,  A:,  n,  &c.  are  all  to  be  expressed  in  seconds. 
The  apparent  latitude  X'  must  be  affected  with  the  negative 
sign,  when  it  is  stnUh.  The  motion  in  latitude,  n,  must  also 
have  the  negative  sign  in  case  the  moon  is  apparently  receding 
fiom  the  north  pole,  a  and  k  are  always  positive. 
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The  resalt  may  be  verified,  and  conected,  by  computing  the 
apparent  distance  of  the  centres  at  the  time  found,  and  comparing 
it  with  the  sum  of  the  semi-diameters  minus  5''. 

Note.  TVhen  great  precision  is  desired,  the  quantities  /;  and  r 
must  be  found  for  some  shorter  interval  than  the  half  duratkm 
of  the  eclipse.  Let  some  instant  be  fixed  upon,  some  five  or  tea 
minutes  before  or  after  the  approximate  time  of  the  beginning  of 
the  eclipse,  according  as  the  contact  takes  place  before  or  after. 
For  this  time  deduce  the  longitude  and  latitude  of  the  moon, 
from  the  longitude  and  latitude  at  the  approximate  time  of  be- 
ginning, by  means  of  their  hourly  variations  ;  and  thence  calcu- 
late the  apparent  longitude  and  latitude,  and  the  augmented 
semi-diameter.  Find  the  lonsritude  of  the  sun  for  the  time  in 
question,  from  its  longitude  and  hourly  motion  already  known 
for  the  approximate  time  of  beginning.  Then  proceed  according 
to  the  rule  given  above,  only  using  the  quantities  thus  found  for 
the  time  assumed,  in  place  of  the  corresponding  quantities 
answering  to  the  approximate  time  of  greatest  obscuration.  L 
will  always  represent  the  interval  for  which  k  and  n  are 
determined. 

For  the  End. 

Subtract  the  longitude  of  the  sun  at  the  approximate 
time  of  the  end  from  the  apparent  longitude  of  the  moon 
at  the  same  time.  Do  the  same  for  the  approximate  time  of 
greatest  obscuration.  Then  proceed  according  to  the  rule  for 
the  beginning,  only  substituting  every  where  the  approximate 
time  of  the  end  for  the  approximate  time  of  the  beginning,  and 
taking  in  place  of  the  formula  c  =  X'  —  6,  the  following : 

c  =  V+6. 

Fhr  the  Greatest  Obscuration. 

Take  the  sum  of  the  distances  of  the  moon  from  the  sun  in  appa- 
rent longitude  at  the  approximate  times  of  the  beginning  and  end 
of  the  eclipse,  and  call  it  k.  Take  the  difference  of  the  apparoit 
latitudes  of  the  moon  at  the  same  times,  if  the  two  are  of  the  same 
name ;  but  if  they  are  of  different  names,  take  their  sum.  Denote 
the  difference  or  sum  by  n.  Let  a'  =  the  distance  of  the  nooon  from 
the  sun  in  apparent  longitude  at  the  true  time  of  greatest  obsco- 
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Bliou  ;  X'  s  the  apparent  latitude  of  the  moon  at  the  approximate 
ime  of  greatest  obscuration, 

k  :  n  I'.yJ  :  a'. 

Find  the  yalue  of  o'  by  this  proportion,  affecting  X',  m,  A:, 
ilways  with  the  positive  sign. 

Ascertain  whether  the  greatest  obscuration  has  place  before  or 
after  the  apparent  conjunction,  by  observing  whether  the  appa- 
rent latitude  of  the  moon  is  increasing  or  decreasing  about 
this  time ;  the  rule  being,  that  when  it  is  increasing^  the  great- 
est obscuration  will  occur  before  apparent  conjunction  ;  when  it 
is  decreasing,  after.  If  the  approximate  and  true  times  of  great- 
est obscuration  are  both  before  or  both  after  apparent  conjunc- 
tion, from  the  value  found  for  a'  subtract  the  distance  of  the 
moon  from  the  sun  in  apparent  longitude  at  the  approximate 
time  ;  but  if  one  of  the  times  is  before  and  the  other  after  appa- 
rent conjunction,  take  the  sum  of  the  sams  quantities.  Denote 
the  difference  or  sum  by  m.  Also  let  D  =  duration  of  eclipse, 
and  t  =  correction  to  be  applied  to  the  approximate  time  of  great- 
est obscuration.    Then  to  find  t,  we  have  the  proportion 

k  :  m  :  :  D  :  t. 

If  the  apparent  latitude  of  the  moon  is  decreasing,  ^  is  to  be 
applied  according  to  the  sign  of  m  ;  but  if  the  apparent  latitude 
is  increasing,  it  is  to  be  applied  according  to  the  opposite  sign. 

A  still  more  exact  result  may  be  had  by  repeating  the  forego- 
ing calculations,  making  use  now  of  the  apparent  latitude  at  the 
time  just  found.  When  the  greatest  accuracy  is  required,  the 
values  of  k  and  n  may  be  found  more  exactly  after  the  same 
manner  as  for  the  beginning  or  end. 

For  the  Quantity  of  the  Eclipse. 

Find  by  interpolation  the  apparent  latitude  of  the  moon  at  the 
troe  time  of  greatest  obscuration.  With  this,  and  the  distance 
in  longitude  a  obtained  by  the  proportion  above  given,  compute 
by  the  formulae  on  page  320,  the  apparent  distance  of  the  cen- 
tres of  the  stm  and  moon  at  the  time  of  greatest  obscuration. 
SnbCract  this  distance  from  the  sum  of  the  apparent  semi-diam- 
eter of  the  two  bodies,  and  denote  the  remainder  by  R.    Then, 

Bun's  semi-^Uam. :  R : :  6  digits  :  nuniber  of  digits  eclipsed. 

42 


332 


ASTRONOMY. 


semi-diameter,  instead  oftlie  sum  of  the  soni-diameters  oftheiDn 
Olid  moon.  The  difference  of  die  longitudes,  and  the  rehlivt 
motion  in  longitude,  must  also  now  be  reduced  to  a  parallel  to 
the  ecliptic  passing  through  the  star,  (see  Art.  458,  page  187). 
If  X  =  apparent  latitude  of  star,  a  =  diff.  of  appar.  longitudes  of 
moon  and  star,  and  k  =  relative  motion  in  longitude,  we  must 
substitute  in  the  formulae  for  the  eclipse,  for  X',  X'  —  X;  ibra,a 
cos  X ;  and  for  k,  k  cos  X.  n  will  stand  for  the  relative  motion  in 
latitude,  or  for  the  variation  of  X'  —  X. 

Example.  Required  to  calculate  an  eclipse  of  the  sun,  for  tbe 
latitude  and  meridian  of  New  York,  that  will  occur  on  the  18ih  of 
September,  1838. 

fhr  the  Approximate  Times  of  the  Phases. 

Approximate  time  of  New  Moon. 
Sept.  181-  8»>-  49«- 


Sun's  longitude,     -        -        - 

Do.  hourly  motion, 

Do.  semi-diameter. 

Moon's  longitude. 

Do.  latitude,  -        .        - 

Do.  equatorial  parallax, 

Do.  semi-diameter, 

Do.  hor.  mot.  in  long.    - 

Do.  hor.  mot.  in  lat. 

Do.  appar.  long.  (Prob.  XVII), 

Do.  appar.  lat.  (X'), 

Do.  uugm.  semi-diameter, 

Diff.  of  appar.  long,  (a), 

Appar.  dist.  of  cen.  (a). 

Sum  of  semi-diameters, 


175o27'31".4 

2  26  .7 

15  57  .0 

176  29  19 
47  47 
63  53 
14  41 

29  29 
2  41 

175    10  26 

2  25N. 

14  47 

17    6 

17  15 

30  44 


7h.  49m. 


Sun's  longitude,    - 
Moon's  appar.  long. 
Do.  appar.  lat.  (X'), 
Do.  augm.  semi-diameter, 
Diff.  of  appar.  long,  (a), 


1750  26'   4" 

174  47    3 

8  12N. 

14  49 

38    1 
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Appar.  diet,  of  cen.  (a), 
Sum  of  semi-diatneters, 


38'  53" 
30  46 


gh.  49in. 


Sun's  longitude,    - 
Moon's  appar.  long. 
Do.  appar.  lat.  (X'), 
Do.  augm.  semi-diameter, 
Diff.  of  appar.  long,  (a), 
Appar.  dist.  of  cen.  (^), 
Sum  of  semi-diameters,  - 


175°  29'  58" 

175  36  15 

2  18  S. 

14  44 

6  17 

6  42 

30  41 


Th   49in 

8  49 

9  49 

10  49 


a 

diff.  or  k 

V 

diff.  or  }t 

A 

diff. 

1298" 
1556 

2281" 

1025 

377 

1925 

1256" 

1402 

1548 

492"  N 
145   N 
138    S 
357    S 

347" 

283 

219 

2333" 

1035 

402 

1958 

sum  semid. 

1846" 
1844 
1841 
1839 


I^  the  Approximate  Time  of  Beginning. 

h  =  1298",  d  =  2333"  —  1846"  =  487" ; 
1298"  :  487"  : :  eO™- :  <  =  22™  .5 

7!i.   49in. 

22 


Ist  Approzi.  8''-  11"- 

7»-   49"      -    0  =  2281"        -        X'  =  492"N 

Correction  for  22<>>-    447         -  133  (See  Note,  p.  323) 


gh.     Urn. 


a  =  1834 


X'  =  359  N 


a  =  1834"  or.  co.  log.  6.73660 
X'  =  359      log.  2.55509 


6   =  no  4' 30"  tan.  9.29169 

Appar.  dist.  of  cen.     A  =  1839" 
Sum  of  semi-diam.    -    •  1846j 


log.  3.26340 


ar.  CO.  cos.  0.00817 


-  log.    3.27157 


487"  :      23"  : :   22"'-  :  <  =  l"-  2'- 
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gh.     llm. 

+  1 


ZdApproxi.   8»»-    12"^ 

Fhr  the  Approximate  Time  of  the  End. 

h  =  1556",  d  =  1958"  —  1839"  =  119" . 
1556"  :  119"  ::  60"»   :  /  =  4™-.6. 

IQh.    49in. 

—  6 


1st  Approxi.     10*»   44™- 

lOh.  49tn.      .    a  =  1925"         -        -        V  =  357"  S. 
Correction  for  5""       132  -        -  17 


lOh-  44">  -    a  =  1793           -  -        X'  =  340  S. 

a  =  1793"  Ar.  co.  log.  6.74642        -        log.  3.2535S 

X'  =340  -        -    log.  2.53148 

^  =         -  -        -  tan.  9.27790  -  Ar.  co.  cos.  0.00767 


Appar.  dist.  ofcen.  A  =  1825"    -        3.26125 

1839 


133"  :       14"  :  :  5'°   :t=  0'»-.5. 

lOh.   44m. 
0    .5 


2d  Approxi.     10^-  44™- .5 

For  the  Approximate  Time  of  Ghreatest  Obscuration. 

Approx.  time  of  begin.     -       8*»    12™- 
Approx.  time  of  end,        -     10     44 


2  )  18     56 


1st  Approxi.      -      9     28 


■> 
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\, 


v  of  the  Phases. 

.  I  iprox.  time  of  Approx.  time 
I  ruatcst  Obscur.       of  End. 
gh.  gS"-  IC-  44'»- 

175°  29    6'!8,  175°32'l2!'6 
15  57.0,  15  57.0 

175  27    7.7,  176    2  17.2 
0  43.5  S,  5  32.4  S. 

14  45.1,  14  41.7 


V 


n 


,:34.5".3N 
r;  .13.5  8 
'  i332  .4  S| 


388".8 
288.9 


1856".7 
1835  .0 


1840".0 
1833  .7 


'.  .4 
"•>  .7 
Itj  .7 


rue  Time  of  Beginning. 


76m. 


-  log.  3.26109 

-  log.  3.23178 
Ar.  CO.  log.  7.41028— 


log.  3.90315— 


Ar.  CO.  log.  6.07850 

-  log.  3.56781 

-  log.  1.22272- 
Ar.  CO.  log.  7.41028- 

-  log.  1.88081 
Const,  log.  1.47712 


-ipprox.  time,  +43'-. 4 

time,        -    8''-  12"'    0   .0 


log.  1.63724  + 


!inc  of  begin.    8    12    43  .4,  in  Greenwich  time. 
>l'merid.        -    4    56      4 


u  time  of  begin.    3    16    39  .4,  in  New  York  time. 
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F\>r  the  Tnu  T 

imeofEnd, 

a     -    -    18n4".6 

• 

. 

•    loe.  3.23638 

k     -    -    1923  .7 

- 

-■ 

•    log.  3.28414 

n     -    •      288  .9 

- 

- 

Ar.  CO.  \og.  7.53925- 

6  -         12016  .3 

• 

• 

-    l<^.  4.07977- 

X'    -          332  .4 

X'+6  =  c=— 12348  .7 

Ar,  CO.  log.  5.9083S- 

S  +  A     -    -    3668  .7 

- 

- 

-    log.  3.56451 

S— A     -    -     —1  .3 

m 

- 

-    log.  0.1 1394- 

n        -        -        - 

- 

- 

Ar.  CO.  1<^.  7.53925- 

T       -        -     76m. 

" 

™ 

1.88081 
Const  log.  1.47712 

Corr.  of  approx.  time,  —  3"-  0 

Approx.  time,      -      lO**-  44"-   0  .0 


log.  O.48401- 


Tnie  time  of  end,      10    43    57  .0,  in  Greenwich  time. 
Diff.  ofmerid.      -       4    56      4 


True  time  of  end,       5    47    53,        in  New  York  time. 


For  the  True  Time  of  Greatest  Obscuration, 
True  time  of  beginning,     -        -        -     IS**   12«  43«  .4 


Do.            ofend,       .        ...    10 

43 

67 

.0 

2)18 

56 

40 

.4 

2d  Approx.    9 

28 

20 

2 

9'^  49»-     -       -    X'  =  138"    S. 

9    .'^        -        -    x'=   43.68. 

Di£      21                  Diff.    94  .6 

21"  :  20^  : :  94".6  : 1".6 

43.6 

9h.28»-20^                        X'-45.0 
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1706".2  388''.8 

1923  .7  288  .9 


V  =  3628  .9     :  n'  =  677  .7  : :  X'  =  45".0  :  a'  =  8".4 

Time  of  beginn;  8''-  12'»-  43' .4,  at  g"*-  28»-  a  =  119".l 
Time  of  end,      10    43    57  .0  a'»     8  .4 

L  =  2    31    13  .6  «» =  110  .7 

3628".9  :  110".7  :  :  2"-  31'»- 13'-.6  :  4-»  38  .2 

9"-  28      0  ,0 


Trae  time  (nearly)  9    32    38  .2 

2iin. .  4m.  38i.  .  .  94".6  ;  20".9 

43.5 


At9''-32"'38'-,X'  =  64  .4 

3628".9  :  677".7  :  :  64".4  :  12".0 ;  at  9"-  32°'-38'-,  a  =     8".4 

a's    12.0 


tn  =  ^-3  .6 


3628".9  :  —  3".6  : :  2"-  31"- 13«-.6  :  —  9«  .0 

9''-  32'"-  38  .2 


9    32    29  .2 


Frae  time  of  greatest  obscar.    -    9''-  32™-  29'-.2,inGreenv.time. 
DiiCofmerid.  -        -        -    4   56      4 


Frae  time  of  greatest  obscur.    -    4   36     25  .2,  in  N.  T.  time. 


For  the  QuantUtf  of  the  Eclipse. 

9^  32»-  38'-     -    X'  =  64".4 
21"-  :  9»- : :  94".5  :    0  .7 


X  nearest  approach  of  centres,     -    X'  =  66  .1 
«  «  «'         -        •    a  s  12 .0 
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a      -      12".0    -    At.  CO.  log.  8.92082,      -        -      log.  LOT  918 
X'      -      65.1    -        -        .     1.81358 


tan.  0.73440,     -    Ar.  co.  cos.  0.74165 

Shortest  distance  of  centres,  -  66".2      -        -       log.  1.S2US3 
Sum  of  semi-diameters,    -     1837.0 


1770  .8 
15'  57" :  1770".8  :  :  6  :  11.1  digits  eclipsed. 

For  the  Situation  of  the  Point  at  whic/i  the  Obscuration 

commences. 

8^.  12'«-    -      -a      =1824",      -        -        X'  =  345'.3>;. 
76™  :  43»-  :  :  1705" :      16,  76"- :  43'- : :  389" :      3  .7 


At  the  beginn.     -      a  =  1808,        -        -        X'  =  341  .6 

a    -     1808    -    Ar.  CO.  log.  6.74275 
X'    -      341.6         -        log.  2.53352 

d  =  l(P  41'  53"      -        tan.  9.27627 

Obliq.  of  eclip.  (Prob.  X),  230  27' 47"  sin.  9.60005  -  tan.  9.63753 
Sun's  longitude,      -       175   26    3    sin.  8.90093  -  cos.  9.99SG2 


sin.  8.50098,     tan.  9.63615 
Sun's  declination,  1°  49'  0";  Angle  of  pos.  23^  23  59'. 

Mean  time  of  begin.  3^- 16™-  39^,  Lat.  40°  42'  40",  Dec.  P  49  0 
Equa.  oftinie,        -         5     58  90  90 

Appar.time,       -       3   22    37,PZ  =  49    17  20, PS =88  11 

60 
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Hour  angle  P  =  50°  39'  15"   -    cos.  9.80210 
Co.  lat.  P  Z  =  49  17  20    -    tan.  0.06526 


w  =  36o23'  0"   -   -   tan.  9.86736 
Co.  dec.  PS  =  88  11  0 


w'  =r  51  48  0   -   At.  co.  sin.  0.10466 
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w'=51  48  0  -  At.  CO.  sin.  0.10466 
w  =  36  23  0  -  -  sin.  9.77320 
P  =  50  39  15    .    .   tan.  0.08627 


S  =  42  38  10    -    -   tan.  9.96413 

Angle  of  position,  -        -        —23^23' 50" 

Angle  from  eclip.  (d),      -        -        —  10  41  50 
Angle  of  dec.  circle  from  vertex  (S),      42  38  10 

90 


Angular  dist.  of  point  first  touched  from  vertex,  98   32,  to  the  right. 

For  the  Beginning  and  End  of  the  Annular  Eclipse. 

Approx.  time,  9**-  32*"-  29^- .2  =  true  time  of  greatest  obscur. 
At  this  time,  a  =  12",2,  X'  =  63".7. 

a  =  12".2     -      Ar.  co.  log.  8.91364     -        -        log.  1.08636 
X'=63.7    -        -         log.  1.80414 

6  =  79°  9'  30"      -         tan.  0.71778     -     Ar.  co.  cos.  0.72564 


A  =  64".9        -        -        log.  1.81200 

S  +  A  =  135".8  -  log.  2.13290,  d  =  79°  9'  30"  -  Ar.  co.  sin.  0.00783 
S  — A=     6  .2  -  log.  0.79239,  A:=  3628.9         -        log.  3.55977 

2)2.92529,  h     -        -       Ar.  co.  log.  6.43240 

1.46264  ...        -        1.46264 

L  =  152"-  -        -        -  log.  2.18184 

Const,  log.  1.77815 

t^Q^'  lm.118.6         .  log.  1.85503 

Time  of  greatest  obscur.    -   4  36    25  .2 

Formation  of  ring,    -       -    4  35    13  .6,  New-York  time. 


Rupture  of      do.     -      -    4  37    36.8 


((  (C 
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TRIGONOMETRICAL    FORMULAS 

I.  Relative  to  a  Single  Arc  or  Angle  a. 

1.  sin'  a  +  cos*  o  =  1 

2.  sin  a  =  tan  a  cos  a 


3.      sin  a  = 


cosa  = 


10. 


tan  a 


y/1  +  tan«  a 

1 
\/l  +  tan«a 


0.      tan  a  = 


cos  a 


6.  cota=  JL  =??L£ 

tan  a     sin  a 

7.  sin  a  =  2  sin  ^  a  cos  j^  a 

8.  cos  a  =  1  —  2  sin'  ^  a 

9.  cos  a  =s  2  cos'  ^  a  —  1 

tan  4  a  =  - — 

'  1  + 


11.      cot^as 


cos  a 
sin  a 


1  —  cos  a 


12.  tan'Aa^  l-cosg 

1  +  cos  a 

13.  sin  2  a  s  2  sin  a  cos  a 

14.  €08  2  a  »  2  C08>  a  —  1  »  1  —  2  sin*  m 
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n.  Relative  to  Two  Area  a  and  b,  of  which  a  is  sttppond 
be  the  greater. 

15.  sin  (a  +  6)  =  sin  o  cos  6  +  sin  6  cos  a 

16.  sin  (a  —  b)  =  sin  a  cos  £  —  sin  &  cos  a 

17.  cos  (a  -(-  6)  =  cos  a  cos  (  —  sin  a  sin  6 

18.  cos  (a  —  b)=  cos  a  cos  6  -f  sin  a  sin  6 

19.  vm(a  +  b)  =    '"°  "  +  *""* 

1  —  tan  a  tan  A 


t™  In      M       "'"  <■-'«"•» 

™  (ti      f)       i^|„„^„„j 

21. 

sin  o  +  sin  4  =  2  sin  4  (a  +  ft)  cos 

i4(«-») 

an. 

sin  a  —  sin  i  =  2  sin  4  (a  —  ft)  co: 

s  J  (o  +  ft) 

23. 

cos  a  +  cos  ft  =  2  cos  4  (o  +  6)  coi 

■4(«-») 

24. 

cos  ft  —  cos  a  =  2  sin  4  (a  +  ft)  sin 

K"-') 

26. 

un<.+toft=!^-t-'). 
cos  a  cos  ft 

26. 

tan<.-t.nft-  »"(<■-»). 
cos  a  cos  6 

30. 
31. 
32. 
33. 


.       ,      .  .       sin  (o  +  A) 

cot  o  +  cot  ft  =  - — i — 7^ — i 

pin  a  sin  ft) 

cotft-cot».£!L(£_-^») 

stn  a  sin  b 
sin  a  +  sin  6  _  tnn  ),{a-\-b) 
sin  a  —  sin  6      taii^fa  —  b) 
cos  b  +  cos  a  _  cot  ^(a  +b) 
cos  ft  —  cos  a      tan  ^  (a  —  b) 
tan  a  +  tan  6  _  cot  A  +  cot  g  _  sin  («  +  b) 
tan  o  —  tan  6      cot  6  —  cot  a      siu  (a  —  A) 
cot  b  —  tan  o  _  cot  o  —  tan  ft   _  cos  (o  +  ft) 
cot  ft  +  tan  a       cot  a  +  tan  ft        cos  («  —  b) 
sin»  a  —  sin'  b  =  sin  (a  +  ft)  sin  (o —  A) 
cos'  a  —  sin '  6  =  cos  (a  +  6)  cos  (a  —  A) 
1  ±  sin  o  =  2  sin*  (45°  ±  4  a) , 
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>/.      =  tan  (45°  it  a) 

cos  a  ^  •"    ' 

8       1  —  sin  g  _  sin»  (45^  —  ^  a) 
1  —  cos  a  sin'  ^  a 

I       1  +  si"  ^  ^  sin'  (45Q  +  ^  6) 
1  +  cos  a  cos'  ^  a 

'.         l±JEil*  =  tan  (450  +  b) 
1  — tanft  ^ 

.       l~^^^?=tan(450-ft) 
1  +  tan  6  ^  ' 

•       sin  a  cos  6  =  ^  sin  (a  +  6)  +  ^  sin  (a  —  6) 

cos  a  sin  6  =  ^  sin  (a  +  6)  —  J  sin  (a  —  6) 

sin  a  sin  6  =  ^  cos  (a  —  6)  —  ^  cos  (a  +  6) 

cos  a  cos  6  =  ^  cos  {a  +  b)  +  ^  cos  (a  —  6) 


m 

.  Trigonometrical  Series. 

sina  = 

=  a  — 

a' 
2.3 

+ 

a' 
2.  3.  4. 5 

—  &c. 

cosa  = 

=  1- 

2 

+ 

2.3.4 

a' 
2.  3. 4.  c 

r-7j  +&C. 

>.  b 

tan  a 

=  o  + 

3 

+  . 

2a' 
3.5 

,   na-> 

3^6.7 

+  &c. 

col  a 

^  1 

a 

a 
3 

a» 

2o» 
3'.  5.  7 

-<fcc. 

3'.  5 

€t  a  =  length  of  an  arc  of  a  circle  of  which  the  radius  is  1, 
(a")  =  number  of  seconds  in  this  arc,  then  to  rephice  an  arc 
ressed  by  its  length,  by  the  number  of  seconds  contained  in  it, 
mve  the  formula, 

'.      a  =  (a")  sin  1";  log.  sin  1"  ="6.685574867. 

IV.  Differences  of  Trigonometrical  Lines. 

A  sin  ar  =  +  2  sin  J  A  a;,  cos  (a;  +  ^  a  x) 
A  cos  x  =  —  2  sin  ^  A  07.  sin  (or  -^  }f  A  x) 

sin  A  X 


Atan:r  =  -f 


cos  X.  cos  (ar  -h  A  a;) 
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61.      A  cot  X  =  — 


sin  X,  sin  (jT  +  A  x) 


Y.  Resolution  of  Right  Angled  Spherical  TViangles. 


Given.  Required. 

Hypothen.  [ "«!«  »?•  S^^-  «"?•  ^2 
and       ^  side  adj.  giv.  ang.  53 

^^°&1®   [  the  other  angle      54 


sin  x  =  sin  A .  sin  a 
tan  JT  =  tan  A  .  C09  a 
cot  X  =  cosh  .  tan  a 


Hypothen. 

and 

aside 


the  other  side        55      cos  x  = 


cos  h 


ang.  adj.  giv.  side  56 
ang.  op.  giv.  side  57 


cos  s 
cos  :r  =  tan  5 .  cot  A 


o;«  -^  —  sin  5 

sm  X  = 


A  side  and 

the  angle  < 
opposite 


the  hypothen. 

the  other  side 
the  other  angle 


A  side  and  [  *^e  hyPothen. 
the  angle  I  the  other  side 
adjacent   (^  the  other  angle 

the  hypothen. 


68 

59 
60 

61 
62 
63 
64 


sin  x^  = 


sin  A 


sin  s 


sma 
siD:r  =  tan«.cota 
cos  a 


a 

o 


sm  X  = 


8 
§ 


cos  s 


cot  X  =  cos  a .  cot  s 

tan  X  =  tan  a  .  sin  5 


cos  X  =  sma.  cos  s 


cos  X  = 


The  two 
sides 


an  angle 


'  the  hypothen.        66     cos  x 


The  two 
angles 


rectang.  cos.  of  the 
giv.  sides 

65     cot  or  =r  sin  adj.  side  x  cot 

op.  side 

rectang.  cot  of  the 
given  angles 


aside  67     cos jt  =  ^f '  ^PP' "?' 

sin.  adj.  ang. 

In  these  formuIsB,  x  denotes  the  quantity  sought 

a  =  the  given  angle 
s  =s  the  given  side 
A  » the  hypothenuse. 
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The  formula  fi>r  the  resolution  of  right  angled  spherical  trian- 
jfles  are  all  embraced  in  two  rules  discovered  by  Lord  Napier,  and 
called  Napier's  Rules  for  the  Circular  Parts.  The  circular 
parts,  so  called,  are  the  two  legs  of  the  triangle,  the  complement 
of  the  hypothenuse  and  the  complements  of  the  acute  angles. 
The  right  angle  is  omitted.  In  resolving  a  right  angled  spherical 
triangle,  there  are  always  three  of  the  circular  parts  under  consid- 
eration, namely,  the  two  given  parts  and  the  required  part. 
When  the  three  parts  in  question  are  contiguous  to  each  other, 
the  middle  one  is  called  the  middlepart,  and  the  others  the  adja- 
cent parts.  When  two  of  them  are  contiguous,  and  the  third  is 
separated  from  these  by  a  part  on  each  side,  the  part  thus  sepa- 
rated is  called  the  middle  part,  and  the  other  two  the  opposite 
parts.  The  rules  for  the  use  of  the  circular  parts  are  (the  radius 
being  taken  =  1), 

1.  Sine  of  the  middle  part  =  the  rectangle  of  the  tangents  of 
the  adjacent  parts. 

2.  Sine  of  the  middle  part  =  the  rectangle  of  the  cosines  of  the 
opposite  parts. 

Equations  62  to  67,  are  sufficient  to  resolve  all  the  cases  of 
light  angled  spherical  triangles ;  but  they  lack  precision  if  the 
unknown  quantity  is  very  small  and  determined  by  means  of  its 
cosine  or  cotangent ;  or,  if  the  unknown  quantity  is  near  9(P, 
and  given  by  a  sine  or  a  tangent :  in  these  cases  the  following  for- 
mulae may  be  used, 

CO     ♦    si     -       cos  (B  +  C) 

68.  tan'ia ^^^^y 

69.  tan'iB=""i°-^) 

^  sm{a  +  c) 

70.  tan«  i  c  =  tan  J  (a  +  ft)  tan  i  (a  —  6), 


71.    tan  (46®—  i  i)  =  v'  tan  (460— ar),  tan  jp  =  sin  a  sin  B. 
72.     tan«  ift=  tan  (5-=^  +  45°)  tan  (?-^  —  45°) 

a  is  the  hypothenuse,  B,  C,  the  acute  angles,  and  ft,  c,  the 
Bides  opposite  the  acute  angles. 
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YI.  Resolution  of  Oblique  Angled  Spherical  TVton^Ia 

If  A,  B,  C,  denote  the  three  angles  of  a  spherical  triangle,  i 
bj  c,  the  sides  which  are  opposite  to  them  respectively. 

-,Q       sin  A  _  sin  B  _  sin  C 
sin  a  b         sin  c 

or,  the  sines  of  the  angles  are  proportioned  to  the  sines  oj 

opposite  sides. 

74  cos  c  =  cos  a  cos  6  +  sin  a  sin  6  cos  C 

75.  cos  c  =  cos  (a  —  b)  —  2  sin  a  sin  b  sin'^  C 

76.  cos  C  =  sm  A  sin  B  cos  c  —  cos  A  cos  B 

77.  sin  a  cos  c  =  sin  c  cos  a  cos  B  +  sin  i  cos  C 

78.  sin  a  cot  c  =  cos  a  cos  B  +  sin  B  cot  C 

79.  sin  a  cos  B  =  sin  c  cos  b  —  sin  6  cos  c  cos  A 

I.  Given  the  three  sides,  a,  6,  c. 
To  find  one  of  the  angles. 

80.  ^,i^j,^^in{k-b)s\n{k-c) 

sin  0  sin  c 

81.  co8«4A=«ilLii!!?i*=^) 

sin  b  sin  c 

82.  2k  =  a-h  b  +  c 

II.  Given  the  three  angles  A,  B,  C. 
To  find  one  of  the  sides. 

83.  sin»io=-£2lK^2!i^^ 

sm  B  sin  C 

84.  cos«ia=£2ii^3^°L(K=£) 

sinB  sinG 

85.  2K=A  +  B+C. 

ui.  Given  two  sides  a  and  b,  and  the  included  angle  < 
1°.  To  find  the  two  other  angles  A  and  B. 

86.  tan  i  (A  +  B)  =  cot  iC.  £2i4jL^-ZZ*) 

'^  ^  ^       cos i  (a +4) 


87.      umi(A-B)-cotiC.g.^*| 


Napi 
^Anali 
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2P.  To  find  the  third  side  c. 
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88. 


or  equa.  74. 

IV.   Given  two  angles  A  and  B,  and  the  adjacent  side  c. 
1°.  To  find  the  other  two  sides,  a  and  b. 

80.    tan  ^(a  +  b)=  tanAc.  cos^A  — B)' 
'^    ^   ^  '      co3i(A+B) 


90.    tan  i  (o  —  i)  =  tan  i  c.  s|"HA  — g) 
'^  ^  '     sini(A  +  B)J 

2°.  To  find  the  third  angle  C. 

'cotiC  =  tan  4(A-B).filliif?±*) 
'  ^^  '  sm  i  (a  —  6) 

cotiC  =  ta.ai(A+B).^Ji«±*) 

COS  4  (a  —  0) 


Napier's 
Analogies. 


91 J 


equa.  76. 

v.   Cfiven  two  sides  a,  b,  and  an  opposite  angle  A. 

To  find  the  other  opposite  angle  B ;  take  equation  73,  or  the 
proportion  ;  sines  of  the  angles  are  as  sines  of  the  opposite  sides. 
(Por  the  methods  of  determining  the  remaining  angle  and  side,  see 
page  348,  Case  3.) 

vi.  CHven  two  angles  A,  B,  and  an  opposite  side  a. 

To  find  the  other  opposite  side  b ;  sines  of  the  angles  are  pro- 
portional to  the  sines  of  the  opposite  sides.  (For  the  methods  of 
determining  the  remaining  side  and  angle,  see  page  349,  Case  4). 

Other  Methods  of  Resolving  Oblique  Angled  Spherical 

Triangles. 

Except  when  three  sides  or  three  angles  are  given,  the  data 
always  include  an  angle  A,  and  the  adjacent  side  6,  besides  a 
third  part.  The  required  parts  in  the  different  cases  may  be 
found  by  the  following  formulae,  and  formula  73. 

92.    tan  m  =  tan  6  cos  A  93.    cot  n  =  tan  A  cos  6 
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94  c  =m+m'  95.  C^n  +  n' 

^rt     COS  a     cos  m'                  ^^r     <^^  A     sin  n 
96. = 97.     .  -  =  -, . 

cos  b     cos  m  cos  B     sin  n 

gg     tan  A  __  sin  m'  gg     tan  a  _  cos  n 

tan  B      sin  m  '    ian  b      cos  n' 

100.  sin  A:  =  sin  A  sin  b. 

From  the  angle  C,  (Fig.  79),  a  perpendicular  C  D  is  let  M 
upon  the  opposite  side  c,  which  divides  the  triangle  mto  two  right 
angled  triangles,  that  arc  resolved  separately.  In  the  one,  A  C  D, 
A  and  b  are  known,  and  it  is  easy  to  find  the  other  parts,  which, 
joined  to  the  third  given  part,  serve  to  resolve  the  second  right 
angled  triangle  BCD,  and  determine  the  unknown  quantity 
required,  m,  m'  denote  the  two  segments  of  the  base ;  n,  n  the 
two  parts  of  the  angle  C;  and  k  the  perpendicular  arc  C  D. 

It  must  be  observed,  that  if  the  perpendicular  C  D  fell  without 
the  triangle,  m  and  m'j  n  and  n'  would  have  contrary  signs :  this 
happens  when  the  angles  A  and  B  at  the  base  are  of  different 
kinds,  (the  one  ^,  the  other  >90°).  When  it  is  not  known 
whether  this  circumstance  has  place  or  not,  the  problem  is  sus- 
ceptible of  two  solutions. 

The  perpendicular  arc  is  to  be  let  fall  from  that  one  of  the  ver- 
tices B  or  C,  for  which  it  does  not  divide  into  two  parts  the  3d 
element  given  with  A  and  b. 

The  detail  of  the  different  cases  is  as  follows:  the  data  are  Aj 
b,  and  another  arc  or  angle. 

Case  1.  Given  two  sides  and  the  included  angle,  6,  c,  A. 

Equation  92  makes  known  m,  94  m\  which  may  be  negative, 
(what  the  calculation  shows),  96  a,  98  B,  and  equation  73,  (page 
346),  C,  which  is  known  in  kind. 

Case  2.  Given  two  angles  and  the  adjacent  side.  A,  c,  6. 

Equation  93  makes  known  n,  95  n',  which  may  be  negative, 
(what  the  calculation  shows),  97  B,  99  a;  finally,  equation  73 
(page  346),  gives  C,  which  is  known  in  kind. 

Case  3.  Given  two  sides  and  an  opposite  angle,  ft,  a,  A. 
Equation  92  gives  m,  96  m',  94  c,  98  and  73  B  and  C ; 
or  else,  93  gives  w,  99  n',  95  C,  97  and  73  B  and  c. 

This  problem  admits  in  general  of  two  solutions.    In  effect,  the 
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are  m!  or  n'  being  given  by  its  cos.,  may  have  either  the  sign 
+  or  — ;  there  are  then  two  values  for  c,  and  also  for  C.  ml  and 
n*  enter  into  equations  97  and  98  by  their  sines,  whence  result  two 
values  of  B ;  same  for  C  and  c. 

Case  4.  Given  two  angles  and  an  opposite  side,  A,  B,  b. 
Equation  92  gives  m,  98  m'j  94  c,  96  a,  and  equation  73  makes 
known  C ; 

or  else  93  gives  w,  97  n',  95  C,  99  and  73  a  and  c. 

There  are  also  two  solutions  in  this  case ;  for,  m'  or  n'  is  given 
by  a  sin.,  and  therefore  two  supplementary  arcs  satisfy  the  ques- 
tion. Thus  c  in  94,  or  a  in  99,  receives  two  values ;  same  for  a 
in  96  and  c  in  95,  &c. 

When  the  triangle  is  isoceles,  B  =  C,  6  =  c,  the  perpendicular 
arc  must  be  let  fall  from  the  vertex  A,  and  the  equations  become 
very  simple.    We  find 

101.  sin  ^  a  =  sin  ^  A  sin  6 

102.  tan  ^  a  =  tan  h  cos  B 

103.  cos  h     =  cot  B  cot  \  A 

104.  cot  I  A  =  cos  ^  a  sin  B 

The  knowledge  of  two  of  the  four  elements  A,  B,  a,  6.  which 
ibrm  the  isoceles  triangle,  is  sufficient  for  the  deter.niiiutioii  of 
the  two  others. 


INVESTIGATION  OP  ASTRONOMICAL  FORMULiE. 

Jhrmxdce  for  the  Parallax  in  Right  Ascension  and  Declina' 
tioHj  and  in  Longitude  and  Latitude,  (Referred  to  from 
Article  106,  page  47). 

Let  s  (Fig.  80)  be  the  true  place  of  a  star  seen  from  the  centre 
of  the  earth,  s'  the  apparent  place,  seen  from  a  point  on  the  sur- 
Tace  of  which  z  is  the  zenith,  the  latitude  being  L  The  displace- 
Hient  s  s'^  =  p  is  the  parallax  in  altitude,  which  takes  effect  in  the 
Vertical  circle  z  s' ;  /?  is  the  pole  ;  the  hour  an^le  z  p  s  =  q  is 
changed  into  z  p  s',  and  s  p  s'  =  a  is  the  variation  of  the  hovr 
-^amffle,  or  the  parallax  in  right  ascension ;  the  polar  distance 
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p  8  ^d  is  changed  into  p  s'\  the  difference  6  of  these  arcs  is  the 
paraUax  in  declination  or  of  polar  distance.  We  have  (For.  73^ 
p.  346), 

sin  s'  :  sinp  8  {d) : :  sin  8p  s'  (a) :  sin  88'  (p), 

sins  p  8'  {q  +  a):  sin  z  8'{Z)::sin8' :  sinp z  (90®  —  Z). 

Multiplying,  term  by  term,  we  obtain, 

sin 8'  sin  {q  +  a):  sin c{ sin  Z  :  :  sin  a  sin «'  :  sinp  cosZ; 

^u^^^^         «:•.         sin  p  cos  I   '    f     ,    \ 
whence,        sin  a  =  — i- sm  (q  +  a) 

sin  d  sin  Z 

Or,  substituting  for  p  its  value  given  by  equ.  (10,)  p.  43,  and  re- 
placing H  by  P, 

sin  P  cos  Z  .    /     ,     X  /AN 

sm   a   = . — - —  sm  (y  +  a).  .  •  .  (A). 

sm  d 

This  equation  makes  known  a  when  the  apparent  hour  angle 

z  p  s'  =  q  +  a,  seen  from  the  earth's  surface,  is  given  ;  but  if  we 

know  the  true  hour  angle  zp  8  =q^  seen  from  the  centre  of  the 

earth,  developing  sin  (q  +  a),    (For.  15,  p.  342),  and  putting 

sin  P  cos  Z 
— : — - —  =  m 

sm  d 

sin  a  =  f7i  (sin  q  cos  a  -|-  sin  a  cos  q\ 

or,  dividing  by  sin  a, 

1  =  m  (sin  y  cot  a  +  cos  q)\ 

whence,  by  transformation, 

m  sin  (7  ,      •    • 

tan  a  = jL —  =  m  sm  flr  +  in*  sm  7  cos  g. 

1  —  ^^  cos  9 
Restoring  the  value  oim^ 

.^  sin  P  cos  I  .         ,    /sin  P  cos  l\ ,    . 

tan  a  = : sm  flr  -f  i  — : — ^ —  i '  sm  gr  cos  o. 

sm  rf  ^    sm  a      / 

Putting  the  arc  a  in  place  of  its  tangent,  and  P  in  place  of  sinP, 
and  expressing  these  arcs  in  seconds,  (For.  47,  p.343),  there  results, 

P  cos  I     .  ,      /P  cos  Z\ «     •  -      -tu        /Ti\ 

"=  -^;r3  ^"^  ?  +  (  ^;rj-)  ^"*  ? cos ? «»» l"  •  •  B)- 

sm  a  >  sm  a  f 

The  parallax:  in  declination  6  is  the  difference  of  the  arcs  p  t 
^dfP8'  —  d-\-6.  Letzs  =  z,  BLiidzs'  =Z.  The  triangles zfi 
mizpsf  fp^e  (For.  74  and  73), 
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-rt  cosd  —  sinZcosjr     cos(d  +  6) — sinZcosZ 

cos  /  sin  z  cos  I  sm  Z 

2°.   «ingr  y-  sindsiny;^  sin(rf  +  a),sin  (y  +  a) 

sinz  sin  Z 

Prom  the  first  equation  we  derive, 

^^  r^  L  A\     cos d sin  Z  —  sin  Zcos  zsin  Z   ,     -^  .  ^^^  7 
cos  f  a  -j-  d;  = : +  sin  l  cos  Z 

sinz 

_  cos  d  sin  Z —  sin  /  (cos  2;  sin  Z  —  sin  z  cos  Z) 

sin  z 

_  cos  d  sin  Z  —  sin  f  sin  (Z  —  2?) 

sin  2?  ' 

or,  (equ.  10,  p.  43), 

sin    Jjt   /         J  :     T>     *      v\ 

=  —: (cos  a  —  sin  P  sm  I) : 

smz 

from  the  second, 

sin  Z      sin  (d  +  S)    sin  (q  +  o)  ^ 
sin  J7  sin  d  sin  y 

substituting, 

/J  I  jf\     sin(d+^)    sin  (7  + a).        ,        •    r*   •    f\ 
cos  (d  +  5)  =  — 1 — —.^ .  — IXJ — ^(cos  d  —  sin  P  sin  0 

sm  d  sinq 

cos  (d  +  ^)  _  sin  (y  +  a)    /cos  d sin  P  sin  ZV 

sin  (d  +  ^)  sin  y        \sin  d  sin  d    / 

.  /  J  I  i\     sin  (7  +  a)  /    .     ,       sin  P  sin  Zv    /^v 
cot  ( d  +  6)  =  — V  ^    ^  Icot  d  — : — --  I.  (C) 

sin  y       \  sm  d     / 

smd 

then,  cot(d  +  ^)  =  ^^"  ^.^  "*"  ""^  (cot  d  —  tanar) 

sin  y  ^ 

_  sin  (y  +  a)  /cos  d sin  x\ 

sin  q        >sin  d       cos:r' 

_  sin  (y  +  a)    cos  d  cos  x  —  sin  d  sin  x 


'« I    • 


sin  q 


sin  d  cos  or 


^  sin  (q  +  «)  cos  (d  +  ar)     _  /j)) 
sin  9  sin  d  cos  ^ 
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The  apparent  polar  distance  (d  +  S)  being  computed  by  eitber 
of  the  Tormulao  ( ;  arid  (D),  we  have  6»{d  +  6)--t. 

Formulas  may  be  obtained  that  will  give  the  parallax  in  latitade 
without  first  finding  the  apparent  latitude  (except  approximatelf.) 

From  eqaa.  (C)  we  obtain, 

sin  P  sin  Z  _         , sin  y  cot  (/f -*•  S) 

Bind  sin  (g  +  a)     ' 

and  we  also  have, 

cot  d-cot  (d+  6)  ^c^_cos(rf  +  ^) _«ni . 

sin  d     sin  (d  +  ^)     sinclsin(d  +  ^) 

the  sum  of  these  equations  gives 

sin  P  sin  I    ^  .  , ,  .   ..  /-  sin  o       V  ,  sin^ 

.     -      =cot  (d  V  6)  II  —    .        ^ — -I  +   .     ,  .  -,TT17' 

•sm  d  \         sm  {q  +  a)/      sm  d  sm  (d  + «) 

Now  1  —  *"^?        =  sinfy  +  g)  — siny 

'  sin  (q+  a)  sin  (  f  +  a) 

^  2sin^acos(g  +  ift)  ^  sinacos  (y  +  ja)    /poj. 22,13.) 
sin  (q  +  a)  sin  (f  +  a)  cos  ^  « 

^  co8(y  +  ^«)sinPco«f     j,    ^^ 
sm  d  cos  ^  a  , 

Substituting, 

sin  Psin  /      ^^.  /  ,  ,   rv  cos  (a  -f  1  a)  sin  Pcos  Z  . 

: — T —  =  cot  (d  +  d) 1- — 1—^-:= + 

sui  d  sm  d  cos  ^  a 

sin  8 


sin  d  sin  (d  +  6) 

or,  sin  5  =  sin  P  sin  /  sin  {d  +6)  — 

cos  (d  +  8)  cos  (a  +  i  a)  sin  P  cos  Z      ,-«. 

-^ — ' •  •  v**;* 

cos  ^  a 

=  sin  P  sin  Z  [sin  (d  +  6)  —  tan.  y  cos  (d +*)lf 

1  •  ♦  ,.  '       cot  Z  co5t  (g  +  A  a) . 

making  tan  y  =  V  5 

°  cos  ^  a 

whence,         sin  5  =  ^^L^illL!  sin  (d  +  i  —  y) (F) 

cos  y 

To  facilitate  the  calculation,  the  sines  of  6  and  P  in  eqs.  (E) 
and  (F),  may  be  replaced  by  the  arcs. 
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To  obtain  an  expression  for  the  parallax  in  declination  in  tern» 
3f  the  true  declinaiion,  develope  sin  {d  +  6  — y)  inequation  (F), 
ivhich  gives, 

sin  P  sin  Z 
sin  6  =  [sin  (d  +  6)  cos  y  —  sin  y  cos  (d  +  6)] ; 

developing  sin  {d  +  S)  and  cos  (rf  +  6)  and  reducing,  we  have, 

sin  P  sm  Z 

sin  0  =  [sin  (d  —  y)  cos  ^  +  cos  (d  —  v)  sin  ^|, 

cosy      ^  '  ^'         •" 

dividing  by  cos  h  , 

♦«^  X       sin  P  sin  Z  r  -^  /  j        \   ,         /»         v  .      ^ 
tan  d  =  [sin  (d  —  y)  +  cos  (rf  —  y)  tan  i], 

cos  y 

sin  P  sin  /    ,    , , 

.  sin  (a  —  y) 


k  .'• 


whence  tan  ^  =  — 


i_!!!LL!!!L^.cos(d-y) 

cos  y 


sin  P  sin  /   .     , ,         v  ,    /sin  P  sin  I 


/ .         \  ,    /sm  P  sin  Z\' 

sin  (d  —  y)  +  I ^ I 

^  '        \     cos  1/      / 


COS  y  ^     cos  y 

sin  (d  —  y)  cos  (d  —  y) ; 

or,  replacing  tan  h  and  sin  P,  by  5  and  P ;  expressing  these  arcs 
in  seconds,  (For.  47,  p.  343),  and  reducing  by  For.  13,  p.  341, 

\     PsinZ    .    ,,         V    ,    /PsinZV^sin  1"  „•    o/^       .\  in\ 

*  = sin  (d  —  y)  +1  I  —2=^ sin2(d — y).(G) 

cosy  ^         ^^       \cosy  /      2  v        y;  v    / 

If  the  place  of  a  body  be  referred  to  the  ecliptic,  similar  formu- 
Jfie  will  give  the  parallax  in  longitude  and  latitude^  but  as  the 
^liptic  and  its  pole  are  continually  in  motion  by  virtue  of  the  di- 
smal rotation  of  the  heavens,  it  is  necessary,  in  order  to  be  able 
to  determine  the  parallax  in  longitude  at  any  given  instant,  to 
know  the  situation  of  the  ecliptic  at  the  same  instant. 

This  is  ascertained  by  finding  the  situation  of  the  point  of  the 
ecliptic  90°  distant  from  the  points  in  which  it  cuts  the  horizon, 
and  which  are  respectively  just  rising  and  setting,  called  the 
Nonagesimai  Degree,  or  the  Nonagesimal. 

Let  K  (Fig.  81)  be  the  pole  of  the  ecliptic/ 6,  p  the  pole  of  the 
quator/a;  /is  the  vernal  equinox,  the  origin  of  longitudes  and 
of  right  ascensions ;  A  6  ^  is  the  eastern  horizon,  6  the  horoscope, 
or  the  point  of  the  ecliptic  which  is  just  rising ;  pz  =  9Q9  —  Z(the 

a 


854  APPENDIX. 

latitude  of  ^ven  place) ;  K  p  =  u  the  obliquity  of  the  ecliptic. 
The  circle  K  z  nv  is  hi  the  same  time  perpendicular  at  n  to  die 
ecliptic /  b,  and  at  v  to  the  horizon  h  b:  it  is  a  circle  of  latitude 
and  a  vertical  circle,  since  it  passes  through  the  pole  K  and  the 
zenith  z  ;  6  is  90°  from  all  the  points  of  the  circle  K  n  v  ;  znis 
the  latitude  of  the  zenith,  /  n  its  longitude ;  the  point  n  is  the 
nonagesimal,  since  b  n  =  90° ;  n  r  is  the  altitude  of  this  point,  and 
the  complement  of  z  n]  n  v  measures  the  inclination  of  the 
ecliptic  to  the  horizon  at  the  given  instant,  or  the  angle  6,  so  that 
b  =  nv  =  Kz;  thus/n  =  N  the  longitude  of  the  nonagesimd, 
and  nv  =  h  the  altitude  of  the  nonagesimal^  designate  the  situa- 
tion of  this  point,  and  consequently  ascertain  the  position  of  the 
ecliptic  and  its  pole  at  the  moment  of  observation. 

The  points  m  and  d  are  those  of  the  equator  and  ecliptic  which 
are  on  the  meridian ;  the  arc  /  m,  in  time,  is  the  sidereal  time  5, 
which  is  known  ;  the  arc/ 1  =  90°,  since  the  plane  K  p  i,  passing 
through  the  poles  K  and  /?,  is  at  the  same  time  perpendicular  to 
the  ecliptic  and  to  the  equator ;  the  arc  m  i  =/ 1  — /  m  =  90^  —s ; 
then  the  angle  zpK=  180°  —  jzr p  i  =  180°  —  m  i  =  90°  -h  s. 

Now,  in  the  spherical  triangle  p  K  z  we  know  the  sides  K 
p  =  ui,  z  p  =  90°  —  Z  =  H,  and  the  included  angle  z  pK  =  90^  +  s\ 
and  may  therefore  find  K  z  =  A  the  altitude  of  the  nonagesinwi, 
and  the  angle  pK  z  =  n  c=fc  —f  n  =  90°  —  N,  complement  of 
the  longitude  N  of  the  nonagesimal.  Let  S  =  sum  of  the  angles 
K  jr  p  and  zKpj  then  (For.  86,  page  346), 

•- i  «  -  S|{S-^}  -  i  ("^  +  •>  • 

tan  4  S  =  —  tan  (180°  _  J  S),  tan  J  (90°  —  ^)  =  —  tan 

{s  —  90°) ; 

substituting,  and  denoting  (180°  —  i^  S)  by  E,  we  have, 

tan  E  =  ^.^Liigzi^)  tan  i(*-90°). . .  (H). 
cos  ^  (H  +  w)         *  ^  '        ^    ^ 

Again,  letD  =  ZKp —  Kz  p,  then  (For.  87), 
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whence,  by  transforming  as  above,  and  denoting  (180^  —  ^  D) 
by  P,  we  have, 

sin  -^  (ti  -f-  (ti) 
Now,  iS  +  iD=pK2r  =  90O— N; 

whence,  N  =  90°  —  (i  S  +  A  D), 

or, 

N  =  360o  +  90<^  — (iS+AD)  =  180o  — iS  +  180<^  — 4D  +  90O 

consequently,  N  =  E  +  F  +  90°  .  .  .  (J), 

rejecting  360°,  when  the  sum  exceeds  that  number. 

Next,  for  the  altitude  of  the  nonagesimal  we  have,  (For.  88), 

COS^  u 

=  ^^.  tan  i  (H  +  «) .  .  .  (K). 
cos  F 

N  and  h  being  known,  to  obtain  the  formnlcB  for  the  parallax 
in  longitude  and  latitude,  we  have  only  to  replace  in  the  formu- 
lae for  the  parallax  in  right  ascension  and  declination,  the  alti- 
tude /  of  the  pole  of  the  equator,  by  that  90°  —  A  of  the  pole  K 
of  the  ecliptic,  and  the  distance  t  m  of  the  star  s  from  the  merid- 
ian by  the  distance  n  c  to  the  vertical  through  the  nonagesimal. 
Let  us  change  then  in  formulae  (A),  (B),  (C),  (D),  (E),  (F),  and 
(G),  /  into  90°  —  A,  and  q  into  fc  —  fn  =  L  —  N,  L  being  the 
longitude/c  of  the  star  s.  Besides  d  will  become  the  distances 
K  to  the  pole  of  the  ecliptic,  complement  of  the  latitude  X  =  *c. 
Making  these  substitntions,and  denoting  the  parallax  in  longitude 
by  n,  and  the  parallax  in  latitude  by  ir,  we  obtain  in  terms  of  the 
apparent  longitude  and  latitude, 

_      sin  P  sin  A    .    /t        ivr  i  tt\  /t  \ 

sm  n  = : — - —  sin  (L  —  N  +  n) .  .  .  (L), 

sm  d 

-^*  /J  I  -,\     sin  (L  —  N  +  n)  /         ,       sin  P  cos  A\      ,j^. 
cot  (rf  +  *)  =  _jL____i  (cot  d  -  — j^^)  . .  (M), 

tanx=?llLPl^L*...(N), 

sm  d  . 
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cot  (d  +  •)  =  8i"(L-N+n)c^(rf  +  x)       ^0 

Sin  (L  —  >)  sm  d  cos  jT 

sin  *  =  sin  P  cos  h  sin  (rf  +  flr)  — 
cos  (d  +  *)  cos  (L  —  N  +  J  n)  sin  P  sin  h  ^p. 

cos  4  n  •  •  M> 

tan  y  =  ^^"  ^  ^^^  (LziLtUEl  .  .  .  (ft), 

cos  i  n  ^   '^ 

sin  P  cos  A    .    /I  ,  \  /ox 

sin  *  = sin  (d  +  «'  —  y)  .  .  .  (R), 

cos  y 

and  in  terms  of  the  true  longitude  and  latitude, 

„     P  sin  A  ,T       TVTx    ,    /P  sin  A\« 

n=— ,__-.sin  (L  — >)  +  I     .     -  I 
sin  d  ^  sin  d  ^ 

si  n  (L  —  N)  cos  (L  —  N)  sin  1" .  .  .  (S), 

PcosA     .    /,         X   ,   ,  /PcosAV* 
«'  = sin  (d— y)  +i  I 1 

cosy  ^  cosy  / 

sin  2  (d  —  y)  sin  1"  .  .  .  (T), 

tan  A  cos  (L  —  N  + 1  n) 

tan  y  = ^ — 5—2 — L. 

cos  Jt  n 

To  facilitate  the  computation,  sin  n,  sin  ir,  and  sin  P,  in  formu- 
lae (L),  (P),  and  (R),  may  be  replaced  by  the  arcs  themselves. 

The  distance  d  from  the  pole  of  the  ecliptic  enters  into  these 
formuloe  in  place  of  the  latitude  X. 

To  find  the  apparent  distance  d'  we  have, 

for  the  apparent  latitude  X', 

X'  =  X  — r; 

for  the  apparent  longitude  L', 

L'  =  L  +  n. 

The  logarithmic  formulae  given  on  page  292^  were  derived 
from  equations  (L),  (O),  and  (P),  and  the  logarithmic  £tf* 
mula  on  page  294  firom  equa.  (O). 
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To  determine  now  the  effect  of  parallax  upon  the  apjmrent  di- 
ameter of  the  moon. 

Let  ACB,  (Fig.  51)  represent  the  moon,  and  E  the  station  of 
an  observer  ;  also  let  R  ==  apparent  semi-diameter  of  the  moon, 
and  D  =  its  distance.     The  triangle  A  E  S  gives 

sinAES=  4-5-j  or,sin  R=  ^^ 


ES  '      '  D 

At  any  other  distance  D'  we  should  have  for  the  apparent 
semi-diameter  R', 

sinR'  =  J^, 

whence,  ?^^  =  J- 

'  sin  R      D' 

Thus,  if  R'  =  moon's  apparent  semi-diameter  to  an  observer  at 
the  earth's  surface,  as  at  O  Fig.  (20),  R  =  the  same  as  it  would 
be  seen  from  the  centre  C,  and  S  represents  the  situation  of  the 
moon, 

sin  R'  ^  CS  ^  sin  Z  O  S  ^  sin  Z 
sin  R      OS      sin  Z  C S     si n ;s 

But  we  have,  (see  page  351.) 

sin  Z  _  sin  (d  +  6)      sin  {q  +  a) 
sin  z  sin  d  sin  q 

or,  in  terms  of  the  apparent  longitude  and  latitude,  (see  page 

365), 

sin  Z  _  sin  (rf  +  *)       sin  (L  —  N  +  n) 
sin  z  sin  d  sin  L  —  IS) 

Hence,     sin  R'  =  "^"^^^"  (rf  +  ^)sin  (L~N  +n) 

'  smrfsin(L  — N)  ^    ^ 

Aberration  in  Longitude  and  Latitude^  and  in  Right  Ascenr 
sian  and  Declination.   (Referred  to  from  Art.  114,  page  51.] 

Aberration  is  caused  by  the  motion  of  light  in  conjunction  with 
the  motion  of  the  earth.  Light  comes  to  us  from  the  sun  in  8' 
13".2,  during  which  time  the  earth  describes  an  arc  a  =^  20".36, 
of  its  orbit  pb  din  (Fig.  82,)  supposed  circular  :  p  is  the  place 
of  the  earth.    Let  us  take  any  plane  whatsoever,  which  we  will 
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call  relative^  passing  through  the  star,  and  let  d  d'  be  the  iotenw- 
turn  of  this  plane  and  the  ecliptic,  with  which  it  makes  an  an^ 
k :  let  us  seek  the  quantity  9  by  which  the  aberration  displaces  the 
star  in  the  direction  perpendicular  to  this  plane.  The  question  is 
to  project  perpendicularly  to  the  relative  plane,  the  small  coDsiant 
arc  a  which  the  earth  describes,  this  being  the  quantity  that  the 
star  is  displaced  from  its  line  of  direction,  (which  lies  in  the  rela- 
tive plane,)  in  a  direction  parallel  to  the  line  of  the  earth's  motion. 
(see  Art,  109  of  the  text) :  this  projection  is  9,  variable  according  to 
the  position  of  the  relative  plane  in  relation  to  which  it  is  esti- 
mated. The  velocity  along  the  tangent  at  p,  makes  with  />  A  an 
angle  &  =  p  ch  =  the  arc  p  d']  a  cos  6  is  then  the  projection  of 
this  velocity  on  the  line  p  A.  The  angle  of  our  two  planes  being 
jfc,  this  projection  will  be  reduced  to  a  cos  d  sin  A-,  when  it  is  taken 
perpendicularly  to  the  relative  plane.    Thus, 

9  =  a  sin  A:  cos  d.  .  .  .    (V). 

The  aberration  displaces  the  star  from  the  relative  plane  by  this 
quantity  9,  k  designating  the  inclination  of  this  plane  to  the  eclip- 
tic, and  &  the  arc  p  rf*,  reckoned  from  p  the  place  of  the  earth  lorf 
the  point  of  intersection  of  these  two  planes.  Let  us  give  to  the 
relative  plane  the  positions  which  are  met  with  in  applications. 

Let  us  suppose  at  first  that  k  =  90°,  or  sin  A*  =  1 ;  the  relative 
plane  will  then  be  perpendicular  to  the  ecliptic.  Let  n  be  the  ver- 
nal equinox  ;  we  have  p  d'  =  7ip  —  n  d'  ]  np  is  the  longitude  of 
the  earth,  or  180°  +  that  O  of  the  sun ;  n  cP  is  the  longitude  I  of 
the  star;  whence 

q)=  —  acos(0  —  /). 

Now,  let  M,  (Fig.  83),  be  the  true  place  of  the  star,  M'  the  star 
as  displaced  by  aberration,  K  M  is  the  circle  of  true  latitude,  K  M' 
the  circle  of  apparent  latitude,  and  M  M'  =  9 :  this  arc  has  its  cen- 
tre C  on  the  axis  which  passes  through  the  pole  K  of  the  ecliptic; 
the  longitude  of  the  star  is  then  altered  by  the  part  O  O*  of  the 
ecliptic  comprised  between  these  two  planes ;  and  since  O  0'  is  to 
the  arc  M  M'  as  the  radius  1  is  to  the  radius  C  M  =s  sin  K M' 
cos  latitude  X  of  the  star,  we  have 

aberr.  in  long.  =  —  — ? —  cos  (O  —  I)  -  .  .  (W). 

cos  ^ 

If  the  relative  plane  is  A:  c  (Fig.  84),  perpendicular  to  the  circle 
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of  latitude  K  c  d,  the  aberration  9  perpendicularly  to  it,  will  be 
the  aberration  in  latitude.  Let  A:  d  be  the  ecliptic,  and  0  the  earth ; 
the  angle  k  is  measured  by  the  arc  c  c{  =  X ;  the  arc  0  A:  =  d  s  q 
—  long,  of  A: ;  and  as  A:  ci  =  90®,  long,  of  point  k  —  I —  90° ;  sub- 
stituting in  equation  (V)  we  find, 

aberr.  in  lat.  =  —  a  sin  X sin  (O  —  I)  .  .  .    (X) . 

These  aberrations  of  the  star  produce  a  small  apparent  orbit, 
which  is  confounded  with  its  projection  on  the  tangent  plane  to  ' 
the  celestial  sphere.  Let  us  suppose  the  orbit  to  be  referred  to 
two  co-ordinate  axes  passing  through  the  true  place  of  the  star 
and  lying  in  the  tapgent  plane,  of  which  one  is  parallel  to  the 
plane  of  the  ecliptic,  and  the  other  perpendicular  to  this,  or  tan- 

.  gent  to  the  circle  of  latitude  at  the  star ;   and  let  --—  =  aberr. 

cos  X 

in  long.,  and  y  =  aberr.  in  lat ;  y  will  be  the  ordinate,  and  x  (the 
aberr.  in  long.,  reduced  to  the  parallel  through  the  star)  the  ab- 
scissa )  we  have, 

^     = —   cosfO  — /), 

cos  X  COSX' 

y  =  — a  sin  X  sin  (O  —  Oi 

or,  ~    = — cos(0  —  1% 

a 

— t— sin  (0  —  0. 

a  sin  X 

Squaring  the  last  two  equations,  and  adding  them  together,  O 
disappears,  and  we  find 

y«  +  x^  sin*  X=  a«  sin*  X  .  .  .  (Y). 

Whatever  may  be  the  place  of  the  earth,  such  is  the  equation  of 
the  apparent  orbit,  which,  as  we  perceive,  is  an  ellipse  of  which 
the  semi-axes  are  a  and  a  sin  X,  and  whose  centre  is  the  true 
place  of  the  star.  When  the  star  is  at  the  pole  of  the  ecliptic,  X  = 
90^,  and  the  ellipse  becomes  a  circle  of  which  the  radius  is  a. 
When  X  =  0,  this  ellipse  is  reduced  to  an  arc  2  a  of  the  ecliptic. 
To  find  the  aberration  in  right  ascension,  the  relative  plane 
must  be  perpendicular  to  the  equator.  Let  A:  c  be  the  equator 
(Fig.  84), p  its  pole, p  sdihe  relative  plane,  which  is  the  circle 
of  declination  of  the  star  s]  jb  d  the  ecliptic,  o  the  earth,  k  the 
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yeraal  equinox,  k  c  =R,s  c  =  D.  Aberration  carries  the  star  s 
out  of  the  plane  j9  c  d  a.  distance  9,  which  it  is  the  question  to  de- 
termine.    Equa.  (V)  is  here 

9  =  a  sin  dcos  d  0  =  asin  d  cos  {k  d  —  k  o) 

=  asm  d  (cos  k  d  cos  k  o  +  sin  k  d  sin  k  o) 

=  asm  d  cos  k  d  cos  k  0  ■{■  asm  d  sin  k  d  sin  k  0, 

but  A*  0  -  long,  of  earth  =  180^  +  O  ;  we  have  also  the  angle  it 
=  the  obliquity  w  of  the  ecliptic,  and  the  right  angled  spherical 
triangle  kc  d gives  by  Napier's  rules, 

cot  A:  rf  =  cot  R  cos  w,  sin  dsink  d  =  sin  R. 

The  1st  equa.  multiplied  by  the  2d,  gives 

sin  d  cos kd  =  cos  R cos  a;, 

whence,        9  =  —  a  (cos  R  cos  w  cos  O  +  sin  R  sin  G). 

The  displacement  of  M  to  M'  (Fig.  83,)  conducts,  as  before,  to 
the  division  of  <p  by  cos  D,  to  have  the  corresponding  arc  of  the 
equator :  thus  the  aberration  in  right  ascension  is, 

d  R  =  —  a  sin  R  sec  D  sin  O  —  a  cos  w  cos  R  sec  D  cos  0  (Z). 

Taking  the  relative  plane  perpendicular  to  the  circle  of  decli- 
nation, we  find  for  the  aberration  in  declination, 

d  D  =  —  a  sin   D  cos  R  sin  O  —  a  cos  w  (tan.  w  cos  D.  — 

sin  R  sin  D)  cos  O  .  .  .  (a). 

These  formulae  may  easily  be  adapted  to  logarithmic  compu* 
tation  : 

In  formula  (Z)  let  a  sin  R  sec  D  =  A,  and  a  cos  w  cos  B 
sec  D  -^  B  ;  then, 

rf  R  =  —  A  (sin  O  +  -5-  cos  O) .  . (Z). 

-^  ,  ^  B        a  cos  6j  cos  R  sec  D  ,  „      /i,> 

Put  tan  9  =  — -—  = : — f5 ^^ =cosw  cot  R  . .  \^f 

A  a  sm  R  sec  D 


usd  we  shall  have 


sm  9 


dR  =  —  A  (sin  O  +^^^  cos  G) 

cos  9 

^    sin  G  cos  9  +  sin  9  cos  G 

COS  9 
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A 

» sin  (O  +  9). 

cos  9 

itoriDg  the  value  of  A,  and  taking   — =-  for  sec  D,  we  ob* 

Cos  D 

dR=—     ^^^     .  sin  (0+  9)  .  .  .  (c). 
cos  D  cos  9 

The  auxiliary  arc  9  is  given  by  equation  (6) ;  it  must  be 
»stituted  in  equation  (c),  with  its  sign,  and  we  then  obtain 
I.  tan  9,  and  the  co-efficient  of  sin  (O  +  9)  are  constant,  for 
same  star,  for  a  long  period  of  time,  since  these  quantities 
y  very  slowly  with  w  and  the  precession.  Moreover,  the  co- 
cient  of  sin  (O  +9)  is  the  maximum  value  of  dR,  since  it 
jwers  to  sin  (O  +  9)  =  1.  Thus  we  shall  be  able  to  calculate 
advance,  for  any  designated  star,  the  values  of  9  and  of  the 
iximum  of  the  aberration  in  right  ascension,  or  of  the  loga- 
thm  of  this  maximum. 

The  results  of  these  calculations  for  60  principal  stars  are 
ven  in  Table  XCI,  columns  headed  M  and  9. 

If  in  equation  (a),  we  make  a  sin  D  cos  R  =  A',  and  a  cos  u 
m.  ui  cos  D  —  sin  R  sin  D)  =  B',  we  shall  have  the  equation. 

Of 

rf  D  =  —  A'   (sin  O  +  -^  cos  o), 

which  A'  and  B'  are  constants.  This  equation  is  of  the  same 
rm  with  equa.  (Z').  We  therefore  have  in  the  same  manner  as 
:  the  right  ascension, 

j^._  B'   _  a  cos  oj  ( tan  cj  cos  D  —  sin  R  sin  D)  _ 
A'  a  sin  D  cos  R 

_  a  sin  Gj  cos  D  —  a  cos  cj  sin  R  sin  D  ^ 

a  sin  D  cos  R 

sin  w  cot  D     ^  ^    ^      -D  f^ 

= =--  —  cos  w  tan  R    .    .     (a). 

cos  R  ^  ' 

^  n            ^'      o^w,  fr^^  I  A\          « sin  D  cos  R  ^ 
a  D  =  — .sm  (O  +  d)  =  — X 

cos  6  cos  i 

sin  (O  +  d) .  .  .  (e). 

A  given  by  equation  {d)^  and  being  substituted  in  equation 
,  we  shall  have  <2  D.    a  and  the  co-efficient  of  sin  ( O  +  i) 

46 


«1 

I 

I 
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MeoBrtaiitfor  thenme  star,  and  wecantfaeroiiigsqJcqhtea 
adfinoe  theTaluesoftfais  arc,  and  of  the  co-eflfcient,  wfaiehii 
te  McrtMiim  c^  the  aberration  in  declinatuML  Cdamns  headed 
I  and  N,  TaUe  XCI,  contain  the  qoantitieB  i  and  the  fegft- 
nduDB  of  the  maxima  of  the  aberration  in  declination  for  SOpnn- 
cqpalatais. 

For  convenience  incalcnlation,  the  angles  f^^  and  the  maximi, 
]|,N,  in  Table  XCI,  have  been  rendered  positive  in  ail  cases. 
This  has  been  accomplished  by  adding  12*-  to  p  and  6  wheneYer 
the  calculation  conducted  to  a  negative  value,  and  by  adding  (^ 
to  0  +  9iOrO  +  ^wheneverthec<>^£cienthadthesign  — ;m 
tiiis  manner  the  sign  of  the  two  fiu^tors  is  i*h»ngpA^  which  does 
not  aher  the  sign  of  the  product 

F\MrmmlmJar  ike  Nuiaiion  m  Righi  A$emsiam  and  Dedmar 
turn.    (Befened  to  fiom  Article  138,  p.  66). 

In  deriving  these  formulae,  we  must  begin  with  bonoiring 
eotain  results  established  by  Physical  Astronomy.    It  has  been 
proved,  in  confirmation  of  Bradley's  conjectures,  that  the  phoKH 
mena  of  nutation  are  explicable  on  the  h3^pothesis  of  the  pole  of 
the  earth,  describing,  round  its  mean  place,  (that  place  which, 
see  p.  53,  it  would  hold  in  the  small  circle  described  round  the 
pole  of  the  ecliptic,  were  there  no  inequality  of  precession)  an 
ellipse,  in  a  period  equal  to  the  revolution  of  the  moon^s  nodes. 
The  major  axis  of  this  ellipse  is  situated  in  the  solstitial  colur« 
and  equal  to  18".50  ;  it  bears  that  proportion  to  the  minor  axis 
(such  are  the  results  of  theory)  which  the  cosine  of  the  obliquity 
bears  to  the  cosine  of  twice  the  obliquity :  consequently,  the 
minor  axis  will  be  13".77. 

Let  C  cl  A  represent  such  an  elUpse,  P  being  the  mean  place 
of  the  pole,  K  the  pole  of  the  ecliptic.  C  D  A  O  is  a  circle  de- 
scribed with  the  centre  P  and  radius  C  P.  Y  L  is  the  ecliptic, 
¥  w  the  equator,  K  P  L  the  solstitial  colure.  In  order  to  deter- 
mine the  true  place  of  the  pole,  take  the  angle  A  P  O  equal  to 
the  retrogradation  of  the  moon's  ascending  node  from  Y  :  draw 
O  i  perpendicular  to  P  A,  and  the  point  in  the  ellipse,  through 
which  O  %  passes,  is  the  true  place  of  the  pole.  This  construc- 
tion being  admitted,  the  nuicUions  in  right  ascension  and  north 
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pcdai  distance  may,  P  p  being  very  small,  be  thus  easily  com- 
paled. 

Nutation  in  North  Polar  Distance. 

Nutation  inNDP  =  Ptf  — pa.  -Vr  =»  Vp.  cos  p  P  tf,  nearly, 

=  Ppcos(APp  + APtf) 
=:Ppcos(APp  +  R  — 90°) 
=  Ppsin(APp  +  R) 
R  denoting  the  right  ascension. 

• 

Nutation  in  Right  Ascension. 

The  right  ascension  of  a  star  is,  by  the  effect  of  nutation, 
changed  from  T  w  into  TV^'.    Now, 

T  ts  =  '^'v+  "^w  +  ts^  nearly, 

whence,  "^w —  Tts  =  —  Tv  —  ts 

=  —  °r  r  cos  r  rt?  —  p  » sin  ©  p  c  .iJL^ , 

^        ^         sm  P  tf ' 
in  which  expression  T'  t?  (=  T  T'  cos  °r  T'  t?)  is,  as  in  the  case  of 

precession,  common  to  all  stars. 

In  order  to  reduce  farther  the  above  expression,  we  have 

pP(r=A  Pp  +  AP(r  =  APp  4-R  — 90° 

andrr  =  LZ=Pp.?iL^P^; 

^       sm  P  K  ' 

whence,  — T't?  —  ts  =  — Pp  sin  AP  p  cotan  w 

—  P  p  sin  (A  P  p  +  R  —  90O),  cot  N.  P.  D 

=  —  P  p  sin  A  P  p  cot  w  +  P  p  cos  ( A  P  p  +  R)  cot  (J, 

6  representing  the  north  polar  distance,  and  cj  the  obliquity  of  the 
ecliptic. 

But  these  forms  are  not  convenient  for  computation.  In  order 
to  render  them  convenient,  we  must,  from  the  properties  of 
the  ellipse,  deduce  the  values  of  P  p,  and  of  the  tangent  of  A  Pp, 
and  then  substitute  such  values  in  the  above  expressions: 
thos, 

Pp^sec  APp  _  cos  A  P  O  _  cos  (12'  —  SI) 
^  PO    s^cAPO     cosAPp         cosAPp 
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COS  SI 


s j-^j —  \  ^  designating  the  longitade  of  the  moon^  as- 
cending node. 

Again, 

tanAPp  ^  pt_  ^  P_rf  ^  Vjd  . 
taEAPO      Oi       PD       PO  ' 

hence,  tan  A  P  p  =  Z^.  tan  APO   =  L^  .  tan(12«-Jl) 

=  -  P^_tan$X. 
PO 

Now  substitute,  and  there  will  result 

The  Nutation  in  North  Polar  Distance. 

=  PjO_c.^ (sin  A  P p  cos  R  +  COS  A  P »  sin R) 
cos  A  P  p 

=  P  O  (tan  A  P  j9  cos  R  cos  $1  -f  cos  JX  sin  R), 

=  —  P  rf  cos  R  sin  JX  +  P  O  cos  ft  sin  R, 

=  _  6".887  cos  R sin  Jl  +  9'.250  cos  Jl sin  R .  .  .  (/) 

which  is  the  difference,  as  far  as  nutation  is  concerned,  between 
the  mean  and  apparent  north  polar  distance.  The  apparent 
north  polar  distance,  therefore,  must  be  had  by  adding  the  pre- 
ceding quantity,  with  its  sign  changed,  to  the  mean. 

Nutation  in  right  ascension  =  P  d  sin  ft  cot  o> 

+  P  O  cos  ft  cos  R  cot  5  +  P  rf  sin  ft  sin  R  cot  6, 

which,  as  far  as  nutation  is  concerned,  is  the  difference  of  the 
mean  and  apparent  right  ascensions :  and,  consequently,  the 
above  expression  must  be  subtracted  from  the  mean,  in  order  to 
obtain  the  apparent  right  ascension  ;  or,  which  is  tiie  same,  most 
be  added  nfier  a  negative  sign  has  been  prefixed ;  in  which  case, 
we  have,  substituting  for  P  O,  P  cf  their  numerical  values. 

The  Nutation  in  Right  Ascension. 

=  —  6".887  sin  ft  cot « 

—  9".250  cos  ft  cos  R  cot  5  —  6".887  sin  ft  sin  R  cot  a  ...  (j). 

Formulae  (/)  and  {g)  are  of  the  same  form  with  (Z)  and 
(a)  for  the  aberration  in  right  ascension  and  declinationy  and 
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3refore  formulas  may  be  derived  from  them  similar  to  (c) 
d  (e),  adapted  to  logarithmic  computation.  The  quantities 
rresponding  to  9,  M,  6,  N,  have  been  calculated  for  the  stars  in 
;  catalogue  of  Table  XC,  and  inserted  in  Table  XCI,  in  the 
umns  headed  9',  M',  d',  N'. 

The  Solar  Nutation  arises  from  like  causes  as  the  Lunar,  and 
mits  of  similar  formulae.  As  an  ellipse,  made  the  locus  of  the 
le  place  of  the  pole,  served  to  exhibit  the  effects  of  the  lunar 
tation,  so  an  ellipse,  of  different,  and  much  smaller  dimensions, 
ly  be  made  to  represent  the  path  which  the  true  pole  of  the 
uator  would,  by  reason  of  the  sun's  inequality  of  force  in  caus- 
y  precession,  describe  about  the  mean  place  of  the  pole.     Thus, 

Figure  86,  the  ellipse  A  rf  C  will  serve  to  represent  the  locus 
the  pole,  when  A  P  =  0".500,  P  c?  =  0".545,  and  A  P  O,  instead 

being  =  Jl,  is  equal  to  2  O,  or  twice  the  sun's  longitude,  ac- 
rding  to  the  order  of  the  signs  ;  the  equations,  therefore,  for  the 
lar  nutation  in  north  polar  distance,  and  right  ascension, 
lalogous  to  those  of  p.  364  will  be 

7%e  Solar  Nutation  in  North  Polar  Distance. 
=  —  0".500  cos  R  sin  2  O  +  0".545  sin  R  cos  2  ©. .  .  .  (A). 

TTie  Solar  Nutation  in  Right  Ascension. 

=  _  0".500  sin  2  O  cot  u 

.  0".545  cos  2  O  cos  R  cot  6  —  0".500  sin  2  O  sin  R  cot  S. .  {%). 

If  the  apparent  place  of  a  star  should  be  required  with  great 
ecision,  it  would  be  necessary  to  compute  the  solar  nutations 
)m  these  formulae,  and  apply  them  as  corrections  to  the  mean 
rht  ascension  and  declination.  The  calculation  would  be  per- 
rmed  after  the  same  manner  as  for  the  lunar  nutation  ;  but  it  is 
ach  abridged  by  remarking  that  the  form  of  the  equations  is 
e  same  as  that  of  the  equations  for  the  lunar  nutation,  and  that 
e  co-efl5cients  are  very  nearly  the  0.075  of  those  of  the  latter 
nations.  Thus  we  can  make  use  of  the  same  arcs  9',  6',  and 
J.  marima,  M',  N',  repeat  the  calculation  for  the  lunar  nuta- 
»n,  taking  2  O  instead  of  Slj  and  multiply  the  nutations  in 
rht  ascension  and  declination  thus  obtained  by  0.076.  The 
lults  will  be  the  solar  nutations  required.  (See  Prob.XX). 
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FoirmuJUBfor  compuiing  the  effects  ef  ike  OVUOmum  efilm 
Earth^e  Surface  upim  the  Apparent  ZenUh  Distance 
muth  of  a  Star.    (Refened  to  fiom  Article  148,  page64). 

From  the  centre  of  the  earth,  an  observer  would  see  a  star  at 
I  (Fig.  85),  and  would  have  Y  for  his  lenith :  fix>m  the  soifroe 
his  asenith  is  Z,  and  he  sees  this  star  at  B ;  I B  =jp  is  the  parallax 
in  altitude ;  the  aadmuth  YZI  is  changed  TZR  If  for  a  giFen 
time,  we  wish  to  calculate  the  apparent  zenith  distance  B  Z,  and 
the  apparent  azimuth  Y  Z  B,  we  have  first  to  resolve  the  spheri- 
cal triangle  I  Z  P,  in  which  we  know  the  two  sides  Z  P  =  co- 
latitude  and  I P  =  co-declination,  and  the  included  hour  angle  P ; 
the  azimuth  Y  Z  1  =  A,  and  thearcl  Z  =  n  will  thus  be  known. 
But  from  the  earth's  surface,  the  star  is  seen  at  B :  the  azimuth 
Y  ZB  =  A  +a:  the  zenith  distance  B  Z  =  n  -fp,  since,  YZ- 
t  being  ver7  small,  we  have  sensibly  IB+BZ=rBZ.  Bg 
reason  of  the  want  of  sphericity  of  the  earthy  parallax  Am 
increases  the  true  azimuth  and  zenith  distance  of  a  star  bf 
small  quantities,  a  and  p,  which  it  is  necessary  to  calculate.  In 
the  triangle  Y  I Z  we  have, 

cosIY  =  cos  i  cos  n  +  sin  t  sin  It  cos  As:  cos  n-t- it  Sinn; 
making  cos  i  =  1,  sin  i  =  i,  and  i  cos  A  =  Ar.    Now,  A:  Z.  t,  and 
d  fortiori  cos  A-  =  1,  sin  fc  =  A: ;  whence 

cos  I V  =  cos  n  cos  i*  +  sin  n  sin  A:  =  cos  (n  —  k\ 
and  IV  =  n  —  k  =  n  —  icosA. 

Thus  we  correct  the  calculated  arc  n  by  the  quantity  —  i  cos 

A,  to  have 

IV  =  2?  =  n  —  icosA...  (j). 

If  this  value  of  z  be  introduced  into  equation  (12),  page  Mi 
we  shall  have  p,  and  thence  the  apparent  zenith  distance  Z  =  i^ 
+  p  =  B  Z. 

Afterwards,  to  obtain  I  Z  B  =  a,  or  the  parallax  in  oztmiiA, 
the  triangles  Z  B  V,  Z  B  I  give, 

sin Z B Y     sin  (A  +  a)        sinZBY    sina 
sm  i        sin  (z  +  py  sm  n        sin  p ' 

equating  the  values  of  sin  Z  B  Y, 

sin  n  sin  a  _  sin  t  sin  (A+a) 
sinp  mi{z+p) 
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substituting  for  sin  p  its  value  sin  H  sin  (z  +  p)  =  sin  H  sin  Z 
(equa.  10^  page  43),  and  reducing, 

sin  a      _  sin  (A  +  a) 
sin  H  sin  t ""      smn     ' 

and  as  t  is  very  small,  sin  i  sin.  (A  +  »)  <loes  not  differ  sensibly 
•firom  %  sin  A,  and  we  thus  have  in  seconds  (For.  47,  page  343), 

H  i  sin  A  sin  1" 


a  = 


smn 


•     •     •      \tw  J» 


Solution  of  Keplei^s  Problem^  hy  which  a  Body's  Place  is  found 

in  an  Elliptical  Orbit. 

Let  APB  be  an  ellipse,  E  the  focus  occupied  by  the  sun, 
round  which  P  the  earth  or  any  other  planet  is  supposed  to  re- 
volve. Let  the  time  and  planet's  motion  be  dated  from  the  apside 
or  aphelion  A.  The  condition  given  is  the  time  elapsed  from  the 
planet's  quitting  A ;  the  result  sought  is  the  place  P  ;  to  be  de- 
termined either  by  finding  the  value  of  the  angle  A  E  P,  or  by 
cutting  off,  from  the  whole  ellipse,  an  area  A  E  P  bearing  the 
same  proportion  to  the  area  of  the  ellipse  which  the  given  time 
bears  to  the  periodic  time. 

There  are  some  technical  terms  used  in  this  problem  which  we 
will  now  explain. 

Let  a  circle  A  M  B  be  described  on  A  B  as  its  diameter,  and  sup- 
pose a  point  to  describe  this  circle  uniformly,  and  the  whole  of  it,  in 
the  same  time  as  the  planet  describes  the  ellipse ;  let  also  t  de- 
note the  time  elapsed  during  P's  motion  fix)m  A  to  P ;  then  if  A  M  = 

— -—-  X  2  A  M  B,  M  will  be  the  place  of  the  point  that  moves 
penod 

uniformly,  whilst  P  is  that  of  the  planet's  ;  the  angle  A  C  M  is 

called  the  Mean  Anomaly^  and  the  angle  A  E  P  is  called  the  TYue 

Anomaly. 

Hence,  since  the  time  (t)  being  given,  the  angle  ACM  can 
always  be  immediately  found  (see  Art.  243,  p.  101),  we  may  vary 
the  enunciation  of  Kepler's  problem,  and  state  its  object  to  be  the 
finding  of  the  true  anomaly  in  terfns  of  the  mean. 

Besides  the  mean  and  true  anomalies,  there  is  a  third  called  the 
Eccentric  AnomcUy,  which  is  expounded  by  the  angle  D  C  A, 
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and  which  is  always  to  be  found  (geometrically)  by  produeiDg 
the  ordinate  N  P  of  the  ellipse  to  the  circumference  of  the  circle. 
This  eccentric  anomaly  has  been  devised  by  mathematicians  for 
the  purposes  of  expediting  calculation.  It  holds  a  mean  place 
between  the  two  other  anomalies,  and  mathematically  connects 
them.  There  is  one  equation  by  which  the  mean  anomaly  is  ex- 
pressed in  terms  of  the  eccentric ;  and  another  equation  by  which 
the  true  anomaly  is  expressed  in  terms  of  the  eccentric. 

We  will  now  deduce  the  two  equations  by  which  the  eccentric 
is  expressed,  respectively,  in  terms  of  the  true  and  mean 
anomalies. 

Let  ^   =  time  of  describing,  A  P, 

P  =  periodic  time  in  the  ellipse, 

a   =CA, 

ae=EC, 

V   =  ii  P  E  A, 

II  =  /I  D  C  A ;  (whence,  E  T,  perpendicular  to  D  T,  =  E  C 
X  sin  li), 

P    =PE, 
"     *  =  3.14159,  <fcc. ; 

then,  by  Kepler's  law  of  the  equable  description  of  areas, 

/  =  P  xil^ilP  E^  =Px^^.-?lA  =  _P  (D  E  C  +  D  C  A) 

areaofellip.  area  O         *a* 

P  PI 

=  _  (e  sin  M  +  w) :  hence,  if  we  put  j^-  =-i 

we  have, 

n  t  =  e  .wiu  +  u  ,  .  .  (/), 

an  equation  connecting  the  mean  anomaly  nt^  and  the  ee- 

centric  u. 

In  order  to  find  the  other  equation,  that  subsists  between  the 
true  and  eccentric  anomaly,  we  must  investigate,  and  equate,  two 
values  of  the  radius  vector  p,  or  E  P. 
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First  vabie  of  p,  in  terms  of  v  the  trae  anomaly, 

O(l-e') (1) 

^        1  —  e  cos  V 
Second,  in  terms  of  i«  the  eccentric  anomaly, 

p    =  a  (1  +  c  cos  tt) .  .  .  (2). 
For,  p«  =  E  N»  +  P  N.« 

=  EN«  +DN«  x(l  — c«) 

=  {a  e  +  a  cos  u)'  +  a'  sin*  u{l  —  e') 

=  aajc'-*  +  2  e  cos  w  +cos«  u\  +  a'{l—e*)sixi'  u 

=  a*|  1  +2  ccost^  +  €"  cos*  u\. 

Hence,  extracting  the  square  root, 

p  =  a  (1  +  e  cos  u). 

Elquating  the  expressions  (1),  (2),  we  have 

(1  —  e=)  =  (1  —  e  cos  t?)  (1  +  e  cos  w),  whence, 

cos  17  =  ^  +  ^Q^  ^^    an  expression  for  v  in  terms  of  u ; 
l-\-e  cosu 

mt,  in  order  to  obtain  a  formula  fitted  to  logarithmic  computa-  < 
ion,  we  must  find  an  expression  for  tan  ^  :  now,  (see  For.  12, 
>.341), 

tan^  =  ^//Lz:^^\  =  ^//(l^ZJ?Hlll5^Jf)\ 

2      V  Vn-  cos  v/      V  \(i  +c)  (1  +  cos  uy 

These  two  expressions  (1)  and  (m),  that  is, 

n  t  =  e  ,sinu  +  Uj 

analytically  resolve  the  problem,  and,  from  such  expressions,  by 
certain  formulae  belonging  to  the  higher  branches  of  analysis,  may 
V  be  expressed  in  the  terms  of  a  series  involving  n  t 

Instead,  however,  of  this  exact  but  operose  and  abstruse  method 
of  solution,  we  shall  now  give  an  approximate  method  of  express- 
ing the  true  anomaly  in  terms  of  the  mean. 
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IbviriK  Ukjii  c//rnpijted  K  T  =  D  M.  find  the  sr*  :c  fi«  rjschasf 
tun  I)  a,  which  tmn       O  T ;  the  diflereDce  <£*  ;b»  ir:  £C  siae 

(i,)  Mm  KO  in  cominjting  the  angle  EMO.  the  real  dsmcoe, 
|j<5tw<Mi  thi$  itcamiric  anomaly  D  C  A,  and  the  ^  M  E  C :  add 
tim  tuptuifiiUttl  L  K  M  O  to  ^  M  E  C.  in  oider  to  obtain  c  DCA- 
Thft  HMiilt,  howfnrcr,  in  not  the  exact  valae  oi  L  D  C  A.  since  L 
/.  I'i  M  O  hnn  U!<;n  computed  only  approximately :  that  is.  by  t 
prrK!isfMi  which  commenced  by  aasnming  ^  M  E  C,  for  the  value 
ofthft  L  I)CA. 

VVir  tlie  purpose  of  finding  the  eccentric  anomaly,  this  is  t» 
mi\xi\  ilencription  of  the  process ;  which,  if  greater  accnracr  be 
rmiiiinMl,  must  be  repeated ;  that  is,  from  the  last  found  vahieof 
^  DCA-  ^:  EOT,ET,EO,and  2IEMO  must  be  igaio 
computed. 


VOTB   TO   PROBLEM    XIT.  3Tl 


NOTE  TO  PROBLEM  XIV,  (Page  277.) 

Rules  for  finding  the  Mwmfs  Longitude^  Latitude^  Hofurly 
Motions,  Equatorial  Parallax^  and  Semirdiameter^  for  a 
given  time,  from  the  Nautical  Almanac, 

Reduce  the  given  time  to  mean  time  at  Greenwich ;  then, 

For  the  Longitude, 

Take  from  the  Nautical  Almanac  the  calculated  longitudes 
answering  to  the  noon  and  midnight,  or  midnight  and  noon,  next 
preceding  and  next  following  the  given  time.  Commencing  with 
the  longitude  answering  to  the  first  noon  or  midnight,  subtract 
each  longitude  from  the  next  following  one :  the  three  remain- 
ders will  be  the^r^^  differences.  Also  subtract  each  first  differ- 
ence  from  the  following  for  the  second  differences,  which  will 
have  the  plus  or  minus  sign,  according  as  the  first  differences  in- 
crease or  decrease. 

Find  the  quantity  to  be  added  to  the  second  longitude  by 
reason  of  the  first  differences,  by  the  proportion,  12**- :  excess  of 
given  time  above  time  of  second  longitude  : :  second  first  differ- 
ence :  fourth  term. 

"With  the  given  time  from  noon  or  midnight  at  the  side,  take 
from  Table  XCIII  the  quantities  corresponding  to  the  minutes, 
tens  of  seconds,  and  seconds  of  the  mean  or  half  sum  of  the  two 
second  differences,  at  the  top :  the  sum  of  these  will  be  the  cor* 
rectum  for  second  differences,  which  must  have  the  same  sign 
ts  the  mean.  "^ 

The  sum  of  the  second  longitude,  the  fourth  term,  and  the  cor- 
rection for  second  differences,  will  be  the  longitude  required. 

Por  the  Latitude, 

Prefix  to  nerth  latitudes  tlie  positive  sign,  but  to  sotUh  latitudes 
the  negative  sign,  and  proceed  according  to  the  rules  for  die  lon- 
gitude, only  that  attention  must  now  be  paid  to  the  signs  of  the 
first  differences,  which  may  either  be  plus  or  minus. 

The  sign  of  the  resulting  latitude  will  ascertain  whether  it  10 
north  or  south. 
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For  the  Hourly  Motion  in  Longitude. 

Solve  the  proportion,  la*"-  :  given  time  from  noon  or  mid- 
Dight : :  half  sum  of  second  differences  :  a  fourth  term. 

Take  the  sum  of  the  secondfirstdifference,  ha!f  themeanofthe 
second  differences,  wilh  its  sign  ch&nged,  and  this  fourth  tenn, 
and  divide  it  by  12 :  the  quotient  will  be  the  required  houil; 
motion  in  longitude. 

For  the  Hourly  Motion  in  Latitude. 

With  the  given  time  from  noon  or  midnight,  the  second  first 
difference  of  latitude,  and  the  mean  of  the  second  differences,  find 
the  hourly  motion  in  latitude  in  the  same  manner  as  directed  foi 
finding  the  hourly  motion  in  longitude.  When  the  hourly  mo- 
tion is  positive,  the  moon  is  tending  north ;  and  wlieii  it  is  nega- 
tive, she  is  tending  south. 

For  the  Semi-diameter  and  Equatorial  Parallax. 

The  moon's  semi-diameter  and  equatorial  parallax  may  be 
taken  from  the  Nautical  Almanac,  with  sufficient  accuracy,  by 
simple  proportion,  the  correction  for  second  differences  being  too 
small  to  be  taken  into  account,  unless  great  precision  is  required. 

Corrections  for  Third  and  Fourth  Differences. 

When  the  moon's  longitude  and  latitude  ore  required  irith 
great  precision,  corrections  must  also  be  applied  for  the  third  and 
fourth  differences.  To  determine  these,  take  from  the  AlmanK 
the  three  longitudes  or  latitudes  imniediiitcly  preceditig  the  given 
time,  and  tlie  three  immediately  following  it,  and  find  the  first, 
second,  third,  and  fotirth  differences,  subtracting  alwaj's  each 
number  from  the  following  one,  and  paying  attention  to  the 
signs.  With  the  given  time  from  noon  or  midnight  at  the  side, 
take  from  Table  XCIV  the  quantities  answering  to  the  minutes 
and  seconds  of  the  middle  third  difference,  at  the  top.  Their  sun 
will  be  the  correction  for  third  differences,  which  must  have  the 
same  sign  as  the  middle  third  difference  when  the  giveo  liow 
from  noon  or  midnight  is  less  than  6  hours ;  the  coutraiy  sign, 
when  the  given  time  is  more  than  6  hours. 
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With  the  given  dme,  and  half  sum  of  fourth  difRsienceSi  take 
from  Table  XCY  the  conection  for  fourth  differences,  giving  it 
always  the  same  sign  as  the  half  sum. 

The  sum  of  the  third  longitude  or  latitude,  the  proportional 
part  of  the  middle  first  difference  answering  to  the  given  time 
from  noon  or  midnight,  and  the  corrections  for  second,  third,  and 
fourth  differences,  having  regard  to  the  signs  of  all  the  quantities, 
will  be  the  longitude  or  latitude  required. 
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16  40  12 X 

71    18     OW 

4  45    4 

1.  r.,/„frf. 

Viri-Tni., 

37  3S  17X 

T7  27  38  W 

6     9  60 

r.  Petrr't  Ch., 

Ii»Iy, 

II  54     SX 

13  S7     6E 

0  49  48 

,,  EK*fl«^», 

33    4  66N 

81     7    9W 

534  S9 

.dv. 

Nrw  York, 

43  M       N 

73  55        W 

4  55  40 

n,'OJ.. 

KwPliCH, 

.S9  30  31  X 

18     3  44  E 

1  13  16 

5.- 

kalv, 

45    4    6N 

7  42     6E 

0  30  48.4 

M(. 

Auilrin. 

48  12  36N 

16  33     OE 

1     6  33 

Lapland, 

TO  22  36 N 

31     7  64E 

3     4  SB 

!on,  Cojn-W, 

Dirt.  Coliini. 

38  52  MN 

77    1  48W 

e     8     7.9 

2  TABLE  n.    Elements  of  the  Planetary  OrbiU. 

Epoch  forVe8ta,Juno,Cere8,and  Pallas, Jan.  1 ,1 820,  mean  noon  at  6ra«> 
wich;  for  the  other  planets,  Jan.  1,  1601,  mean  noon  at  Greenwiek 


Planet's 
name. 


Mercury 

Venus 

Earth 

Mars 

Vesta 

Juno 

Ceres 

Pallas 

Jupiter 

Saturn 

Uranus 


Inclination  to 
the  Ecliptic. 


o 
7 
3 

1 

7 

13 

10 

34 

1 

2 

0 


0     9.1 

23  28.5 
I) 

51 

8 

4 
37 
34 
18 
29 
46 


62 
90 
9.7 
262 
56.0 
51.3 
35.7 
28.4 


SccVar 


+  18.2 

—  4.6 

ft 

—  0.2 

—  12 

—  44 


—  22 

—  15 
-»-    3 


Longitude  of 
ascending  node 


45  57  30.9 
74  54  12.9 


48 
103 
171 

80 
172 

98 
111 

72 


0 
13 

7 
41 
39 
26 
56 
59 


35 
18.2 
404 
240 
26.8 
18.9 
374 
353 


Sec.  Var. 


-f  70.44 
+  51.10 

+  41.67 
+  26 

-f  25 

■f  67.18 
+  51.12 
-f  23.59 


longitude  efj  ^  y^ 
Pcnhelion. 


74  21 
128  43 

99  31 
332  23 
249  '^i 

53  33 
147  7 
121      7 

II      8 

89  9 
167  31 


46.9.  + 

63.1 1 -f 
9.91-1- 
66  6'  + 
24.4  i  + 
46  Ol 


93.SI 
783l| 
10315: 
1097: 
157 


31  5 
4.3 
34.6 
29.8 
16.1 


+  203 


+ 
+ 
+ 


9459 

115.68 

87  44 


'^ 


Planet's 
name. 


Mercury 

Venus 

Earth 

Mars 

Vesta 

Juno 

Ceres 

Pallas 

Jupiter 

Saturn 

Uranus 


Mean  distance 

from  Sun,  or 

Semi-axis. 


0.3870981 
0.7233316 
l.OOOOOOO 
1. 5236923 
23678700 
2.6690090 
2.7672450 
2.7728860 
5.2027760 
9.5387861 
19.1823900 


Mean  distance 

from  Sun  in 

miles. 

36814000 

68787000 

95103000 

144908000 

225291000 

253829000 

263165000 

263707000 

494797000 

907162000 

1824290000 


Eccentricity 

in  Parts  of  the 

Semi-axis. 

0.20561494 
0.00686074 
0.01678357 
0.09330700 
0.08913000 
0.25784800 
0.07843900 
0.24164800 
0.04816210 
0.05616050 
0.04661080 


Planet's 
name. 


Mercury 

Venus 

Earth 

Mars 

Vesta 

Juno 

Ceres 

Pallas 

Jupiter 

Saturn 

Uranus 


Mean  Long, 
at  the  Epoch. 


166  0 
11  33 
100  39 
64  22 
278  30 
200  16 
123  16 
108  24 
112  16 
135  20 
177  48 


48.6 

3.0 

13.3 

55.5 

0.4 

19.1 

11.9 

57.9 

230 

65 

23.0 


Mean  Sidereal 

Period  in  Mean 

Solar  Days. 

d 

87.9692580 

224.7007869 

365.2563835 

686.9796458 

1325.7431000 

1592.6608000 

1681.3931000 

1686.5388000 

4332  5818212 

10759.2198174 

30686.8208296 


Motion  in  mean 
Longitude  in  1 
yr.  of  965  days 


Sec.  Variation. 


-f  .00000386C 

—  .000062711 

—  .000041630 
+  .000090176 
+  .000004009 

—  .006006690 

+>  .000159350 

—  .000312402 

—  .000023072 

Mean  Dtihi 

Moiion  k 


O        ' 

53  43 
224  47 

— 0  14 
191  17 
97  28 
82  25 
78  8 
77  54 
30  20 
12  13 
4  17 


r^ 


8.6 

29.7 
19.5 

9.1 
53 

8 

8 
26 
31.9 

as.i 

45.1 


Longitude. 


TABLE  IIL     Elements  of  Moon's  Orbit.     Epoch,  Jan.  1, 1801 


Mean  inclination  of  orhit 5    8  47J 

Mean  longitude  of  node  at  epoch 13  59  ITT 

Mean  longitude  of  perigee  at  epoch S66  19   7^ 

Mean  longitude  of  moon  at  epoch     118  17    9.9 

Mean  distance  from  earth  or  semi-axis 69r.904350 

Eccentricity  in  parts  of  semi-axis  .  .  .  •- 0.054844S 


Mean  sidereal  revolution 

Mean  tropical       do 

Mean  synodical     do 

Mean  anomalistic  do 

Mean  nodical        do 

Mean  revolution  of  nodes  ;  sider. 
Mean  revolution  of  perigee  ;  sider. 


d 
97 
97 
29 


A 
7 
7 

13 


37  13 
27     5 


6798d.379; 


#  d 

11.5  =:  37.33166142 
4.7  =  27.32158342 
3.9  =  39.53058872 
18  37.4  =  27.55459950 
6  36.0  =r  87  31232222 
trop.  =  6788d.50982 


43 
43 
44 


»  3233d.57534 ;  trop. »  8831d.4791 


TABLB  IV.  S 

IKameterSf  Volumes^  Masses,  4*^->  ^f  ^^^»  Moon,  and  Planets- 


Apparent  Diameter. 

Tnift 

Volume. 

Loast. 

at  Mean 
Distance. 

Greatest. 

Diameter. 

ff 

// 

If 

Mercurj 
Venus 
Earth 
Mara 

Jupiter 
Saturn 
Uranus 

6.0 
9.6 

3.6 
30.0 

6.9 
16.9 

6.3 

36.7 

17.0 

4.0 

12.0 
61.2 

18.3 
46.9 

0.398 
0.975 
1.000 
0.617 
10.860 
9.982 
4.332 

0.063 

0.927 

1.000 

0.139 

1280.900 

996.000 

80.490 

Son 
Moon 

31    31.0 
29   21.9 

32      1.8 
31      7.0 

32  36.6 

33  31.1 

111.464 
0.276 

1384472.000 
0.020 

I 

Mass. 

Density. 

Gravity. 

Sidereal 
Rotation. 

Light  and 
Heat. 

Mercury 

iOS^dlo 

2.782 

1.03 

h    m    9 
24    6  28 

6.680 

Venus 

toAtt 

0.9434 

0.98 

23  21     7 

1.911 

Earth 

] 

1. 

1. 

24    0    0 

1.000 

Mara 

354i~32ff 

0.931 

0.33 

24  39  21 

.431 

Jupiter 

lois.y 

0.2689 

2.72 

9  55  60 

.037 

Saturn 

sjioo.a 

0.1016 

1.01 

10  29  17 

.011 

Uranus 

i^Jiff 

0.2797 

0.95 

Unknown. 

.003 

Sun 
Moon 

1 

0.2543 
0.616 

27.90 

25  12    0 

3d«3d30d 

0.16 

27    7  43 

TABLE  V. 


Elements  of  the  Retrograde  Motion  of  the  Planets. 


Arc  of 

Duration  of 

Elongation 

Synodical 

Planets. 

Retrogradation. 

Retrogradation. 

at  the  Stations. 

Revolution. 

o       /              O       ' 

d     h           d     h 

O        '                O           ' 

Mercury 

9  22  to  15  44 

23  12  to     21   12 

14  49  to  20    51 

llOdajt. 

Venus 

14  35  to  17  12 

40  21  to    43  12 

27  40  to  29    41 

584 

Mara 

10     6  to  19  35 

60  18  to     80  15 

128  44  to  146  37 

780 

Jupiter 

9  61  to    9  69 

116  18  to  122  12 

113  35  to  116  42 

399 

Saturn 

6  41  to    6  65 

138  18  to  136    9 

107  25  to  110  46 

378 

Uranus 

3  86 

161 

103  30 

370 

TABLE  VI. 


Elements  of  the  Orbits  of  the  Satellites. 

The  distances  are  expressed  in  equatorial  radii  of  the  primaries.  Tin 
epoch  is  Jan.  1,  1801.  The  periods,  &c.,  are  expressed  in  bmi 
iolar  days. 

I.     Satellites  of  Jupiter. 


Sat. 

Mean  Distance. 

Sidereal 
Revolution. 

Inclination  of 

Orbit  to  that 

of  Jupiter. 

Mass;  that 
of  Jupiter 

beinjf 
lOOOOOOOOO 

1 
2 
3 

4 

6.04853 

9.62347 

1.5.35024 

26.99835 

d       h       m 
1     18    28 
3     13     14 
7      3     43 
16     16     32 

3      5    30 

Variable. 

Variable. 

2     58    48 

17328 
23235 
88497 
42659 

II.     Satellites  of  Saturn, 


Sat. 

Mean 
Distance. 

I 

3.351 

2 

4.300 

3 

5.284 

4 

6.819 

5 

9.524 

6 

22.081 

7 

64.359 

Sidorral 
Revolution. 


d  h  m 

0  22  38 

1  8  53 

1  21  18 

2  17  45 
4  12  25 

15  22  41 

79  7  55 


Eccentricities  and  Inclinations. 


The  orbits  of  the  six  interior 
«atellitc8  are  nearly  circular, 
and  very  nearly  in  the  plane  oi 
the  ringr.  That  of  the  seventh 
in  considerably  inclined  to  the 
rest  and  approaches  nearer  to 
coincidence  with  the  ecliptic.  J 


III.     Satellites  of  Uranus. 


Sat. 

Mean 
Distance. 

Sidereal  Period. 

Inclination  to  Ecliptic. 

1 
2 
3 

4 
5 
6 

13.120 
17.022 
19.845 
22.752 
45.507 
91.008 

d 

5 

8 

10 

13 

38 

107 

A       m 
21     25 
16     56 
23       4 
11       8 
1     48 
16    40 

9 

0 
6 
0 
69 
0 
0 

Their  orbits  are  mclincd 
about   78®     58'    to    the 
ecliptic,  and  their  motion 
is  retrograde.     The  pe- 
riods of  the  td  and  4th 
require  a  trifling  correc- 
tion.   The  orbits  appear 
to  be  nearly  circles. 

TABLE  VII.    Saturn's  Ring. 


Exterior  diameter  of  exterior  ring 

Interior  ditto 

Exterior  diameter  of  interior  ring 

Interior  ditto 

Equatorial  diameter  of  the  body 

Interval  between  the  planet  and  interior  ring 

Interval  of  the  xm^ 

Thickneu  of  the  rings  not  exceeding  .... 


Miles. 

176418 

155272 

151690 

117339 

79160 

19090 

1791 

100 


«*■ 


Mean  Astronomical  Refractiota. 
Barometer  30  in.    Theimometer,  Fall.  50°. 


Ap.Alt 

Hoft. 

Ap.  AJt. 

n<r,. 

in.  AIL 

^. 

*n_ 

RelT. 

(PO- 

33' 61" 

4'   0' 

irss" 

12"  0' 

4'S8.1" 

l'.4.B" 

B 

32  63 

10 

11  30 

10 

4  34,4 

43 

1    34 

10 

20 

11    10 

30 

4  30.S 

44 

15 

31     ^ 

30 

10  50 

4  17.3 

45 

0.58.1 

30 

30  13 

41) 

10  33 

40 

4  13.9 

46 

56.1 

S5 

2U  a* 

50 

10  15 

50 

4  10.7 

47 

64.3 

30 

2B  37 

5     0 

9  58 

13     0 

4     7,5 

48 

63,3 

as 

27  61 

10 

9  42 

10 

4    4,4 

49 

60,6 

40 

27     6 

SO 

9  37 

SO 

4     1,4 

50 

48,8 

45 

26  24 

30 

9  11 

30 

3  68,4 

51 

47,1 

60 

26  43 

40 

a  58 

40 

3  65,5 

53 

45.4 

SS 

26     3 

50 

8  45 

50 

3  52.6 

53 

43.8 

1     0 

21  S5 

G     0 

g  3,2 

14     0 

3  49.9 

54 

43  2 

6 

S3  48 

10 

10 

65 

40.8 

10 

23  13 

20 

30 

56 

15 

23  40 

3(1 

30 

3  41.8 

57 

37.8 

SO 

22     B 

7  47 

40 

3  39,3 

58 

36.4 

S5 

21  37 

60 

7  37 

50 

3  36.7 

59 

350 

30 

31     7 

7    0 

7  27 

15     0 

3  34  3 

60 

33.6 

35 

20  38 

10 

7  17 

15  30 

3  37.3 

61 

33.3 

40 

20  10 

20 

7     6 

IB     0 

3  30.6 

62 

31.0 

4S 

19  43 

30 

0  59 

IB  30 

3  14.4 

63 

09.7 

50 

19   17 

40 

6  51 

17     0 

3     8.5 

64 

38.4 

S5 

18  53 

50 

6  43 

17  30 

3     2.9 

85 

87,2 

S     0 

18  20 

8     0 

6  35 

18     0 

3  57.8 

60 

359 

6 

18     5 

10 

6  2S 

3  47.7 

67 

84.7 

10 

17  43 

20 

6  21 

SO 

a  38.7 

68 

23.6 

15 

17  ai 

6  14 

31 

a  30.5 

69 

32.4 

SO 

17     0 

40 

8     7 

23 

2  23.3 

ro 

812 

15 

IB  40 

60 

e   0 

23 

a  IBS 

71 

19,9 

30 

IS  31 

9     0 

6  64 

24 

2  10.1 

73 

18.8 

35 

16     2 

10 

6  47 

35 

3     43 

73 

177 

40 

15  43 

SO 

B  41 

30 

1  58  8 

74 

16.6 

46 

IS  23 

30 

6  36 

37 

1  63.8 

75 

16.5 

50 

15     8 

5  30 

28 

1  49.1 

76 

14.4 

55 

U  51 

50 

6  2S 

29 

1  44,7 

77 

13.4 

8    0 

14  35 

10    0 

620 

30 

1  40,5 

78 

13.3 

6 

14  19 

10 

5  15 

31 

1  36.C 

79 

11.3 

10 

14     4 

5  10 

33 

1  33,0 

10.3 

IG 

13  60 

6     5 

33 

1  29.5 

81 

S.3 

SO 

13  35 

40 

6     0 

34 

1  36.1 

8-3 

35 

13  31 

50 

4  56 

3B 

I  23.0 

83 

7.1 

30 

13  r 

11     0 

4  SI 

38 

1   30  0 

84 

6.1 

36 

12  63 

10 

4  47 

37 

1   17.1 

86 

6.1 

40 

12  41 

30 

4  43 

38 

1  144 

8S 

4.1 

45 

13  38 

30 

4  39 

39 

1   11.8 

87 

8.1 

60 

13  18 

40 

4  35 

40 

1     9.3 

88 

S.0 

66 

12     3 

60 

4  31 

41 

1     6.9 

89 

1.0 

Corrections  of  Mean  Refractions. 


Ap.Ak 

'■Hit 

-j't- 

Ap,All 

'"-;  u" 

-l-\ 

Ap,  Ah, 

rlB 

DIf  (.n 
-PF 

;au. 

Dir  to 
-lift 

Mir 

00 

74 

8  1 

4     0 

24  1 

1.70 

13     0 

9,00 

0.556 

|4°S 

S.16 

eiM 

e 

71 

7!g 

10 

234 

1,61 

10 

8.H6 

.548 

1  ^ 

209 

10 

69 

7  3 

SO 

23.7 

1.5S 

so 

-641 

'44 

302 

iM 

lA 

67 

7.0 

30 

23,0 

1.S3 

30 

8.R3 

,533 

1  *^ 

195 

111 

30 

a 

07 

40 

31,3 

40 

8.51 

,524 

'iB 

l.«S 

i;j 

25 

63 

fl.4 

50 

30.7 

1,43 

50 

841 

.517 

47 

181 

.:* 

30 

61 

01 

5     0 

20  1 

138 

13     0 

830 

,609 

48 

176 

tM 

39 

59 

s« 

10 

IDG 

134 

10 

8.20 

,503 

49 

169 

.1* 

40 

58 

e6 

20 

10.1 

1-30 

20 

8.10 

,496 

50 

1  63 

,0s- 

46 

56 

S4 

30 

18,n 

■M 

8.00 

,490 

51 

168 

m 

60 

55 

&.] 

40 

19.1 

7.89 

.483 

58 

158 

ftS 

S3 

4.9 

50 

17.6 

1.19 

50 

7.79 

,476 

63 

147 

tSf 

1  0 

53 

47 

0    0 

173 

l.l.-> 

U     0 

7  70 

,469 

54 

141 

,IS 

s 

50 

4,6 

10 

16,8 

,464 

55 

1.30 

,«j 

10 

iS 

4.-5 

SO 

164 

1,09 

7.63 

,458 

50 

131 

,m 

IS 

*a 

44 

30 

16,0 

i.oe 

30 

7  43 

.463 

57 

1  S6 

.DM 

80 

4s 

42 

40 

15.7 

103 

40 

734 

-448 

68 

133 

.073 

25 

■45 

4.0 

60 

13.3 

1.00 

50 

7,26 

-444 

59 

1,17 

.070 

30 

44 

3) 

7    0 

160 

0,9a 

16    0 

7.18 

,439 

60 

1  12 

,0S7 

35 

43 

3* 

10 

146 

-95 

15  30 

6  95 

424 

61 

l!08 

,ou 

40 

80 

,93 

16     0 

6.73 

,411 

62 

104 

OR 

4S 

40 

30 

141 

,91 

IG  30 

6.51 

.399 

63 

-99 

OK 

60 

ao 

40 

138 

,89 

17     0 

.386 

64 

,95 

OK 

65 

39 

3.3 

60 

135 

-87 

17  30 

6.12 

,374 

65 

.91 

-0» 

3  0 

•ja 

3,2 

8    0 

13.3 

,85 

18    0 

584 

,362 

66 

.87 

.ta 

& 

10 

13  1 

18 

S,61 

,340 

67 

,83 

m 

10 

3fl 

30 

20 

12.8 

20 

S31 

-383 

68 

.79 

K! 

16 

3fl 

2.9 

30 

18.6 

,80 

31 

5.04 

,305 

CO 

,75 

OU 

80 

35 

2.S 

40 

183 

,70 

83 

4.78 

,390 

70 

.71 

Otl 

Sfi 

34 

3-8 

60 

13,1 

.77 

23 

4,67 

.378 

71 

.67 

,040 

30 

33 

27 

0    0 

11,9 

,78 

24 

435 

.264 

72 

.63 

.039 

35 

33 

27 

10 

11,7 

.71 

25 

4.16 

,252 

73 

,69 

.OH 

40 

31 

20 

-73 

20 

3,97 

,241   ' 

74 

.56 

033 

49 

n 

25 

30 

11,3 

.rz 

S7 

381 

,330 

75 

,52 

,031 

60 

31 

24 

40 

11,1 

,71 

,219 

76 

,48 

.0!) 

65 

3<l 

23 

60 

110 

-70 

29 

350 

,209 

77 

,^ 

.or 

S  0 

afl 

33 

to  0 

10  8 

.69 

30 

336 

.801 

78 

41 

.m 

s 

■as 

10 

10.6 

,67 

31 

3  23 

,193 

79 

,38 

oa 

10 

M 

A3 

SO 

10.4 

,65 

32 

3.11 

,186 

60 

,M 

,011 

16 

28 

SI 

30 

103 

.64 

33 

289 

,179 

81 

.31 

,01a 

M     ZS 

2,: 

40 

101 

,63     34 

8.88 

-173 

83 

.87 

,014 

15      37 

3,0 

60 

9.9 

,63 

36 

8,76 

.167 

83 

.84 

.014 

SO      27 

2.0 

11  0 

9.8 

,60 

30 

2.68 

.161 

84 

.30 

-Olt 

86      2fl 

S,0  j 

10 

9-6 

.69 

37 

2.S8 

-165 

85 

.17 

.910 

40      Sfi 

1,9 

SO 

96 

,58 

38 

2,49 

.140 

88 

.14 

.001 

4B      Sfi 

1,0 

SO 

9,4 

.67 

sg 

3,40 

-144 

87 

.10 

.001 

M      Sfi 

Ifi 

40 

0,3 

.66 

40 

S,32 

.139 

88 

.07 

,004 

U 

15 

LB 

SO 

0.1 

.66 

41 

S.S4 

.lU 

n 

.81 

.M 

TABLE  X.  7 

wrallax  of  the  Sun,  on  the  first  day  of  each  Month :  the  mean 
horizontal  Parallax  being  assumed  =  8  ",60. 


Alti- 

Jin. 

Feb. 

March. 

April. 
Oct. 

May.  i 

June. 

July. 

tude. 

Dec. 

Nov. 

Sept.  i 

Aug. 

o 

// 

// 

// 

f* 

/ 

f» 

0 

8.76 

8.73 

8.67 

8.60 

8.53 

8.48 

8.46 

6 

8.73 

8.69 

8.64 

8.56 

8.50 

8.44 

8.42 

10 

8.62 

8.59 

8.54 

8.47 

8.40 

8.35 

8.83 

15 

8.45 

8.43 

8.38 

8.30 

8.24 

8.19 

8.17 

20 

8.22 

8.20 

8.15 

8.08 

8.01 

7.97 

7.95 

25 

7.93 

7.91 

7.86 

7.79 

7.73 

7.68 

7.67 

30 

7.58 

7.56 

7.51 

7.45 

7.39 

7.34 

7.33 

35 

7.17 

7.15 

7.11 

7.04 

6.99 

6.94 

6.03 

40 

6.70 

6.68 

6.64 

6.59 

6.53 

6.49 

6.48 

45 

6.19 

6.17 

6.13 

6.08 

6.03 

5.99 

6.98 

50 

5.62 

6.61 

5.58 

5.53 

5.48 

545 

5.44 

55 

5.02 

5.01 

4.98 

4.93 

4.89 

4.86 

4.85 

60 

4.37 

4.36 

4.34 

4.30 

4.26 

4.24 

4.23 

65 

3.70 

3.69 

3.67 

3.63 

3.60 

3.58 

3.67 

70 

S.99 

2.98 

2.97 

2.94 

2.92 

2.90 

2.89 

75 

2.26 

2.26 

225 

2.23 

2.21 

2.19 

2.19 

80 

1.52 

1.52 

1.51 

1.49 

1.48 

1.47 

1.47 

85 

0.76 

0.76 

0.76 

0.75 

0.74 

0.74 

0.74 

90 

0.00 

0.00 

0.00 

000 

000 

0.00 

0.00 

TABLE  XI. 


Semi-diurnal  Arcs, 


Doclination. 

Lat. 

o 

1° 

6^ 

10^ 

15° 

20O 

25o 

SOo 

h  m 

h     m 

h     m 

A     m 

k     tn 

A     m 

A    m 

5 

6  0 

6     2 

6    4 

6    5 

6     7 

6     9 

6  12 

10 

6  1 

6    4 

6     7 

6   11 

6  15 

6  19 

6  24 

15 

6  1 

6     5 

6  11 

6  16 

6  22 

6  29 

6  36 

20 

6  1 

6     7 

6  15 

6  22 

6  30 

6  39 

6  49 

25 

6  2 

6     9 

6  19 

6  29 

6  39 

6  60 

7    2 

30 

6  2 

6  12 

6  23 

6  36 

6  49 

7    2 

7  18 

35 

6  3 

6  14 

6  28 

6  43 

6  59 

7  16 

7  35 

40 

6  3 

6  17 

6  34 

6  52 

7  11 

7  32 

7  56 

45 

6  4 

6  20 

6  41 

7     2 

7  25 

7  51 

8  21 

60 

6  5 

6  24 

6  49 

7  14 

7  43 

8  15 

8  r>4 

65 

6  6 

6  29 

6  58 

7  30 

8     5 

8  47 

9  42 

60 

6  7 

6  35 

7  11 

7  51 

8  36 

9  35 

12    0 

65 

6  9 

6  43 

7  29 

8  20 

9  25 

12    0 

8 


TABLE  XII. 


Equation  of  Time,  to  convert  Apparent  Time  into  Mean  TVml 

Argument,  Mean  Longitude  of  the  Sua. 


o 

0* 

I* 

II* 

III* 

IV» 

Vt 

min.  tee. 

min.  9ee. 

min.  tec. 

min.tee. 

min.  see. 

MUii.«ee. 

0 

+  6  58.4 

—  1  29.7 

—  3  38.7 

+  1  27.0 

+  6    4.1 

+  2  49.7 

1 

6  39.7 

142.0 

3  34.2 

140.1 

B    6.3 

2  34.5 

8 

6  20.9 

153.8 

3  29.1 

153.1 

6    8.0 

218  9 

3 

6    2.1 

2    5.2 

3  23.5 

2    6.0 

6    9.1 

2   28 

4 

5  43.3 

2  15.9 

3  17.3 

2  18.9 

6    9.5 

1464 

5 

6  24.5 

2  26.1 

3  10.7 

2  31.7 

6    9.3 

1  29.5 

6 

6    5.7 

2  35.9 

3    3.5 

2  44.3 

6    8.5 

1  128 

7 

4  46.9 

2  45.0 

2  56.0 

2  56.7 

6    7.2 

0  546 

8 

4  28.2 

2  53.6 

2  47.9 

3    8.9 

6    5.2 

0  36.6 

9 

4    9.6 

3    1.8 

2  39.5 

3  20.8 

6    2.5 

+  0  18.2 

10 

851.1 

3    9.3 

2  30.5 

3  32.5 

5  59.3 

—0  04 

11 

3  32.6 

3  16.3 

2  21.2 

3  43.9 

5  55.4 

019.5 

12 

3  14.3 

3  22.8 

2  11.5 

3  55.0 

5  51.0 

0  388 

13 

2  56.2 

3  28.6 

2    1.4 

4    5.8 

5  45.8 

0  58  4 

U 

2  38.3 

3  33.9 

1  51.0 

4  16.3 

5  40.1 

1  18  2 

15 

2  20.5 

3  38.6 

140.1 

4  26.5 

5  33.7 

1383 

16 

2    3.0 

3  42.7 

129.0 

4  36.3 

5  26.7 

1585 

17 

145.7 

3  46.3 

1  17.6 

4  45.7 

5  19.2 

2  191 

18 

128.6 

3  49.2 

1    5.9 

4  54.7 

511.1 

2  39.8 

19 

1  11.7 

3  51.5 

0  54.1 

5    3.3 

5    2.3 

3  0.7 

20 

0  55.2 

3  53.3 

0  42.0 

6  11.3 

4  53.0 

8  21.6 

21 

0  39.1 

3  54.4 

0  29.6 

6  18.9 

4  43.1 

3  42.8 

22 

0  23.3 

3  55.0 

0  17.1 

5  26.0 

4  32.7 

4    4.0 

23 

+  0    7.8 

3  55.0 

0    4.4 

5  32.6 

4  21.6 

4  25.3 

24 

—  0    7.3 

3  54.5 

-fO    8.4 

5  38.6 

4  10.1 

4  46.6 

25 

0  22.0 

3  53.3 

0  21.5 

5  44.2 

3  57.9 

5    8.1 

26 

0  36.3 

3  61.6 

0  34.5 

5  49.3 

3  45.3 

5  29.5 

27 

0  50.3 

3  49.2 

0  47.6 

5  63.9 

3  32.1 

5  51.0 

28 

1    3.8 

3  46.2 

1    0.7 

5  57.8 

3  18.5 

6  12.3 

29 

1  16.9 

3  42.8 

1  13.8 

6    1.2 

3    4.3 

6  33.7 
—6  54.9 

30 

—  1  29.7 

—  3  38.7 

+  1  27.0 

+  6    4.1 

+  2  49.7 

TABLE  XIII. 

Secular  Variation  of  Equation  of  Time. 
Argument,  Sun*8  Mean  Longitude. 


»ec. 

O 

I* 

lit 

III* 

IVt 

V* 

•ee. 

tec. 

tec. 

•ee. 

MC 

tec. 

0 

^3 

+    4 

+  11 

+  14 

+  13 

+  9 

3 

2 

5 

11 

14 

13 

8 

6 

1 

6 

12 

14 

12 

8 

9 

—  1 

6 

12 

15 

12 

7 

12 

0 

7 

12 

14 

12 

7 

15 

+  1 

8 

13 

14 

11 

6 

18 

2 

8 

13 

14 

11 

6 

21 

2 

9 

14 

14 

10 

5 

24 

3 

9 

14 

14 

10 

5 

27  , 

4 

10 

14 

14 

9 

4 

80     +4 

+  11 

+  14 

-r  13 

+    9 

+  4 

TABLE  XII 
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tion  of  Time,  to  convert  Apparent  Time  into  Mean  Time, 
Argument,  Mean  Longitude  of  the  Sun. 


VI« 

VII« 

VIII* 

IX» 

X* 

XI* 

min.  6CC 

min,  /tpf. 

win.  nee. 

min.  tee. 

min.  tec. 

min.  »ee. 

—  6  54.9 

—  15  18.9 

—  13  58.7 

1  30.6 

-f  11  30.0 

+  14  3.1 

7  16.1 

15  27.9 

13  43.0 

1  0.2 

11  47.0 

13  56.0 

7  37.2 

15  36.1 

13  26.3 

—  0  29.8 

12  3.3 

IS  48.4 

7  58.3 

15  4:5.7 

13  8.9 

+  0  0.6 

12  18.7 

13  40.1 

8  19.1 

15  50.5 

12  50.5 

0  31.0 

12  33.4 

13  31.1 

8  39.8 

15  56.5 

12  31.4 

1  1.3 

12  47.2 

13  21.6 

9  0.2 

16  1.8 

12  11.6 

131.4 

13  0.1 

13  11.4 

9  20.5 

16  6.3 

1151.1 

2  1.3 

13  12.2 

13  0.7 

9  40.6 

16  9.9 

11  29.9 

2  31.0 

13  23.5 

12  49.4 

10  0.3 

16  12.9 

11  7.9 

3  0.5 

13  33.9 

12  37,4 

10  19.8 

16  15.1 

10  45.4 

3  29.7 

13  43.6 

12  25.0 

10  38.9 

16  16.5 

10  22.0 

3  58.6 

13  62.3 

12  12.2 

10  57.8 

16  17.0 

9  5S.1 

4  27.1 

14  0.2 

1168.9 

11  16.2 

16  16.6 

9  33.5 

4  65.2 

14  7.3 

1146.1 

11  3i.4 

16  15.4 

9  8.4 

6  22.9 

14  13.5 

11  30.9 

11  52.1 

16  13.4 

8  42.6 

5  50.2 

14  18.9 

11  16.3 

12  9.5 

16  10.4 

8  16.4 

6  17.1 

14  23.4 

11  1.1 

12  26.5 

16  6.7 

7  49.6 

6  43.5 

14  27.2 

10  46.6 

12  42.9 

16  2.1 

7  22.5 

7  9.3 

14  30.0 

10  29.7 

12  58.9 

15  56.6 

6  54.9 

7  34.6 

14  32. 1 

10  13.6 

13  14.4 

15  50.1 

6  27.0 

7  59.3 

14  33.3 

9  56.9 

13  29.5 

15  42.9 

5  58.5 

8  23.4 

14  33.7 

9  40.1 

13  44.1 

15  34.8 

5  29.7 

8  46.9 

14  33.3 

9  23.0 

13  58.0 

15  25.8 

6  0.5 

9  9.8 

14  32.2 

9  6.7 

14  11.4 

15  16.0 

4  31.0 

9  32.0 

14  30.2 

8  48.0 

14  24.1 

15  6.2 

4  1.4 

9  63.5 

14  27.5 

8  30.2 

14  36.3 

14  53.6 

3  31.6 

10  14.3 

14  24.0 

8  12.2 

14  47.9 

14  41.1 

3  1.5 

10  34.4 

14  19.9 

7  64.0 

14  5S.8 

14  27.7 

2  31.3 

10  53.8 

14  15.0 

7  36.6 

15  9.2 

14  13.6 

2  1.0 

11  12.3 

14  9.4 

7  17.0 

—  15  18.9 

'   13  58.7 

—  1  30.6 

-hi  130.0 

+  14  3.1 

*  +  6  68.4 

TABLE  XIIL 

Secular  Variation  of  Equation  of  Time. 

Argument,  Sun*s  Mean  Longitude. 


1 
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VI* 

VII* 

VIII* 

IX* 

X* 

XI* 

sec. 

Sf^C. 

sec. 

sec. 

sec. 

sec. 

0 

+  4 

—  2 

—10 

—16 

15 

—10 

3 

3 

3 

10 

16 

14 

10 
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3 

4 

11 

16 

14 

9 

9 

2 

4 

-  12 

16 

14 

8 

12 

1 

6 

12 

16 

13 

8 

15 

-f  1 
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13 

15 

13 

7 

18 

0 

7 

13 

15 

12 

6 

21 

0 

7 

14 

16 

12 

6 

24 

—1 
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14 

15 

11 

6 

27 

2 

9 

16 

15 

11 

4 

30 

-2 

—10 

16 

—15 

—10 

-3 
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TABLE  XIV. 
Pertutbationa  of  Equation  of  Time. 
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TABLE  XV. 
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^converting  any  given  day  into  the  decimal  part  of  a  year 

of  365  days. 


D.7 

Jan. 

Feb. 

March 

April 

Maj 

June 

1 

.000 

.085 

.162 

.247 

.329 

.414 

2 

.003 

.088 

.164 

.249 

.331 

.416 

3 

.006 

.000 

.167 

.2.52 

.334 

.419 

4 

.008 

.093 

.170 

.255 

.337 

.422 

5 

.011 

.090 

.173 

.258 

.340 

.425 

6 

.014 

099 

.175 

.260 

.342 

.427 

7 

.016 

.101 

.178 

.263 

.345 

.430 

8 

.019 

.104 

.181 

.266 

.348 

.433 

9 

.022 

.107 

.184 

.268 

.351 

.436 

'      10 

.025 

.110 

.186 

.271 

.353 

.438 

U 

.027 

.112 

.189 

274 

.356 

.441 

12 

.030 

.115 

.192 

.277 

.359 

.444 

13 

.033 

.118 

.195 

.279 

.362 

.446 

14 

.036 

.121 

.197 

.282 

.364 

.449 

15 

.038 

.123 

.200 

.285 

.367 

.452 

16 

.041 

.126 

.203 

.288 

.370 

.455 

17 

.044 

.129 

.205 

.290 

.373 

.458 

18 

•046 

.132 

.208 

.293 

.375 

.460 

19 

.049 

.134 

.211 

.296 

.378 

.463 

20 

.052 

.137 

.214 

.299 

.381 

.466 

21 

.055 

.140 

.216 

.301 

.384 

.468 

22 

.058 

.142 

.219 

.304 

.386 

.471 

23 

.060 

.145 

.222 

.307 

.389 

.474 

24 

.063 

.148 

.225 

.310 

.392 

.477 

25 

.066 

.151 

.227 

.312 

.395 

.479 

26 

.068 

.153 

.230 

.315 

.397 

An 

27 

.071 

.156 

.233 

.318 

.400 

.4S5 

28 

.074 

.159 

.236 

.321 

.403 

.488 

29 

.077 

.238 

.323 

.405 

.490 

30 

.079 

.241 

.326 

.406 

.493 

81 

.082 

.241 

.411 

IS 


TABLE  XV^  ContinnecL 


For  converting  any  given  day  into  the  decimal  part  of  a  ytat 

of  ^5  days. 


Day 

Julj 

August 

Sept. 

Oct 

1      Not. 

D«e. 

1 

.496 

.581 

.666 

.748 

.833 

.915 

S 

.499 

.584 

.668 

.751 

.836 

.918 

8 

.601 

.586 

671 

.753 

.838 

.921 

4 

.604 

.589 

.674 

.756 

.841 

.923 

5 

.607 

.592 

.677 

.759 

.844 

.926 

6 

.610 

.595 

.679 

.762 

846 

.929 

7 

.612 

.697 

.682 

.764 

.849 

.931 

8 

.616 

.600 

.685 

.767 

.852 

.934 

9 

.618 

.603 

.688 

.770 

855 

.937 

10 

.621 

.605 

.690 

.773 

•OOo 

.940 

11 

.623 

.608 

.693 

.775 

.860 

.942 

12 

526 

611 

.696 

.778 

.863 

.945 

13 

.629 

614 

.699 

.781 

.866 

.948 

14 

.532 

.616 

.701 

.784 

.868 

.951 

16 

.534 

.619 

.704 

.786 

.871 

.953 

16 

.537 

.622 

.707 

.789 

.874 

.956 

17 

.540 

.625 

.710 

.792 

877 

.959 

18 

.542 

.627 

.712 

.795 

879 

.962 

19 

.646 

.630 

.715 

.797 

882 

.964 

SO 

.548 

.633 

.718 

.800 

886 

.967 

21 

.651 

.636 

.721 

.803 

888 

.970 

22 

.553 

.638 

.723 

805 

890 

.973 

23 

.556 

.641 

.726 

.808 

893 

.975 

24 

.659 

.644 

.729 

.811 

896 

.978 

26 

.562 

.647 

.731 

.814 

.899 

.981 

26 

.564 

.649 

.734 

.816 

.901 

27 

.667 

.652 

.737 

.819 

.904 

.986 

28 

.670 

.655 

.740 

.822 

.907 

.989 

29 

.573 

.658 

.742 

.825 

.910 

.992 

30 

.676 

.660 

.745 

.827 

.912 

.995 

81 

.678 

.663 

.830 

.997    J 

TABLE  XVL 
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For  coni)erting  time  into  decimal  parts  of  a  day. 


Hours 

Minutei 

Seeondfl 

h. 

m. 

m. 

8. 

8. 

1 

.04167 

1 

.00069 

31 

.02153 

1 

.00001  1  31 

.00036 

2 

.08333 

2 

.00139 

32 

.02222 

2 

.00002  '  32 

.00037 

3 

.12500 

3 

.00208 

33 

.02292 

3 

.00003   33 

.00038 

4 

.16667 

4 

.00278 

34 

.02361 

4 

.00005   34 

.00039 

5 

.20833 

5 

.00347 

35 

.02430 

5 

.00006  R  35 

.00040 

6 

J25000 

6 

.00417 

36 

.02500 

6 

.00007  I  36 

.00042 

7 

.29167 

7 

.00486 

37 

.02669 

7 

.00008  ■   37 

.00043 

8 

.33333 

8 

.00550 

38 

.02639 

8 

.00009   38 

.00044 

9 

.37500 

9 

.00625 

39 

.02708 

9 

.00010   39 

.00045 

10 

.41667 

10 

.00694 

40 

.02778 

10 

.00012  [  40 

.00046 

11 

.45833 

11 

.00764 

41 

.02847 

11 

.00013 

141 

.00047 

12 

.50000 

12 

.00833 

42 

.02917 

12 

.00014 

42 

.00049 

13 

.64167 

13 

.00903 

43 

.02986 

13 

.00015   43 

:  .00050 

14 

.58333 

14 

.00972 

44 

.03056 

14 

.00016   44 

.00051 

15 

.62500 

15 

01042 

45 

.03125 

15 

.00017   45 

.00052 

16 

.66667 

16 

.01111 

46 

.03194 

16 

.00018   46 

.00053 

17 

.70833 

17 

.01180 

47 

.03264 

17 

.00020 

47 

.00054 

18 

.75000 

18 

.01250 

48 

.03333 

18 

.00021 

48 

.00056 

19 

.79167 

19 

.01319 

49 

.03403 

19 

.00022 

49 

.00057 

20 

.83333 

20 

.01389 

50 

.03472 

20 

.00023 

j  50 

.00058 

21 

.87500 

21 

01458 

51 

.03542 

21 

.00024 

51 

.00059 

22 

.91667 

22 

.01528 

52 

.036] 1 

22 

.00025 

52 

.00060 

23 

.95833 

23 

01597 

53 

.03680 

23 

.00027 

\   63 

.00061 

24 

1.00000 

24 

.01667 

54 

.03750 

24 

.00028 

54 

.00062 

25 

.01736 

55 

.03819 

25 

.00029 

55 

.00064 

26 

.01805 

56 

.03889 

26 

.00030 

56 

.00065 

27 

.01875 

57 

.03958  , 

27 

.00031 

57 

.00066 

28 

.01944 

58 

.04028  : 

28 

.00032   58 

.00067 

29 

.02014 

59 

.04097 

29 

.00034   59 

.00068 

30 

.02083 

60 

.04167 

30 

.00035   60 

.00069  1 

14 


TABLE  XYIL 


For  converting  Minutes  and  Seconds  of  a  degree,  into  tk 

decimal  division  oj  the  same. 


■ 

Minutes 

1 
1 

Seconds 

1 

'  .0inG7  .  31 

.51GG7 

1 

.00023  • 

31  ' 

.0G861 

03333  :  32 

• 

.00056 

.0(.'889 

3 

.050(i0   33 

.55(il!0 

3 

.0()0S3 

G3 

00917 

4 

.or.or,7 

31 

.5j(>(>7 

i  4 

.00111 

34 

.000-W 

5 

.08333 

35 

.58333 

5 

.00139 

35 

.00972 

G 

.10000  ' 

3G 

.GOOOO 

6 

'  .00167 

36 

.01000 

7 

liriGi  . 

37 

.CIGG7 

7 

.(MMiM 

37 

.01029 

R 

.13:i:)3 

3S 

.G3333 

8 

.002-2 

38 

.01056 

9 

.15000 

39 

.G5(K)0 

9 

.0(;-.;r;o 

39 

01083 

10 

.1GGG7 

40 

.G6(:C7 

10 

.00278 

40 

.01111 

11 

.18333  \ 

41 

.68333 

11 

.00306 

41 

.01139 

12 

.20000  1  42 

.70000 

12 

.00333 

42 

.01167 

13 

.2IGG7 

43 

.710G7 

13 

.00361 

43 

.01194 

14 

.2:W33 

44 

.73333 

i  14 

.00389 

44 

.01222 

15 

.25000 

45 

.75000 

:  15 

1 

.00417 

45 

.01250 

IG 

.2G6G7 

4'*! 

.76667 

.  16 

.00444 

46 

012T3 

17 

.28333 

47 

.78:J33 

!  17 

00472 

47 

01306 

18 

.30000   4S 

.80000   : 

1  18 

.00500 

48 

.01333 

19 

.3lGfi7   4) 

.81GG7  1 

19 

.00528 

49 

01361 

20 

.33333  R  50 

.83333  : 

20 

.00556 

50 

.013S9 

21 

.35000  1  51  ; 

.85000 

21 

.00583 

51 

\    01417 

22 

.3GGfi7 

52  . 

.86667  ' 

1  22 

.00611 

52 

.01444  1 

23 

.38333 

53 

.88333  . 

!  23 

.00639 

53 

.01472 

24 

.4(M)(;o 

54 

.90000 

24 

.00667 

54 

01500 

25 

.41GG7 

55 

.91CG7 

1 

25 

.00694 

55 

.01528 

20 

.43333 

50 

.93333  • 

'•   26 

.00722 

56 

1 
.01556  : 

27 

.45000 

57 

.95000 

27 

.00750 

67 

.01583 

28 

.46GG7 

58 

.96667 

28 

.00778 

58 

.01611 

29 

.48333 

69 

.98333 

29 

.00806 

69 

.01639 

30 

.50000 

60 

1.00000 

30 

.00833 

60 

.01667 

TABLE  XVIII. 

Sun's  Epochs. 
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ra.  1    M.  Long.    I  Long.Peri.  \    I 


« 
•       9 

9 
:B.  9 
t      ;9 

:  9 

)  9 
5B.'9 

1  |9 
3  |9 
9     19 

OBJ9 
I     .9 
2 
3 
4B. 

5 

6 

7 

6B. 

9 


9 
9 

9 
9 
9 
9 
9 


0     !9 
2B.  9 


3 


>1 
•S 
>9 


65 

6G 

67 

6SB. 

69 

70 


.5  9 
•CB.i  9 
9 
9 
9 


M)B.  9 
Jl  9 
52  9 
i3  I  9 
54B.i  9 


9 
9 
9 
9 
9 
9 


0  37  40.9  ,  9 
0  23  27.4  j  9 
0  9  7.9  0 
0  5:?  5r>.S  9 
0  39  37.3 


0  25 
0  10 
0  55 
0  41 
0  27 

0  12 
0  57 
0  43 
0  28 
0  14 

0  59 
0  45 
0  30 

0  16 

1  1 

0  40 
0  32 

0  IS 

1  3 
0  48 


17.8 
68.4 


9 
9 


47.2  ;  9 

27.8  ■ !) 

8.3   9 

48  8  I  0 
37.719 

18.2  9 
58.8  1  9 

39.3  9 


no  o 

8.7 
49.2 
29.8 
18.6 


59.2  9 
39.7  i  y 
20.2    1) 


9.1 
49.6 


0  34  30.2 

0  20  10.7 

1  4  59.0 
0  5040.1 
0  30  20.7 


0  22    1.2    9 

1  0  50. 1  !  0 
0  52  30.0  9 
0  38  II. 1  !o 
0  23  51.7  I  9 


I  8  40.5 
0  5-121.1 
0  40    1.6 

0  25  42  2 

1  10  31.0 
0  5G  11.0 


0  0  54  228 

0  1  55  588 

0  2  67  948 

0  3  69  342 

0  5    0  702 


0  G 
0  7 
0  8 
0  9 
0  10 

0  11 
0  12 
0  13 
0  14 
0  15 

0  Ifi 
0  17 
0  18 
0  19 
0  20 


2  62 

3  422 

5  816 

6  1-/6 
8  536 


9 

II 
12 
14 
15 

17 
10 

20 
00 

00 


0  21  25 
0  22  26 
0  23  28 
0  24  29 
0  25  31 

0  26  32 
0  2-  31 
0  28  35 
0  29  37 
0  30  39 

0  3140 
0  32  42 
0  33  43 
0  3 1  45 
0  35  46 


806 
290 
650 
10 
370 

764 
124 

484 
844 
23S 

598 
958 
319 
713 
73 

tor» 
i> 

793 
187 
517 
907 

267 
661 
21 
3S1 
741 


0  36  48i  135 
0  37  49,  495 
0  38  51  I  855 
0  39  52j  215 
0  10  54  I  609 
0  41  56  I  969 


II 

UI 

IV 

698 

V 

758 

N 

VI 

VII 

2-9  169 

519 

989 

362 

2:8  793 

130 

842 

573 

235 

396 

278  418 

661 

926 

627 

482 

430 

280   47 

194 

11 

681 

764 

464 

279  671 

725 

95 

r^^ 

11 

498 

279  296 

256 

179 

788 

257 

532 

278  920 

788 

264 

842 

504 

666 

280  !  649 

321 

345 

896 

787 

(CO 

279  ;  173 

852 

432 

949 

33 

6?4 

279  j  798 

1 

.383 

617 

3 

279 

668 

278  1  422 

915 

601 

66 

626 

702 

2S0,  51 

447 

685 

110 

809 

736 

279 

676 

979 

770 

164 

65 

770 

279 

300 

510 

6' 64 

218 

301 

h04 

278  924 

41 

938 

272 

548 

838 

2^0  5'3 

674 

23 

325 

831 

87i 

280  ,  177 

106 

107 

379: 

77 

90" 

279 

802 

637 

191 

433 

324 

L'40 

278 

427 

168 

270 

487 

670 

9.' 

2S0 

55 

700 

360 

540 

^53 

8 

280 

680 

231 

W\ 

5:4 

G9 

41 

279 

304 

762 

529 

6  8 

346 

75 

278 

929 

294 

613 

701 

692 

109 

280 

557 

827 

697 

765 

876 

143 

280 

182 

3o8 

782 

809 

121 

177 

279 

806 

889 

866 

863 

:?68 

211 

279 

430 

421 

950 

916 

614 

245 

281 

60 

963 

36 

970 

897 

279 

280 

684 

486 

119 

24 

144 

313 

279 

308 

IG 

203 

78 

390 

347 

279 

933 

547 

288 

131 

636 

381 

281  562 

80 

372 

185 

919 

415 

280  ■  186 

612 

466 

239 

166 

449 

280 

810 

1 4:: 

641 

292 

412 

483 

279 

435 

674 

025 

346 

659 

517 

281 

64 

207 

709 

400 

941 

551 

280 

683 

738 

794 

453 

188 

585 

280 

313 

270 

878 

607 

434 

619 

279 

937  i 

801 

9G2 

661 

681 

653 

281 

566  1 

334 

47 

616 

963 

687 

280  190  ' 

865 

131 

C68 

210 

721 

TABLE  XIX. 
Sun's  Afotions  for  Months. 


HoaCoM 

M-        LonR. 

Vr> 

I 

n 

nl 

IV 

V  1  N     VI  jVH 

J.nu 

0    0    0    00 

0 

0 

■; 

0 

0 

0      0       0    0 

Fcbni^T 

1     0  33   IBS 

fi 

47 

ih 

IAS 

45 

7      A 

I3S     3, 

Mtieh 

J  Com 

1  SR     S   114 

[0 

993 

162 

253 

se 

14      9 

141 1  el 

u». 

1  £9     8   19S 

10 

27 

164 

2fir 

flj 

14    a 

178     t. 

April 

jCom 

42 

ue. 

4<ll 

13 1 

21      13 

io,.. 

2  S9  41  :i8  0 

15 

-i<i 

349 

405 

132 

21      13 

3M     9 

Mir 

(Com 

3  SB   16  3B  B 

so 

£fl 

329 

634 

i-rs 

88     18 

155   111 

iBi.. 

3  S3  IB  47  9 

«3 

33) 

53S 

176 

=3     18 

391    til 

(Con. 

4  SH  4fl  67.9 

26 

no 

414 

G73 

2SD 

3n    22 

4S0   111 

1b,., 

4  29  49     6.5 

36 

144 

416 

era 

2111 

35  ,33 

ai6   111 

Jul:r 

jCo,n 

&  S8  34     7.8 

31 

129 

496 

8M 

263 

41 

27 

MS  ni 

{b,.. 

5  S9  23  16.1 

31 

163 

499 

SIU 

260 

AH 

27 

605   17 

Aug. 

(Com 

6  58  67  26  1 

afl 

IS2 

fiSO 

943  1a09 

49 

31 

cm'mI 

{b„ 

B  29  S6  34  4 

3fl 

^Ifi 

fi83 

948 

Sltl 

4il 

31 

730  »! 

Sep. 

(Com 

7  2!)  30  44  S 

11 

233 

etiS 

ai 

3S4 

6fi 

SB 

819  «' 

{b,.. 

8     0  29  52  G 

41 

268 

688 

355 

fi6|3fl    855  »; 

tkl. 

1  Com 

1    H  29     4  54.1 

46 

250 

748 

316 

3HT 

63    40    908  til 

Ib,.. 

9     0     4     2.5 

46 

284 

750 

■J19 

389 

63    40    9M  tS 

Nov. 

(Com 

9  29  38   12.S 

51 

300 

B32 

363 

«3 

70    4S      33  S 

JBi". 

10     0  37  SO  7 

51 

333 

835 

357 

444 

70    45      B»  « 

Dtc. 

10  29  12  sasifii^ 

313  1  915 

486 

486 

77    49    ISl   SI 

Ui.. 

11      n   tl   30.6'5E 

347:9171491 

488  ;  77    49     1S8  31 

TABLE  XX. 
Svn's  Motions  for  Days  and  Hours. 


1  58  lfi.7 

2  S7  25.0 

3  56  33.3  I 

4  5541.6 

5  S4  50.0 

6  53. "18-3 

7  53    6  6 
S  5S  16.0 


19  42  46  6 

SO  41  54.9 

BT5 
709 

Sl  41    33 

■?43 

22  40  11.6 

nr 

23  39  19,9 

SlO 

24  38  283 

844 

25  3730.6 

•uie44.» 

SiJi 

ij 

III 

IV 

^ 

fl 

0     0 

0 

:i 

4      1 

0 

fi 

«       3 

0 

fl 

18 

b 

4 

22 

7 

fl 

It 

10 

3k 

sa 

40 

13 

u 

27 

>> 

30      49 

33      53 

A 

3fi      h» 

20 

a 

41       67 

sa 

3 

44      71 

v:t 

4 

47      76 

4 

49      80 

2(1 

4 

fi2      86 

•M 

4 

65      89 

29 

fl 

58      93 

31 

^ 

60      118 

32 

ft 

63      02 

^ 

66      07 

3;. 

b 

ee  1  1 

3« 

fi 

71     116 

fi 

74   JSO 

»» 

» 

w   las 

41 

R 

a  278  l|l 

4  557  3  « 

7  S35  * 

9  51  4  6  e 

IS    193  t 
14  47  1 

17    14.9  lA 


36  57.7  SI   1  1 

39  35  a  S3 . 1  ! 

41  53  4  S4  1  I 

44  21a  tS  »  1 

46  49  1  27  !;' 

49  IB.C  28  :;< 


56  40,J    32  *l'l 


TABLE,  XXI. 

Motions  for  Minutes  and  Seconds. 


TABLE  XXn.  17 

Mean  Obliquity  of 

the  Ecliptic. 


Long. 

JMb 

Long. 

Sec 

LOD 

|S«.W; 

0    S.G 

31 

1  ie.4 

, 

fl'fl 

31 

13 

4.8 

1    18.8 

111 

33 

1  3 

7.4 

m 

1   31.3 

3  ,0,1 

33 

e.s 

■M 

1  S3.e 

4    OS 

!U 

12.3 

■  as 

I  26.3 

5    0.3 

as 

1.4 

14.8 

an 

I   38  7 

^Inv, 

,  3« 

T  5 

173 

IIT 

I  31.2 

7  ifla 

37 

I».7 

3H 

[   336 

8  l0,3 

38       16| 

aa.3 

31 

1   36.1 

9     0,4 

34.S 

40 

1  38,6 

10  1  0.4 

40 

16 

27  ] 

41 

1  41.0 

11      0.5 

1  *' 

17 

i'i 

1   43.5 

4a 

vt 

1  4fl.O 

43 

IS 

346 

44 

1  48  4 

14  1  0,6 

'41 

Ifl 

37  0 

45 

1   609 

15  1  0,6 

46 

1.8 

39.4 

4fl 

1  fisa 

Ifl     0  7 

46 

1  11 

41.D 

47 

1   55.8 

17 

0  7 

111 

44.4 

4H 

1  58.3 

^H 

(17 

48 

3(1 

46.a 

3     0.7 

IH 

(IS 

44 

3  0 

49.3 

fiU 

a   33 

SO 

0.8 

50 

3.0 

61.7 

fil 

a   S7 

1A 

OD 

61 

31 

M3 

i!a 

a.i 

66,7 

h:i 

=  ID.S 

ss 

69,1 

.■i4 

S  13  1 

n 

1  1) 

M 

S3 

1      l.B 

65 

a  16,6 

25 

1.0 

65 

2.3 

M 

S  180 

Id 

1  1 

fill 

3fl 

67 

a  30  5 

•il 

1  1 

.'.7 

3  3 

6S 

3  22.B 

■.w 

1  1 

.■iM 

3  4 

69 

2  S6  4 

3" 

1?. 

.-.H 

34 

1  13.9 

GO 

s  S7,e 

30     13 

60 

3.6 

r.«;«.V| 

seso 

88,36 

87,80 

1638 

87  43 

leae 

36,98 

1B40 

86,63 

IS41 

36,06 

1843 

36,61 

1843 

86,16 
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IM 
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or 
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07 
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14 
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07 
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14 
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09 

09 
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1-1 
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i.e 
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1.0 

O.B 

o.e 

0.8 

O.fl 
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1.7 
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07 

07 
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1.6 
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12 

09 

07 

07 

07 
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1.9 

l.T 

U6 

1.3 

1.0 

0.7 

0.7 

0.6 

iW  i.fi 

1.6 

l.B 

16 

1.4 

1.1 

0-8 

0.6 

07 

850i  1.9 

IS 

1.8 

1,6 

l.G 

1,8 

0.9 

0.8 

O.B 

900, 1.7 

1,7 

1,7 

1.6 

16 

1.3 

1.1 

0.9 

0.9 

SOO  l.G 

1-fi 

1.6 

Lt 

1,7 

1.6 

1.5 

1.3 

12 

1.1 
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L4 

L5  1-6 

1_6  1.6 

1.6 
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La 
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TABLE  XXX. 

P«rfitr6srum*  frodticed  by  Yeu 
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ao  1 4D  i  so  [  «a 

70 

BO 

M 

iwjiiojm 
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SOS 

19-8 

IB.O 

17.9 

ItJ 

UJ 

k 

i«.0 

ia.« 

t«8.i3S  IM 

SO  m 

U.T 

«I.O 

H.a 

iM 

!U 

14-S  i3jlai' 

M  sac 

«J 

9I.T 

su 

au 

M4 

T«- 

16.0   16.1 

as 

W   SS.S 

3&1 

a&T 

£l 

k: 

Si 

iM 

19-1 

1&3 

174 

M  «U 

u.i 

31 

3i 

SIT 

90.7 

iU 

lis 

ioO[ir.fl 

IS.fli 

19.3 

tb.a 

91.0 

n.« 

Mi 

S1.8 

n.'< 

».fi 

ill 

m 

ISO    15.} 

10.0 

IB  9 

17-7 

184 

19,3 

19  8 

30.3 

507:308 

ai.i 

Sl-l 

KLS 

140    13  3 

U.3 

Hi 

15.5 

163 

17.0 

176 

18.3 

19  0   19.4 

30.0 

300 

3D,« 

leo'iaT 

13  3 

13.0 

14.1 

14.8  1 15-0 

16.7 

10.4 

17.0 !  17  3 

18.1 

18.7 

m 

leo  1X7 

13.9 

13  1 

13.3 

13.9    14.0 

146 

U8 

15  0  j  15.B 

16.4 

ia.fl 

m 

803   13  2 

13  2  13  3 

13  4 

13.7    13  8 

141 

1*3 

14.5   14.5 

14.8 

161 

m 

sao  135 

13.6  13  9 

141 

14.1    14.1 

14.2 

143 

14.5    14  6 

14-6 

14.7 

I4J 

340    13.6 

13.8    14.1 

14_4 

14-0   U.3, 14.9 

U.9 

15.1  1 15  1 

1S.1 

14.S 

ua 

SSO    tS.9 

133   li% 

14-3 

14  6,13.0 

15.3 

15.6 

15.5 ;  15.5 

15.6 

15.8 

lit 

880   11.5 

133   130 

13-4 

14.0   U  6 

l.Vl 

15.4 

10.0  lies 

lG-3 

I6J! 

itt 

300 

10. 1 

10  9  U3 

13.1 

13.9  j  13-7 

143 

149 

15.4 

16.0 

10  4 

16.5 

it.i 

S20 

83 

88     96 

106 

n.3;i3.o 

12.9 

13  7 

14  3 

16-0 '  15.8 

16.3 

\u 

340 

6.9 

T.5    8  1 

B-4 

94 

101 

11  1 

119 

12-7 

13.6  j  14.4 

15.3 

164 

360 

05 

0.5   es 

lA 

8.0 

84 

9.1 

9.9 

10.8 

115 

148 

13.4 

HI 

3S0 

08 

fi.5    6  3 

6.4 

6.7 

7,0 

7.6 

8.2 

8.9 

96 

lOfi 

11.4 

tit 

400 

7.5 

7.1     6.7 

6.4 

0.3 

6.4 

6.5 

0.9 

7.5 

T.9 

87 

0.4 

m 

430 

9.1 

SI    TO 

7.1 

6.7 

6,6!  6.3 

0.2 

87 

6.8 

7.3 

7.8 

B.4 

440 

106 

4.8    «.0 

8.6 

7.9 

7.«    6.7 

S.4 

«4 

K4 

6.0 

8.8 

u 

4S0|U.I 

11.6   lO.S 

6.6 

90 

6.5    «.0 

7.3 

68 

6.0 

0.5 

0,4 

9 

i80'l3  6 

11.0 

lO.t 

9.0 1  «.S 

8.3 

7.7 

73 

0.9 

6-4 

0 

m    15.1 

14  4   13  4 

12.4 

116 

10.8  10! 

9,3 

8.0 

8,1 

7-6 

n 

OJ 

Gso  lee 

15.5(14.8 

13.9 

13  1 

13.3   11.3 

10,5 

9.7 

9.1 

8-6 

7.9 

!■! 

640   18.1 

17,5 

16.4 

15-5 

14.5 

13.7    13.8 

11,9 

11.1 

104 

97 

99 

?! 

060 

30.4 

19  3 

18  3 

17.8 

ie.5 

15.4    14.4 

13  4 

137 

116 

10.8 

10,8 

!J 

630 

S1.S 

aiT 

20  7 

19.7 

17.6    16.B 

15.5 

U.3 

134 

125 

11-6 

111 

BOO 

35.2 

24,1 

23.1 

Ma 

31.3 

19.8    18,8 

17.8 

18.6 

15  6 

14.5 

134 

iii 

620 

37.3 

365 

25  0 

34.7 

23.5  1  22.6   3!  ,6 

20.4 

19.0 

18.1 

16  8 

IS7 

'J: 

640 

39.0 

3S5 

at.7 

36.9 

Sa.S    35  1 '34.1 

33.9 

21.8 

30.8 

196 

18  4 

17.1 

660 

30.8 

33.6 

29,2 

39S 

33.1    37.4   365 

35.6 

245 

23.4 

32  5 

313 

IM 

680 

33.7 

39  e 

29.5 

39.5 

29  1  28,8 .  38.2 

370 

27  0 

36,0 

S50!338 

n; 

700 

38.8 

39.3 

2D.3 

29.fi 

39,5  29.5139.2 

368 

38.4 

378 

37  3 

264 

si 

730 

20.9 

27.6 

23.3 

39  0 

39.3  39  4  39.4 

29.3 

39.1 

38.9 

334 

37-9 

17.1 

740 

24.7 

35,7 

25.5 

27  3 

37,9[365  29.1 

39.0 

2B.3 

393 

39.1 

3S.8 

Ml 

760 

S3.3 

33.5 

243 

35  3 

36.3l37.6'37.fl 

38.3 

28.6 

397 

39.9 

30.1 

lt.0 

730 

1B.6 

31.0 

33.0 

33,2 
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35.1135.9 

26,7 

27.3 

17.9 

38  4  SS6 

tfl 

600 

17.3 

1S.5 

lfl.3 

20,9 
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2S.0 

35.8 

36.4 
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3S.1 

830 

15.2 

tS.O 
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1S.4 

1S9 

20.7 1 11.7 

33.8 

33.8 

Hi 
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SOI 
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ia.3 
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17.0 

18.3;  18  8 

30.3 

31,7 
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33.0   34-5 

S6l 

8B0 

11.5 
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14.9 

15.9 1  IT  1 

18  0 

18.9 
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3S.5 

8S0 

11.0 

11.2 
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13,0 
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1S7 

1S.8 
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10  S 
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ll,S 

12.5 
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13.7 

14.5 

15.6 

lfl.8  It-8 

18.S 
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11.6 
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11,1 
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11.3' 11  7 

13.1 

13.7 
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15.S 

10.4 
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H.0 
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13  6  :  13.3 

11,0 

11.5   11.3 

114 
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13.0 

13.9 

19.9 
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13.1 
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il.9 
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11.6 

114 

117 
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19.3 

17.3  1  16.4 

15.3 

14.2 

13.4 

12.7 

132 

13.0 

11.9 
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11.8 

lOOD 

31,6 
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17.9 

ie.8 

15.9 

147 
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TABLE  XXX. 

Perturbations  produced  by  Fefttu. 
ArgamentB  II  and  HI. 


11.  [ISO  laol  1*0 1  ifio    ifio|  170 

180]  190    aOO|  210  j  230  1330 

310 

~£i; 

12  3 

,;.|;„ 

133 

13.9 

U.i   16.6 

16.6  1 17  7    18-8 

20.1 

W)|13,*   1B.8 

12,0 

13  3    13.3 

13.4 

i%.i 

13.3    14.0 

14.6 

16.5  !  16.4 

173 

40 

IS.3   14.4 

14,0 

13.5    13,0 

12.B 

IS  a 

12.0  la  t 

135 

14  01 14.4 

16.4 

60 

17.4   16.7 

16,0 

i6,a:i4,5 

140 

13  8 

13,3    13.3 

13,2 

13-4  1 3.5 

14  1 

eo 

193  18.7 

17,7 

171 

16.4 

16.9 

15.4 

14,G    14.3 

13,9 

ia.8 

137 

13-6 

100 

30  5  so.a 

18,5 

lft.9 

18  3 

17.fi 

t7.1 

16-3   16.B 

16.4 

14.8 

14.6 

14.3 

130 

S0.8 '  10.7 

10  4 

20fi 

197 

1B2 

18.5 

18.0   n,3 

160 

16.5 

16,2 

16.6 

140 

ift.i.^A 

20  2 

300 

20,1 

197 

IB.  5 

1S.3  18,H 

18.3 

177 

174 

no 

100 

19  3  19  1 

19  4 

1S7 

195 

19.6 

19.3 

Ifl-fi   lOa 

J9.0 

1«7 

18.4 

18.1 

ISO 

17  3,177 

IS  6 

18.5 

1S.3 

B-S 

184 

1S,8 

19fl 

190 

18.9 

18fi 

18.6 

300 

160 

18.2 

1G,6 

168 

17  5 

176 

177 

17B 

18.1 

18.3 

18.3 

18,3 

16.3 

330 

14.9 

15-0 

ifi,3 

157 

Ifi.l 

10  3 

16  n 

16.8 

171 

17,5 

171 

17.4 

175 

340 

U» 

147 

14.8 

150 

16.1 

164 

157 

lfi.8 

16  0 

Ifl.l 

16,1 

16.3 

16.4 

360 

IBS 

157 

153 

14.8 

ISO 

16,0 

15,1 

15  0 

1S.1 

16.3 

152 

16.1 

lfr.3 

380 

lft.3 
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16,2    15,9 

1B8 

15,6 

1S,S 

16,4 

16.1 

14.D 

14.8 

147 

160 

300 

19.7 

17.0 

17,1     10.9 

16,8 

](i6 

16.5 

16.3 

lfi.9 

IQ7 

15.3 

14,9 

14.8 

330 

16.8 

.73 

175 

17.fi 

177 

176   175 

17.2 

17,0 

16.8 

16.5 

16-1 

1S6 

840 

ISO 

18,4 
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17.9 

18  1 
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17  0 

17.5 

173 

165 
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lt.4 

15,3 
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16.7 

17,4 
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18.4 
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18.8 

18.8 

1B.8 
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18.4 

380 

12.4 

13.4 

14.3 
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17.5 

18,1 

18G 

19.1 
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19. B 

19J 

400 

10.3 

ll.S 

18  3 

13.2 

14,3 

15.1 

16. 0 
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17,8 

18-4 

18.8 

19.3 

19.8 

430 

84 

03 

10.0 

11.0 
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13,0 

14.1 

150 

15.9 

16.9 

177 

18,6 
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440 

T] 

76 

8-4 

90 

SO 

100 
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IS.fl 

13.8 

14.9 

16,0 
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J7-8 
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e.s 

7.2 

7.4 

8.L 

ao 

97 

10.6 

117 

12.6 
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14-6 

15,9 

480 

6B 

6^ 

&4 

66 

70 

7..') 

«2 

8.8 

8-6 

10,4 

11.5 

12-5 

13-6 

500 

e.s 

«7 

6G 

63 

a5 

66 

70 

74 

8-3 

e.6 

9-4 

10,4   11.3 1 
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74 

70 

as 

6.5 

6,3 

01 

63 

6-6 

7.0 

7.5 

8.0 

68 

9.3 

640 

SS 

7fi 

7.2 

6-S 

6-5 

53 

6.3     6.0 

82 

6-5 

6.9 

74 

79 

S60 

as 

m 

78 

7S 

6.8 

e,6 

6-3     6.1 

SO 

Gl 

6-2 

05 

6.9 

6S0 

10.6 

0.H 

9.1 

HA 

77 

13 

6.6     6.3 

61 

eg 

57 

59 
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600 

12,6 

11-4 

10. S 

9.5 

87 

8  1 

74 

7,0 

a4 

5.1 

CS 

65 

5£ 

BSO 

U7 

ia5 

12  4 

11,4 

10.4 

H5 

87 

73 

73 

57 

83 

56 

53 

MO 

irs 

165 

149 

137 

12,5 

114 

10.4 

95 

«7 

7.8 

70 

85 

6.9 

BOO 

i9.e 

19.0 

17  6 

lfl.5 

13.1 

13-B 

ISg 

115 

10  5 

9.6 

8.6 

7.7 

6-9 

680 

238 

217 

20,4 

1B3 

ISI 

16.8 

157 1 14  3 

13-0 

11.B 

10  7 

9.6 

8.6 

700 

■ssa 

243 

23,3 

n\ 

207 

197 

19.5 

173 

160 

143 

13,4 

12,1 

11.0 

730 

1t?-3 

3e.4 

2S7 

21.5 

237 

33.^ 

21  I 

20,3 

18.8 

177 

IS.4 

16.3 

13  9 

740 

M4 

27  7 

2?  4 

28.6 

2fid 

240 

340 

22.8 

21,5 

20.6 

193 

|A,1 

10.8 

760 

39,0 

287 

293 

27.9 

373 

28,8 

35  S 

25.3 

243 

33.0 

317 

20,7 

197 

780 

38.7 

387 

28,8 

397 

283 

3ao 

212 

26,1 

36.1 

S6S 

24.3 

23.3 

222 

MO 

38.1 

raa 

38.4 

39.1 

28.5 

28.4 

282 

27.3 

373 

26  7 

25.9 

25.1 

34,4 

BSO 

26.6 

213 

378 

2«.i 

383 

2S.1 

28.1 

2A.0 

379 

377 

2?.S 

29,6 

36,0 

S40 

35.3 

2S.3 

30.7 

272 

215 

27.8 

2fl,l 

27  9 

27. S 

276 

S7.3 

27.3 

860 

23,5 

34.5 

25,1 

359 

26.6 

271 

27,4 

377 

27  9 

28.0 

219 

27.7 

27,5 

880 

SLl 

22.4 

233 

34.3 

261 

85.8 

26.5 

270 

313 

216 

278 

28,0 

377 

900 

18.S 

20,1 

213 

33.1 

33.1 

34r 

25  0 

237 

263 

26.9 

3TS 

376 

27.6 

930 

ie.4 

177 

1S.4 

20  0 

310 

223 

230 

239 

34.9 

257 

36,2 

36,9 

21-3 

MO 

14.3 

14.9 

16.1 

17.5 

18.2 

9.6 

30  8 

319 

33,0 

!3,Q 

247 

357 

261 

9B0 

1S.S 

13.3 

14,1 

14.4 

lfi.9 

172 

17S  19  5 

20  5 

217 

22  7 

23.9 

247 

880 

11.9 

13.1 

127 

13  3 

14,1 

48 

15.6116.8 

.7  6 

9,3 

20,2 

21-4 

22fi 

1000 

lir.a 

132 

12.3 

12.4 

12  8 

3.3 

13.9   147 

16.6 
300 

6,5 

aio 

176 
330 

18.8 
230 

30.1 

2IT 

180 

"iso 

140 

"iaolltol 

Ito 

ISO    190 

TABLE  XXX. 


Perturbations  produced  by  Venua. 

Arguments  II  and  III. 

IIL 


In. 

1    0 

10 

20 

30 

40 

50 

;  60 

70 

80 

90 

100 

110   ISO 

1  " 

f ' 

//     \   "     I  " 

// 

It 

*f 

«»         •»     ' 

0    21.6 

208 

19.8 

19.0 

17.9  ■  16.8  ;  15.9 

14.7 

14.0 

l8.t^1S8'.  125  «•»• 

20    23  1 

22.7 

21.6 

21.0    20.1 

19.3    18.4 

17.4 

!d.4    15.5 

14.5   13.8 

134 

40    23.5 

23.2 

23.9 

22.7  1 22.0 

21.1    20  4 

lO.'i 

18.7 

17.9 

16.9    16.1 

15.3: 

60    22.2 

23.5    23.1 

22.7  1  22.8 

22.5 

21.9 

21.3 

20.5 

19.9 

19.1  i  18.S 

17.4, 

80    20.0 

20.7 

21.4 

21.7   22.1 

22.3 

22.2   22.2 

21.7 

21.8 

20.7 :  19.9 

19.3, 

100    17.6 

18.6 

19.2 

19.9 

20.5 

21.0 

21.6 

21.7 

21.6 

81.6    21.5^21.1 

SOi 

1 

120    15.3 

16.0 

169 

17.7 

18.4 

19.2 

198 

20.2 

20.7 

20.8 

21.1 121.1 

20$ 

140    13.6 

14.2 

14.8 

15.5 
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17.0 

17.3 

18.1    18.7 

\%1 

180    12.7 

12.9 

13.1 

13.5 

13.9 

14.0 
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• 
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13.5 
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13.9 
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14.1 

14.1 

14.2 

14.3 
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14.6 
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1 
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13.8 

14.1 

14.4 

14.6    14.8 
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14.9 

15.1 

16.1 
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14.9 
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13.3 

13.8 

14.2 
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15.3 
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15.0 
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13.0 
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14.0 
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lis 
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10.1 
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11.3 

12.1 

12.9 
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15.4 

16.0 

16.4 

16.5 

10.T 
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8.2 

8.8 

9.6 

10.6 

11.3 

12.0 

12.9 

13  7 

14.3 

15.0 

15.8 

16.3 

tOJ 

340 

6.9 

7.5 

8.1 

8.4 

9.4 

10.1 

11.1 

11.9 

12.7 

13.6 

14.4 

15.2 

10.0 
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6.5 

6.5 

6.8 

7.4 

8.0 

8.4 

9.1 

9.9 

10.8 

11.6 

19.6 

18.4 

144 
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0.8 
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6.3 

6.4 

6.7 

7.0 

7.6 
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6.9 
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7.9 
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9.1 

8.4 

7.6 

7.1 

6.7 

6.5 

6.3 

6.2 
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6.8 
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8.4 
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10.6 

9.8 

9.0 

8.6 

7.9 
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9.0 
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7.3 

6.8 

6.6 
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6i 
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6.5 
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5B0 

20.4    19  3  ■  18  2 

17.6 
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21.2 
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17.8 

16.6 

15.6 
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13.4 
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24.7 
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17.S 
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29.5 
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IM 
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27.0 

26.0 
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720 

20.9   27.6 
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28.9 

98.4 

97.9 
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27.0 !  27.6 

28.3 
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SOLO 
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25.0 

25.8 

26.4 

96.9 

97.6 

SOLI 

820 

15.2    15.9 

17.0 
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17.0 

18.2    18.8 

20.3 

21.7 

22.7 

98.6  915 

28J 

860 

11.5    12.2 
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18.0 

18.9 
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1 
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lU 
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15.2 
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17.5 

17.1 
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19.5 
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16.2 
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19.4 
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19.6 

19.3 

19.C 
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16.1 
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16.5 
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16.0 

16,1 

16.3 

16,4 

360 

16.8 

15  7 

163 

14.8 
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16.1 
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16.3 
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16.9 
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1B,S 
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14.0 
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17.3 

17,5 
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17.2 

17.0 

16,8 
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16.1 
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18.2 
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17.5 

17,3 
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17.4 

18.4 

18.6 
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18.8 

18,7 

18,4 

380 

13.4 

134 

14,3 

15  3 

16,1 

169 

17.6 

IB.  I 

186 

19.1 

19,3 

18.5    19.6 
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10.3 

11-2 

1S,3 

13.2 

142 

15,1 

16,0 

16,8 

17,8 

18.4 

18,8 

lfi-3 

19,8 

430 

84 

9.2 

10.0 

11.0 

13.3 

130 

M,l 

150 

15  9 

16  9 

17.7 

18-6 

19.0 

440 

7.1 

76 

S.4 

90 

9.0 

lO.O 

ll.S 

12.8 

13.8 

149 

16,0 

10-7 

17.8 

460 

e.s 

68 

7S 

7,4 

81 

fl.O 

B,7 
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11,7 

12.6 

138 

14.6 

15.8 

4S0 

S.5 

65 

6.4 

at 

7.0 

82 

8.6 

9,6 

10.4 

11,5 

12,6 

13-5 

9O0 

e.8 

67 

6& 

6.3 

65 

6,6 

7.0 

7.4 

6,2 

8.6 

9.4 

10.4 

11-8 

sao 

7.4 

7.0 

66 

6,5 

6.3 

6.1 

63 

6.B 

7.0 

7.B 

8.(1 

88 

9.3 

540 

82 

J.fi 

7,S 

6.8 

6.5 

63 

G,3 

6.0 

6.3 

6.5 

6.9 

74 

79 

660 

03 

86 

19 

7,5 

6.8 

66 

63 

60 

6.1 

63 

«6 

6.9 

580 

lO.S 

B.N 

«,1 

84 

7.7 

7.3 

6.6 

63 

«.l 

6.9 

5.7 

59 

40 

600 

U.6 

11.4 

lO.S 

95 

8.7 

7-4 

?.o 

6.4 

6,1 

6.8 

66 

i.e 

SSO 

14  7 

13.S 

IS  4 

11.4 

10  4 

9.5 

8,7 

7.9 

73 

6,7 

63 

5,6 

£.1 

040 

17  2 

16-3 

14.9 

13.7 

IS  5 

11-4 

10,4 

9.5 

8,7 

78 

TO 

6,5 

S.9 

000 

lB-8 

1«,0 

lfl.5 

15,1 

1^9 

12,8 

11.5 

10.5 

9,6 

96 

7.7 

S.9 

880 

M.a 

31.7 

20:4 

163 

18.1 

16H 

!5  7 

143 

13,0 

119 

10,7 

9-6 

8.6 

700 

253 

343 

2S.3 

23,1 

30.7 

197 

18.5 

173 

16  0 

143 

13,4 

13,1 

n.O 

7S0 

a7.3 

264 

25.  T 

24,5 

1(3.7 

*1S 

HI  1 

20.2 

18-8 

177 

164 

1S,3 

13  9 

740 

an 

27.1 

26,6 

2S9 

249 

24.0 

22.8 

21,5 

20-6 

193 

16,1 

168 

760 

29.0 

387 

27-8 

27  3 

26.8 

25.9 

552 

343 

330 

21,7 

30,7 

19.7 

780 

28.7 

287 

S8.S 

38,3 

380 

26.1 

26. 1 

252 

34,3 

33.3 

lt2.2 

BOO 

26.1 

28  3 

38,4 

28 -Jj 

38,5 

38.4 

39:3 

273 

SJ.3 

26.7 

25,0 

35,1 

24,4 

830 

26,6 
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28.1 

38,3 
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SB  1 

28.0 

27,9 

27,7  37.2 

36,5 

26.9 
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36.3 

3B.3 

36,7 

27,2 
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27,9 

28.1 

28.1 

27.9 

37,8 

37.6 

37-3 

27-3 
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33,15 

34.5 

25,1 

35.9 

38.6 
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27.4 

27,7 

S7.9 
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27,9 

27.7 

27,6 

SSO 
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23.4 
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34.2 
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37.0 
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27,7 
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27.3 

940 
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14.1 
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14.0  U4.6 

149    166 

16-3 

17-3 

163 

19.0 
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22.0  n 

100   14.3 

14.3  14.3 

14,4    14,6 

16,0 

l&S 

16  3 

16.0 
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500  >   83 

m 

93 

10.1 

11  0 

13.1 

HI 

15.2 

IGSlITJ 

680     6.0 

6,6  1   7rt 

76 

fsi 

91 

11,9 

12  9 

U-1   l&t 

600 

B.B 

56 

fiS     fil 

6  5    6  6 

7.4 

8^1 

8-8 

99 

10,7 

11.8 

IM 

630 

SJ 

6  4 

S.3 

3,3 

5  5     5.9 

63 

6.6 

72 

80 

87 

9.5 

]0,R 

540 

i.9 

6.6 

62 

i9 

G0|    5-0 

6.5 

6.6 

68 

6,4 

7.0 

76 

85 

«60 

69 

fl3 

57 

0-4 

6.0     4.8 

45 

4-0 

5,1 

56 

6.0 

Li 

8.6 

7.6 

8.9 

62 

6,6     fi,l 

4.6 

4  6 

43 

4,2 

45 

4.6 

t-\ 

700 

11.0 

i(kO 

8,7 

r.a 

6.6     6-3 

6.6 

6-0 

4-6 

4.2 

4.3 

4.0 

u 

730 

13.9 

19£ 

11-2 

10-3 

fl.l      7.9 

71 

62 

G-6 

4.8 

4.5 

4.3 

u 

74« 

16-8 

1&£ 

U,4 

13  0 

11.7    106 

8-4 

8-4 

72 

6.5 

66 

6.0 

^ 

760 

Ift? 

18S 

17.2 

15.9 

14?   13  S 

1S2 

108 

9-8 

89 

7.6 

6.7 

7S0 

32,2 

212 

40,1 

19.0 

176 

16  3 

151 

140 

12.6 

116 

10.3 

9,3 

11 

800 

34.4 

23.4 

23.2 

21,3 

30.3 

192 

160 

16.7 

16-4 

14-3 

133 

11.9 

M 

830 

3S.fl 

55. 1 

34,4 

23  3 

34,3 

21-6 

20  4 

ia4 

182 

17.2 

16.9 

14.6 

IS 

MO 

a7-slaft.6, 

25.6 

250 

24  9 

23£ 

284 

21  6 

30~6 

19-4 

1S.4 

17,3 

16,4 

SM 

27.6 

27  11 

3A,S 

26. 4 

25,8 

3i,e 

34.3 

233 

32.2 

21,5 

20.S 

19.0 

lit 

SSO 

316 

272 

27_fi 

sa.G 

SSO 

a&A 

347 

34.1 

33  3   23.0' 

11,4 

10,4 

900 

are 

25,8 

37,9 

27-6 

37.1 

367 

aefi 

367 

36.3 

24.6    23  9    S3-0l 

no 

030 

27-3 

3UI 

ars 

S7.6 

277 

a7.fi 

375 '267|  36.3 

35.7's5.i;2*3  »« 

940 

26,1 

38.7 '  27-2 

27,4 

277 

27  7 

57fl  25.5' 27.1 

266    26.2  25.6  368 

960 

247 

3S,4  aSs 

366 

212 

21,5 

377  27  7,27.B 

37,4   27,1    27.0  »J 

380 

237  34G 

saa 

259 

25  8 

SI  2 '21,5  377 

37,8    27,6  127-6  271 

1000 

20.1 

21  1    a2,3 

334 

24.3 

a5s 

25  8  36,6  37.3 

37.6  27.7|jr76  n« 

240 

360    200 

stT 

smIsm! 

300  1  310  1  330 

330;340|a5a   960 
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Perturbations  produced  by  Venus. 
Arguments  II.  and  III. 


III. 


,11.    ■  :jGO 

370 

1 

:  380 

390  1  400 

I 

410 

■  420 

430 

// 
23.8 

440 

450 

460 

470 

j480 

0 

27.6 

1                    1                    , 
/'                 //                //                //                //                /' 

27.7:27.3   20.7   26.2125.5   24.7 

23.1 

21.3 

20.2 

19.3 

20    27.7   27.S  ;' 27.S  '  C7.0  :  27.4  ■  20.8  '  26.2 

25  6   24.8  1  24.0   23.1 

22.0 :  20.9 

40   26.9 '^7.3' 27.0   27.1)   27.9  |  27.7  '  27.5 

27.1    26.3  i  256 ,24.9 

24.0   23.2 

60   25.3   2'VO   26.8   27.1    27.5  i  27.9  :  27.8 

27.7 

27.3  127.1  126.7 

25.9   25.0 

80   23.1    2t0   25.1  125.9,26.5   27.3   27.5 

27.9 

28.2 

28.0   27.6 

27.5  i  27.2 

100   20.8   21.8   22  6   23.6   24.6  1  25.5  '  26.2 

26.7 

27.2 

27.5   27.0 

27.8   27.4 

120    18.5    19.6:20.6   21.5  ;  22.4  '  23.2  !  24.1 

25.1 

25.8 

26.4   26  9 

27.3 

27.5 

140 

17.1    17.9 

is.e:  ia.ni20.3  21.3 '22.0 

22.9 

23.7 

24.7   25.5 

26.0 

26.7 

160 

16.5    17.1 

17.4 

18.1    18.8    19.3   20.1 

21.0 

21.9 

22.6   23.5 

24.2 

251 

180 

16.9    17.0 

17.1 

17.4    18.0 ;  18.4    18.9 

19.4 

20.1 

20.7 

21.2 

22.2 

23.0 

200 

17.7    17.5 

17.7 

17.7 

17.6 

18.1  |18.3 

18.7 

19.2 

19.7 

20.1 

20.8 

21.5 

220 

18.3    18.2 

18.3 

18.3    18.3 

18.3    18.6 

18.7 

18.9 

19.3 

19.5 

20.0 

20.4 

240 

18.6  1^..; 

18.9 

1M.9    18.9' 19.0' 19.2 

19.1 

19.2 

19.5 

19.6 

19.7 

19.9 

260 

18.2*18.51  18.7 

18.8 

19.0    10.3  119.5 

19.6 

19.9 

19.9 

20.0 

20.1 

20.2 

280 

16.8    17.4 

17.9 

18.3 

18.7    19.1  '  19.3 

19.8 

20.0 

20.2 

20.4 

20.6 

20.8 

300 

1.5.5    15.8    16.2 

16.6 

17.6!  18.1  !l8.5 

19.2 

19.4 

19.9 

20.6 

20.8 

20.9 

320 

1.3.8    14.2    14.6 

15.1 

15.61  16.2  1  16.8 

17.7 

18.3 

18.9 

19.5 

20.1 

20.8 

340 

12.6    12.9 

13.0 

13.3    13.7,'  14.4  '14.9 

15.5 

16.2 

17.1 

18.0 

18.6 

19.4 

360 

12  3    12.1 

11.9    12.0 

12.3!  12.5  j  13.0 

13.4 

14.2 

149 

157 

16.5 

17.3 

380 

13.1    12.5 

11.9 

11.6 

11.5    11.4[11.6 

11.7 

12.3 

12.7 

13.3 

14.0 

15.0 

400 

14.8  1  13.9 

13.1 

12.5 

11.7 

11.2 

11.1 

10.9 

11.0 

11.1 

11.4 

12.0 

12.6 

420 

16.5 

15.7 

15.1 

14.3 

13.4 

12.5    11.7 

11.1 

10.8 

10.8 

10.5 

10.6 

10.7 

440 

18.G 

17.9 

17.1 

16.1 

15.6    14.4    13.5 

12.8 

11.9 

11.1 

10.6 

10.3 

10.3 

460  203 

19  8 

19.3 

18.5 

17.6'  16.8!  15.9 

14.7 

13.7 

12.9 

12.0 

11.1 

10.9 

480 

21.2 

21.1 

20.8 

20.3 

19.7 

19.1 

18.3 

17.4 

16.4 

150 

141 

13.2 

12.2 

500 

21.4 

21.4 

21.4 

21.3 

21.1 

20.8 

20.0 

19.5 

18.8 

17.8 

17.0 

15.7 

144 

520 

20.6   21.2 

21.7 

21.7 

21.5   21.5 

21.4 

21.1 

20.5 

19.8 

19.1 

18.2 

17.6 

540 

19.2   20.0 

20.7 

21.1 

21.8 

22.0 

21.8 

21.7 

21.5 

21.2 

20.9 

20.3 

10.6 

560 

17.2 

18.4 

10.0 

20.0 

20.8 

21.1 

22.7 

21.9 

222 

22.1 

21.9 

21.7 

21.1 

5S0 

15.0 

16.0 

17.3 

1S.2 

19.1 

19.9 

20.8 

21.1    21.7 

22.0 

22.2 

22.3 

22.1 

600 

12.8 

13.9 

15.1 

15.9 

17.2 

18.0 

19.0 

19.9   20.6 

21.3 

21.8 

22.0 

22.4 

620 

10.6 

11.5 

12.7 

13.7 

14.9 

16.0 

17.1 

18.3    19.1 

19.9 

20.8 

21.3 

22.0 

640 

8.5 

9.5 

10.4 

11.3 

12.3 

13.7 

149 

16.0    17.1 

18.1 

19.0 

19.9 

20.7 

660 

6.8 

7.4     8.2 

9.1 

10.1 

11.1 

12.2 

13.6;  14.6 

15.8 

17.1 

18.1 

19.0 

6S0 

5.1 

5.7     6.4 

7.1 

7.9 

8.7 

9.7 

11.0:12.1 

13.1 

141 

15.7 

16.8 

700 

4.2 

4.4 

4.7 

5.1 

5.8 

6.7 

7.4 

8.4 

9.4 

10.6 

11.5 

13.0 

141 

720 

3.8 

3.8 

3.8 

40 

44 

48 

54 

59 

6.9 

8.0 

9.1 

10.1 

11.5 

740 

43 

3.9 

3.8 

3.7 

3.6 

3.8 

3.9 

4.4 

49 

5.7 

6.4 

7.4 

8.9 

760 

5.9 

51 

4.4 

4.0 

3.6 

3.4 

34 

3.5 

3.9 

4.3 

47 

5.2 

5.9 

780 

8.1 

7.1  i    6.1 

5.3 

4.6     41 

3.7 

3.3 

3.3     3.1 

3.4 

3.6 

41 

800 

10.8     9.7     8.5 

7.5 

6.5     5.6 

49 

4.2 

3.8 

3.4 

3.2 

3.1 

3.1 

8S0 

13.6    12.5111.2 

10.1 

9.0:    8.0 

6.9 

6.1 

53 

4.7 

3.9 

3.7 

3.1 

840 

16.4 

15.1 

13.7 

12.9    11.7 

10.6 

9.5 

8.6     7.6     6.6 

57 

49 

44 

860 

18.4 

17.5 

16.6 

15.4 

143 

13.1 

12.1 

11.1    10.0     9.1 

7.9 

7.0 

6.3 

880 

20.4119.6'  18.7 

17.5 

16.6    15.6  1 145 

13.6    12.51  11.5 

104 

9.5 

8.6 

000 

22.0  21.1    20.2 

19.4    18.7,  17.7  j  16.5 

157   147,  13.8 

12.5 

11.9 

10.9 

920 

23.6  22.7  21.7 

21.1 

20.1    19.4    18.4 

17.5    16.7    156 

148 

13.9 

13.1 

940 

2.5.5  24.1    23  4 

22.4   21.4120.6  119.9    19.0    18.2    17.3 

16.6 

15.7,148 

960 

26.2  25.6  21.7 

21.1  :  23.3   22.3   21.3   20.6    19.0    18.9 

17.9 

17.1 

16.3 

980 

27.1    26.7  215.3 

25.5 

24.9   23.8   23.4 

22.2   21.0   20.4 

19.4 

18.6 

17.7 

1000 

27.6 

27.7  j  27.3 

26.7 
390 

26.2 

25.5 
1  410 

24.7 

23.8   23.1    22.3 

21.3 

20.2 

19.3 

360 

370 

380 

400 

420    430  1  440    450 

460 

470 

480 
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Perturbations  produced  by  Verms. 
Argmnents  n  and  m. 


m. 


nr 


0 
20 
40 
60 
80 
100 

120 
140 
160 
180 
300 

220 
240 
260 
280 
300 

820 
340 
860 
380 
400 

420 
440 
460 
480 
500 

520 
540 
500 
580 
600 

620 
640 
660 
680 
700 

720 
740 
760 
780 
800 

820 
840 
860 
880 
900 

020 
940 
960 
080 
1000 


480 

490 

// 

»/ 

19.3 

18.3 

20.9 

202 

232 

22.0 

25.0 

24.0 

27.2 

26.4 

27.4 

27.2 

27.6 

27.5 

26.7 

27.0 

25.1 

25.6 

23.0 

23.8 

21.5 

22.2 

20.4 

21.0 

19.9 

20.4 

20.2 

20.3 

20.8 

20.8 

20.9 

21.0 

20.8 

21.2 

19.4 

20.2 

17.3 

18.4 

15.0 

16.9 

12.6 

13.2 

10.7 

11.2 

10.3 

10.2 

10.9 

10.1 

12.2 

11.4 

14.4 

13.6 

17.6 

16.2 

19.6 

18.6 

21.1 

20.4 

22.1 

21.8 

22.4 

22.4 

22.0 

22.3 

20.7 

21.7 

19.0 

20.0 

16.8 

18.0 

14.1 

15.2 

11.6 

12.7 

8.9 

9.8 

6.9 

6.8 

4.1 

4.9 

8.1 

3.3 

3.1 

3.1 

4.4 

3.7 

6.3 

5.5 

8.6 

7.6 

10.9 

10.0 

13.1 

12.1 

14.8 

14.1 

16.3 

15.4 

17.7 

16.8 

19.3 

18.3 

480 

490 

600 

510 

// 

// 

17.4 

16.6 

19.1 

18.2 

20.8 

20.1 

23.2 

22.0 

25.6 

24.1 

26.8 

26.3 
27  1 

520 


27.2  27.4 
26.1  26.7 
24.5 :  26.0 


22.8 

21.5 
20.8 
20.6 
21.0 
21.5 

21.5 
20.8 
19.5 
16.9 
14.2 

12.0 
10.3 
9.9 
10.7 
12.5 

15.1 
18.0 
19.8 
21.5 
22.2 

22.4 
22.0 
20.8 
19.0 
16.8 

13.9 

10.9 

8.0 

5.6 

4.4 

3.2 
3.5 
4.6 
6.7 
9.1 

11.2 
13.1 
14.6 
16.2 
17.4 


500 


23.5 

22.0 
21.2 
21.2 
21.1 
21.7 

21.6 
21.5 
20.0 
17.8 
15.4 

12.5 
10.5 
9.9 
10.1 
11.6 

13.0 
16.7 
19.0 
20.9 
22.2 

22.4 
22.3 
21.3 
19.9 
17.9 

15.0 

12.2 

0.3 

6.4 

4.8 

3.1 
3.2 
4.1 
5.9 
8.3 

10.3 
12.4 
14.0 
15.2 
16.6 


610 


16.7 
17.1 
18.9 
20.7 
23.2 
25.4 

26.8 
27.3 
26.9 
25.7 
24.1 

22.6 
21.6 
21.4 
21.3 

21.7 

22.0 
21.9 
20.6 
18.6 
16.2 

13.6 

11.3 

9.9 

9.7 

10.9 

12.9 
15.4 
18.2 
20.3 
21.5 

22.3 
22.6 
22.1 
20.8 
18.8 

16.4 

13.6 

10.3 

7.5 

5.5 

3.6 
3.2 
3.6 
6.2 
7.2 

9.6 
11.5 
13.2 
14.5 
15.7 


530  I  540    550    660  1  ffTO    B&e    190  fW 


520 


16.0 
16.2 
17.9 
19.9 
22.1 
24.5 

26.3 
27.4 
27.3 
26.3 
24.7 

23.2 

21.8 
21.7 
21.4 
22.0 

22.3 
22.1 
21.5 
19.6 
17.3 

14.5 
12.0 
10.1 
9.5 
10.2 

11.9 
14.6 
17.2 
19.3 
21.2 

22.3 
22.5 
22.3 
21.5 
20.0 

17.9 

14.8 

11.8 

8.6 

6.1 

3.9 
3.1 
3.4 
4.5 
6.5 

8.7 
10.8 
12.6 
13.9 
16.0 


// 


14.2 
16.5 
17.1 
18.9 
20.8 
23.6 

25.4 
26.9 
27.1 
26.7 
26.5 

23.8 
22.2 
21.9 
21.6 
22.0 

22.6 
22.6 
22.2 
20.6 
18.1 

16.6 

12.9 

10.7 

9.7 

9.8 

10.9 
12.2 
16.0 
18.6 
20  6 

219 
22  6 
226 
221 
22  1 

18.6 

16.2 

13.2 

9.9 

6.9 

4.8 
3.4 
3.3 
4.1 
5.8 

7.7 

9.8 

11.7 

13.1 

14.2 


530    540 


// 


13.6 
14.7 
16.9 
17.7 
20.0 
22.2 

24.6 
26.2 
27.0 
26.8 
25.8 

24.6 
22.6 
22.2 
21.8 
22.1 

22.6 
23.0 
22.7 
21.6 
19.2 

16.7 

13.6 

U.3 

9.9 

9.4 

10.3 
12.3 
14.8 
17.3 
19.5 

21.5 
22.4 
22.8 
22.6 
21.5 

19.7 
17.5 
14.5 
11.1 
7.9 

5.7 
3.7 
3.2 
3.8 
5.1 

6.9 

9.1 

ll.O 

12.5 

13.6 


550 


13.1 
14.1 
15.1 
16.8 
18.7 
20.9 

23.7 
25.4 
26.9 
27.0 
26.3 

25.0 
231 
223 
22.0 
221 

226 
23.8 
23.0 
22.3 
20.3 

17.7 
147 
12.2 
10.2 
9.3 

9.8 
11.3 
13.7 
16.5 
19.1 

20.9 
22.0 
22.7 
22.7 
22.2 

20.8 
18.7 
15.9 
18.6 
9.4 

65 
4.1 
8.4 
8.5 
4.4 

6.8 

8.8 

10.1 

11.8 

13.1 


*f 


560 


12.3 
18.3 

14.4 
15.8 
17.9 
20.0 

28.4 
24.6 
86.4 
26.8 
26.6 

25.4 
23.3 
82.7 
28.8 
88.2 

88.7 
88.4 
83.7 
88.9 
81.4 

18.7 
16.0 
13.0 
10.7 
9.6 

9.5 
tO.5 
18.7 
15.4 
17.7 

80.0 
81.6 
88.6 
83.0 
88.6 

81.6 
19.6 
17.4 
14.0 
10.7 

76 
A.O 
8.4 
34 
48 

6.8 

7.6 

0.6 

11.8 

18.3 


670 


11.7 
18.7 
13.7 
14.9 
16.6 
18.6 

81.0 
83.9 
85.5 
26.6 
86.6 

85.8 
83.9 
33.1 
88.7 
884 

28.8 
83.3 
83.7 
335 
884 

80  I 
1 7.0 
14  0 
11.7 
9.8 

9.8 
lO.I 
11.7 
14.0 
16.8 

19.3 
81.1 
88.8 
83.0 
88.9 

38.3 
80.6 
18.8 
15.6 
18.1 

8.7 
6.8 
4.0 
3.4 
8.8 

5.1 

6.8 

8.8 

10.6 

11.7 


11.3 
1S.S 
18.0 
140 
15.6 
17.6 

20.1 
28.6 
247 
86.2 
86.6 

26.0 
84.2 

83.3 
23.0 
82.6 

22.8 

83.4 

84.0 
83.9 
83.0 

81.0 
19.3 
15.1 
18.5 

ro.2 

9.2 

9.5 

10.9 

129 

15.8 

18.0 
208 
81J 
82J 

830 

887 
81.6 
19.5 
16  J 
13.4 

10.0 
7.0 
46 
3.6 
3.6 

4.6 
6.6 
8.1 
9.7 
11.3 


10.8. 

Hi' 

lis! 

113 

I4.i 

16.6 

18  « 
«U 
219 
Sl« 
914 


216 
SIC 

S3.3 
218 

219 
ttS 
KS 

215 

217 

S.0 
Hi 

114 

11.1 

l.€ 
II 

lOi 

lis 

14.4 

119 
III 
Sll 

SS.4 

m 

sio 
m 

Mi 

Mil 
lU 

Hi 
u 
u 
u 
u 

u 
If 

7i 

is 

lU 


TABLE  XXX. 


S7 


Perturbations  produced  by  Venus. 
Arguments  II.  and  III. 

m. 


n. 

600 

610 

620 

630 

640 

650 

660 

670 

680 

690 

700 

710 

7S0 

j 

ff 

0 

10.8 

10.2 

9.5 

9.1 

8.4 

7.9 

7.4 

7.0  6.6 

6.3 

5.9 

5.5 

5.4 

so 

11.6 

11.3 

10.7 

10.4 

9.8 

9.4 

8.9 

8.5  7.9 

7.7 

7.3 

6.7 

6.6 

40 

12.3 

12.0 

11.5 

11.0 

10.7 

10.3 

10.0 

9.6  9.8 

8.9 

8.5 

8.1 

7.8 

60 

13.3 

12.7 

12.1 

11.6 

11.2 

10.9 

10.5 

10.2  10.0 

9.8 

9.5 

9.2 

8.9 

80 

14.8 

13.6 

12.9 

12.4 

11.8 

11.3 

10.9 

10.7  10.3 

99 

9.8 

9.8 

9.6 

100 

16.6 

15.4 

14.4 

13.4 

12.6 

12.1 

11.5 

11.0  10.6 

10.2 

10.0 

9.9 

9.6 

ISO 

18.8 

17.7 

16.4 

15.3 

14.3 

13.2 

12.4 

11.6  11.2 

10.6 

10. 1 

10.1 

9.6 

140 

21.1 

20.1 

18.9 

17.7 

16.5 

15.2 

14.2 

13.0  12.3 

11.6 

11. 1 

10.3 

9.9 

160 

23.9 

22.9 

21.5 

20.4 

19.2 

17.9 

16.6 

15.3 

14.1 

13.1 

12.0 

11.2 

10.5 

180 

25.6 

24.8 

23.9 

22.9 

21.6 

20.6 

19.1 

18.0 

16.7 

15.5 

14.3 

12.9 

12.0 

SOO 

26.4 

26.0 

25.6 

24.9 

24.0 

22.9 

21.7 

20.8 

19.3 

18.1 

16.9 

15.5 

14.4 

SSO 

26.2 

26.3 

26.1 

25.8 

25.3 

24.9 

24.1 

23.1 

21.2 

20.9 

19.7 

18.3 

17.1 

S40 

24.6 

25.1 

25.1 

25.3 

25.2 

25.1 

24.7 

24.3 

24.0 

23.0 

21.9 

21.3 

20.2 

S60 

23.6 

23.9 

24.2 

24.5 

24.7 

24.8 

24.9 

24.6 

24.3 

23.8 

23.4 

22.9 

21.6 

SSO 

23.3 

23.6 

23.9 

24.2 

24.7 

24.8 

25.0 

24.9 

24.9 

24.8 

24.4 

24.0 

23.5 

aoo 

22.8 

23.0 

23.3 

23.4 

2.3.8 

24.0 

24.1 

24.5 

24.5 

24.6 

24.5 

24.4 

24.0 

SSO 

22.9 

23.0 

23.1 

23.2 

23.4 

23.3 

23.6 

23.8 

24.0 

23.9 

24.S 

24.2 

24.2 

S40 

23.5 

23.5 

23.5 

23.4 

23.5 

23.6 

23.6 

23.5 

23.5 

23.6 

23.9 

23.8 

23.8 

860 

24.2 

24.2 

24.3 

24.2 

24.2 

24.0 

23.7 

23.9 

24.0 

23.7 

23.7 

23.6 

23.6 

880 

24.5 

24.6 

24.8 

25.1 

24.8 

24.9 

25.0 

24.9 

24.G 

24.5 

24.5 

24.3 

24.0 

400 

23.7 

24.3 

24.7 

25.0 

25.4 

25.7 

25.7 

25.5 

25.5 

25.4 

25.2 

24.8 

24.6 

4S0 

22.0 

23.0 

23.7 

24.6 

25.0 

25.7 

26.1 

26.2 

26.3 

26.5 

26.2 

26.0 

25.9 

440 

19.5 

208 

21.7 

22.7 

23.7 

246 

25.4 

26.0 

26.5 

26.7 

26.9 

27.0 

26.9 

460 

16.5 

17.8 

19.0 

20.1 

21.4 

22.3 

235 

24.8 

25.4 

26.1 

26.7 

27.1 

27.3 

480 

13.4 

14.5 

15.6 

17.0 

18.5 

19.7 

20.9 

22.1 

23.2 

24.4 

25.4 

26.2 

26.8 

600 

11.1 

12.0 

13.0 

13.8 

14.9 

16.3 

17.9 

19.1 

20.5 

21.6 

22.9 

24.2 

25.1 

'flSO 

9.6 

9.8 

10.5 

11.5 

12.4 

13.4 

14.4 

15.5 

17.1 

18.4 

19.9 

21.2 

22.3 

540 

9.3 

9.0 

9.2 

9.6 

10.3 

11.0 

11.9 

12f.8 

13.9 

15.1 

16.5 

17.9 

19.4 

600 

10.2 

9.7 

9.3 

9.1 

9.1 

9.4 

10.0 

10.6 

11.5 

12.4 

13.3 

14.5 

16.0 

660 

12.2 

11.3 

10.4 

9.9 

9.4 

9.0 

9.2 

9.3 

9.7 

10.4 

11.0 

12.0 

12.7 

600 

14.4 

13.3 

12.5 

11.6 

10.8 

10.1 

9.6 

9.4 

9.1 

9.3 

9.9 

10.0 

10.8 

6S0 

16.9 

16.1 

14.9 

13.7 

12.7 

12.0 

11.1 

10.4 

9.8 

9.5 

9.5 

9.3 

9.7 

640 

19.6 

18.4 

17.4 

16.3 

16.2 

14.2 

13.1 

12.1 

11.3 

10.6 

10.1 

9.6 

9.5 

660 

21.3 

20.6 

19.9 

18.7 

17.8 

16.7 

15.6 

14.4 

13.4 

12.4 

11.7 

11.0 

10.2 

680 

224 

22.0 

21.5 

20.8 

20.2 

19.0 

18.1 

17.0 

15.8 

14.7 

13.7 

12.8 

12.0 

700 

23.2 

23.2 

22.6 

22.2 

21.7 

21.0 

20.5 

19.3 

18.3 

17.3 

16.0 

15.0 

14.1 

7S0 

23.0 

23.3 

23.2 

23.4 

23.1 

22.4 

21.9 

21.3 

20.8 

19.5 

18.5 

17.6 

16.4 

740 

22.3 

22.8 

23.2 

23.4 

23.6 

23.6 

233 

22.8 

22.2 

21.6 

21.1 

19.9 

18.8 

780 

20.5 

21.4 

22.5 

22.8 

23.3 

23.7 

23.6 

23.8 

23.5 

23.3 

22.7 

21.8 

21.3 

780 

18.1 

19.2 

20.4 

21.3 

22.3 

23.0 

23.3 

23.7 

23.8 

24.0 

23.8 

23.5 

23.0 

800 

14.9 

16.4 

17.7 

19.1 

20.1 

21.2 

21.1 

22.9 

23.4 

23.8 

24.1 

24.2 

23.9 

8S0 

11.5 

12.9 

14.3 

15.8 

17.8 

18.7 

20.0 

20.9 

22.0 

22.7 

23.5 

23.9 

24.0 

840 

8.2 

9.5 

10.8 

12.2 

13.8 

15.2 

16.6 

18.1 

19.5 

20.6 

21.7 

22.6 

23.3 

860 

5.6 

6.8 

7.7 

8.8 

10.2 

11.5 

13.2 

14.7 

16.0 

17.4 

19.0 

20.2 

21.3 

880 

3.9 

4.4 

5.2 

6.1 

7.2 

8.2 

9.7 

10.9 

12.5 

14.1 

15.4 

16.8 

18.2 

800 

3.6 

3.G 

3.9 

4.2 

5.0 

6.7 

6.6 

7.8 

9.1 

10.3 

11.8 

13.4 

14.8 

SSO 

4.2 

3.8 

3.9 

3.9 

4.0 

4.3 

4.7 

5.4 

6.4 

7.3 

8.6 

9.8 

11.2 

940 

59 

5.1 

4.6 

4.4 

4.2 

4.3 

4.3 

4.3 

4.9 

5.3 

6.3 

7.0  8.0 

960 

7.5 

6.9 

6.3 

5.8 

53 

4.7 

4.7 

4.6 

4.6 

4.6 

4.9 

5.4  6.0 

080 

9.3 

8.7 

7.9 

7.4 

6.8 

6.4 

6.0 

5.6 

5.2 

5.0 

4.9 

5.1 

5.1 

1000 

10.8 

10.2 

9.5 

9.1 
630 

8.4 
640 

7.9 
650 

7.4 
660 

7.0 
670 

6.6 

6.3 

5.9 
'700 

5.5 
710 

5.4 
720 

600  610  620 

680 

690 

28 


TABLE  XXX. 


Perturbations  produced  by   Venus. 
Arguments  II.  and  III. 

m. 


a 

720 

730 

740 

750 

760 

770 

780    790  ,  800 

810       ; 

820 

S»9M  1  ' 

0 

54 

5.5     58 

6.0     6.3!    6.8 

/»     1   /»         */ 
7.6     8  4     9.3 

10  4    11.7 

119  US',  1 

20      6  6     6.3      0  0 

6.1      6  1      6  2      6.5     6.9      7.7      8.3      9.4  182  lit;  | 

40      7  8      7.4     7.1 

7.0     67 

6  6     6  8     0  S  ■    6.9      7.2      7.7    8i  i»!  1 

60     8  9     8.8     8  3 

8.1      7.8 

7  6     7.4 1    7.4 ;    7.3  !    7.4  •    7.4    7.7  »J;  | 

80     9.6:    9.5 1   9.1 

9.1      9.0 

8  81    8.4     8  2 

8.1  1    8.1  :    80    81  *ii  1 

100      9.6'    9.5:    9  6 

9.5     9.5 

9  3'    9  3 

9  2 

9.2 

9  0     8  7    87  ST,  I 

120'    9  6     9  6     9  5 

9.3     94'    9  6     9.6 

95'    9  5 

9.6      9.6    96  111  1 

140      9  9,    9.5     9.6 

9.4      9.3     9  3     9  0     9  3      9.5      OS'    9.7    99;1M  | 

160    10  5     99.    9.5 

9.1      8  9;    9  0,    8.9'    9.0  j    9.0      9.0      9  5    96|  1)  | 

ISO    120    11.0    10.1 

9.7      9.1 

8.81    8.7     8.3 

8.5      8.7]    8.8 :  9.0' «1   ■ 

200 ;  14.4    13.3,12.0 

11.0    10.1 

1 

9.4'    8.9 

1 

8.5 

8.2      8.0,    8  0    83 ;»  | 

220 '17.1    15.7    14  6 

13.2    12  0    10  9'  10  2 

9.2 

8.7 

8.3 

7  9    7.7'  T7I  1 

240    20.2    19.1    17.8 

16.5    14  5  1 13.4    12.2 

11.1 

10.0 

9.4 

8  4    80:71   1 

260    21  6   21.1    20  1 

19.2    17.3 

15.9;  146 

134 

124 

11.3*10  1     9.1!  M<  1 

280    23  5   22.7   21.6 

21.0'  19.8 

18.8'  17.3 

16.1 

15.0 

13.5 

12  5  115  115 

300    24  0   23.4   23.2 

22.4   21.4 

20.5!  19.8 

18.7 

17.5 

16.1 

15  0  I37I1J4 

320    24  2   23  9   23  5 

23.1:22.7 

00  0  '  01    Q 

206 

196 

18.6 

17.5.'16$  lil 

340    238   239   23.7 

23  5  ,  23.2 

22.8:22  3 

21.4 

20.9 

20.5;  19  2.18*  lU 

360    236   23.6   23.6 

23.3   23.3 

23.1 

22.9   224 

22.0 

21.4  ,204!  199  18i 

380    2-10 '24.0   23  7 

23  5   23  31  23.1  1 

23.1    22  7 

22.4 

22.21  21  6iaD8aW 

400    24.0    24.4    24.4 

1 

24.0   23.8  I  23.4  i  23  2   23.0 

22.8 

22.4'22  1i21.«!»i^ 

420  i  25  9   25.6    25  2 

24.8:21.7 

24  3 '23.9  123  6 

23  3 

22.9i22  7'22.J-Sl* 

440    26  9  I  26.6    26  4 

26.2   25  9 

25.5   25.2;  24  9 

24  5 

23  8,23  4  23 951* 

460    27  3, 27.6    27  6 

27.4    27.0 

26.9   26  5,26.1 

25  6 

250'246  tl!  37 

480    26.8    27.4   27.6 

28.0  "28. 1:28  2 '27.7!  27.4 

27.3 

2«.6j26  2   25  7  Sil 

500  1  25.1    26.1    26.H 

27.5    28.1 

28.2' 28.6  |2S.5 

28.4 

2JH.3;27  6  27.t  =  «i' 

520122  3   23  9    21.8 

25.9  '  20.8 

27.5  i  28.1    28.5 

28.7 

2«.>  0*288  -286  »♦ 

5401194:207   22.1 

23.4    21.6 

25.0;  26.5!  27.4 

28.0 

2S  7    28  9   29.1  a- 

560    16  0,  17.3    IS.r, 

19.9  121.4 

22.9   24.1  !25r> 

26.4 

2/  3,28  2.2S.«.aS 

580 '12  7    14  1    15.5 

10.8    HO    19.3   20.9:222 

1 

t:35 

24  9    26.l!279'S75 

600    10  sine    12.7 

13.0    14.9  1  iC.2 

17.5;  18.7 

20.2 

21.8    23.0 1  244  255 

* 

620     97 

10.0    10.5 

10.7  1  12.2 

13.2 

14.4  '  15  6 

17.0 

18.3  [19.6!  21 ;;«« 

640 

95 

9.4     9.6 

10.1  :  10  4 

11.1 

12.0    13  0 

14.0 

15.2 

16.5 '17  9  =  192 

660 

10.2 

10.0     9.7 

9.5      9.5 

9.9 

10.4 

11.0 

11.7 

12  7 

13.8^49  16S 

680 

120 

11.2    10.5 

10.0      97 

95     9.6 

10.0 

104 

110 

11  6:125  1X9 

700 

14.1 

13.1;  12.3 

11.3  1  10.7 

10.1 

9.7 

9.7 

9.9 

9  9 

10  4 '10  9  115 

720 

164 

15.3 

14.4 

133    12.2 

11.6 

10.9 

10.2 

10.1 

9.9 

lOollOl  !•♦ 

740 

18.8 

17.7 

16.7 

15.6 

14.4 

13.5 

12.4 

U  5 

11.1 

107 

10.1 

100  19  S 

760 

21.3120.1 

19.2 

18.1 

16.6 

15.6 

14.7;  I3.fi 

12.8 

11.9 

11  3 

lOTil93 

780  i  23  0  !  22.3 

21.5 

20.5 

19.4 

18.4 

17.21  15  8 

149 

14.0 

13  0 

IS2!n3 

800 

23  9:23.9123  4 

1          1 

22.6    21.9 

20.7!  19.8 

18  3 

17.5 

16.2 

15.1    142  IS* 

1 

820 

24  0,24.5   24  2 

23  9   23  3 

22  6   22  3 

21.3 

20.3 

194    183 

17  S- IS  2 

840 

233 

24.0   24:; 

21.5,24  1  i  24  3123.8 

23.4 

227 

21  7    20.8 

190:193 

860 

21.3 

22.3   23.3 

23.9 '2i  2    24.7124  5   2i.5 

24.3 

23  6   23  1    219  2Ifl, 

8S0    18  2 

19.7 

20.9  •  22.0    22  S  ..  23.8   21  I  1  24  6 

24.8 

24  7    24.5  240  a^i 

900 

14.8 

16.1 

17.6    19  0    -JO.Oi  21.5    22  5   23.2 

24.1 

24  5    24.S  '  34  8  2*5 

920 

11  2:12.6 

14.0 

15  5,  17  0    18.4    19.9:21.0 

22.0 

22  9  ,23  5 -24  5  245 

940 

8  0|    9.3    10.7 

12  0    13  :r  !4  s|  16.4  !  17.6 

191 

20.4    21.4.22  4  «S2 

•J  60 

0  0     6.9      7.8  i    8  0;  iOU     1  !..'>:  12  7 

14.1 

15.15 

16.9    18  5!  19  5  S07 

980 

5  1 

5.5      6.0     0.7      7.7,    K5      9.7'  10.91 

122 

13.6    14.8    16.1  17« 

1000 

54 
720 

5.5     6.8 

5.8 
750 

63;    Ci.S     7.6 

8.4 

93 

10.5    11.7: 

12  9  143 
830   840 

730     740 

760     770  ;  780 

790 

800 

810|8S0! 

TABLE  XXX. 

Perturbations  produced  by  Venus. 

Arguments  II.  and  III, 

m. 


II. 

840    650 

9^0 

_870_,_880;_890 

900 

910  j  930 

930.940 

960 

960 

0 

U3   lG.a 

16.9 

1S.3'19  3 

20.8 

3;4 

23  5  i  23.0 

23.5 '34.0 

24.3 

24s 

so 

11,2     £.4 

14  y :  16.3 

17.3 

18,6 

19  0    S0.5 

216 

32,4 

231 

236 

40 

S.3   10.3 

lO'a 

1 1.8    13.3 

14.2 

15.5 

16.6  ;  17.8 

18.8 

lfl.7 

20.7 

21.6 

60 

S3     6  7 

S6 

10.1 '10.8 

11. B 

12  7 

13  8  1 14 9 

159 

17-0 

16. 1 

19  1 

80 

82      S3 

8C 

E.9.   a.6 

10.3 

10.7 

U.6 

125 

133 

146 

1S.3 

162 

100 

8  7      8.7 

8.9 

9.0  1    B.l 

9-4 

9.9 

104 

11.0 

11.7 

13,4 

12.6 

14.0 

13D 

BR      OS 

9.6  1    9.6 

S.9 

9.B 

10.4 

10  9 

11,3 

11.8 

13.3 

"     « 

10.0      0  3 

10.1 

l03    10  1 

10.3 

10  4 

10  6 

10.5 

10  6 

10  9 

11.4 

11.6 

160 

9.B      0.O 

10.3 

10.4 

106 

11.0 

ILO 

10.9 

110 

11.3 

11.6 

180 

9.1      Oil 

9.9 

10  1 

10.4 

10.7 

MO 

115 

11,7 

11.9 

12.3 

SCO 

8.B    an 

U.l 

9.5 

0.7 

10  0 

105 

ii!o 

US 

11.6 

12.0 

13.2 

12.4 

SM 

77      77 

8.! 

8.4 

8.8 

9.7 

10  1 

106 

11.0 

11.4 

11.8 

13.3 

MO 

7.7      7.3 

7.4 

74 

7.7 

a.o 

8.4 

9.0 

96 

10  0 

IO.5 

11-0 

115 

380 

8.e     7B 

7.4 

7.3 

7.1 

7.1 

7.3 

7.6 

81 

8.5 

9,3 

100 

104 

380 

10.:S     9.3 

S.3 

7.9 

71 

7.0 

69 

7.0 

73 

8.S 

6.8 

300 

ia.4    1.4 

10.4 

S.3 

8.5 

7.8 

7-4 

6.9 

6.7 

6.8 

6S 

7-0 

7.6 

320 

15.1     3.fl 

12  5 

11-4 

10  5 

9.7 

8.6 

78 

7.4 

7.0 

06 

05 

6.7 

SlU 

17.4     S4 

15  3 

13.B 

11.1! 

10  6 

9.7 

8.7 

8.0 

7-3 

6.8 

6.0 

deo 

ia.9     3. 

174 

16  3 

li.i 

13.8 

128 

11.7 

lo.n 

9.8 

8.0 

7,4 

380 

SO.O     9.A 

^6» 

17.7 

lfi.9 

16.0 

ISI 

13  9 

13  7 

io]« 

9.6 

6.9 

400 

S1..1  30.6 

19  6 

lfl-4 

lfl.4 

17.6 

16.5 

lS.7 

14.8 

13.7 

13.8 

11.8 

10.9 

4S0 

31.7  51. 

20.S 

30.3 

19.3 

18.9 

le.a 

17  a 

ie.3 

16.3 

14.5 

13.7 

126 

440 

33B  as 

21.6 

30  e 

20.6 

19.7 

190 

18.6 

17.7 

16.6 

15.9 

15.1 

i4.a 

460 

23  7    33  3 

22.  T 

35.0 

Si. 6 

20.9 

20.3 

19.fi 

16.5 

18.1 

17  3 

16.7 

15.7 

480 

36.1    34.4 

23,3 

22.0 

214 

30.6 

20  s 

19.3 

las 

177 

1G.9 

500 

387  :6a 

S&.7 

24.9 

34.3 

33.e 

23.0 

333 

31.4 

20.7 

303 

191 

18.1 

6S0 

28.4   37  8 

27  3 

268 

Sfl.3 

35.6 

24.7 

23,9 

S3.3 

2S-6 

21.8 

B0.8 

20.1 

640 

au.a  39  3 

28  9 

38.5 

37.8 

57.4 

26.8 

36. 1 

25.3 

34-4 

23.7 

33-0 

SSO 

SdO 

29  2   293 

Sfl.-i 

S9.8 

49,1 

38.8 

28.0 

27-4 

26.9 

36-1 

2S.1 

£4  3 

fiSO 

27  8  29fl 

39.(1 

39.4 

39:6 

39.8 

39  8 

293 

380 

28.7 

27  9 

273 

26.6 

600 

25  S  SB? 

37.6 

38.4 

39,3 

39.6 

29.9 

39.9 

29.8 

293 

290 

28.5 

«S0 

33.6      3  a 

^SO 

203 

27.1 

S7.& 

38.8 

29.3 

29.0 

29.8 

30.1 

39  8 

29.6 

MO 

1«.2   30.B 

ai.6 

^.3 

a4.e=-.2 

^:6G 

27- 8 

3S3 

39.4 

39  7 

29.B 

MW 

IS  3    17.5 

18.8 

302 

311133.9 

34  0 

26.1 

2fl.2 

27  1 

38.3 

38  8 

29.3 

680 

13.S    14.7 

15.8 

18  8 

18.4 

ifl.e 

306 

33.3 

23.6 

24.9 

25  8 

36.7 

27.6 

TOO 

11.6' 13.3 

13  4 

14-6 

ifi.6 

16.7 

18.0 

19.S 

30.7 

330 

33.1 

24S 

25.1 

730 

104' 11.0 

114 

13.3 

13,3 

14.3 

15.6 

16.4 

17.7 

1S3 

199 

316 

23.6 

740 

10  3;  10.4 

10.5 

11-0 

11,4 

122 

19.3 

14  3 

15.3 

ie.6 

17.4 

18.8 

19.5 

760 

103'100 

10.3 

103 

107 

11.0 

11.6 

13.3 

13.1 

14.2 

15.1 

16.0 

17.3 

780 

11  3'i08 

10  6 

10.2 

10.2 

10.5 

107 

11. 1 

11.5 

12.3 

13  3 

14  0 

15.0 

800 

mi    13.5 

11  7 

11.0 

10.6 

10.3 

10.3 

10.4 

10.7 

11.C 

lie 

11.3 

i3,a 

8S0 

;c^'i5.2 

114 

13  S 

i3.a'ii9 

11.4 

11.0 

10.9 

10.8 

108 

ii.a 

11-4 

840 

!s:ri7.] 

iflS 

14.9 

14  1    13  0 

13-* 

lis 

10.7 

10.6 

11.1 

11-2 

SfiO 

^1  (1   -:i)  2 

18  7 

17.7 

16.6    15  4 

14,3 

13^3 

12.5 

Ufl 

11.4 

11.0 

10  9 

880 

23S    C5.4Sl.a 

SO.-i 

19.3    18.0 

17,0 

Ifi.9 

14.8 

13.7 

13.8 

13.0 

1S,6 

900 

94.5   34  i  ^8 

S27 

=  19,19.9 

lfl.7 

186 

n.s 

16.4 

153 

14.1 

13,3 

OSO 

24  3  24  8  ^7 

24  3 

34  1    S3  3 

SS.3 

ai.3 

20.0 

19.3 

18.0 

J87 

15.7 

940 

33 'i    24  Hi    ••■15  iir. 

24  r.  34  s 

24.'2 

£3S 

237 

21.8 

20  0 

19.5 

18,4 

900 

24  5 

34.2 

23.7 

239 

25.1 

31.0 

980 

23.C 

24.0 

243 

24.3 

24.3;S3.Tf23.0 

1000 

.        ift,'i,;..^   ....^lyi  ^0.3 

314 

23.5 

23  0 

23.5 

24.0 '24.2  34.2 

810  ;  8:0  ;  863  i  870    880     890  |  SOO 

91U 

920 

930 

940    950  1  960 

TABLE  XXZ.    ZXXI. 


Perturbations  by  Venus. 
ATguments  II  and  III- 


Perturbations  by  Man. 

A^:iimenti  II  aad  Vf- 

IV. 


11. 

0 
3D 
40 
60 
80 
100 
130 
140 
160 
180 
300 
320 
340 
3B0 
S8D 
300 
330 
34D 
360 
330 
400 
430 
4  to 
4flO 

500 
B30 
MO 
560 
630 
600 
630 
6  to 
660 
830 
TOO 
730 
T40 
7fl[) 
7B0 
800 
830 
840 
980 
Ago 
000 
030 

,  980 

960 

343 
236 

31.8 
19.1 
16.3 
14.0 
133 
UB 
11.8 
13.3 
13.4 
13.3 
11.5 
10  4 
8.8 
76 

74 
89 
10.9 
IS.8 
143 
15.7 
16.B 
18.1 

sao 

34  3 

36.8 
33.5 
39.6 
39.9 
S9.S 
37.5 
35.1 
33.6 
195 
17  3 
16  0 

U.t 

10^9 
13.8 
13.3 

15.7 
1.S4 
31.0 

970 

337 

33.4 
30  1 
17.3 
)48 
139 
13  0 
118 

13  3 
13.7 
13.7 
13.1 
110 

96 

6.g 
G.4 

10  0 

14  B 
16.3 
1T.6 
19.2 

335 
25  7 

37.8 
SO.S 

2-i.b 
3S6 
26.4 
339 

31.3 
18.E 
1S.8 

13.0 
11.3 
10.8 
11.3 
13.3 

300 
334 
337 

k 

980 

i: 

24.0 
33.9 
307 

18.4 

I37 
136 
ISi 
13  3 

13.8 
13.0 

1?! 

10  4 

86 

66 

90 

10.7 
125 
139 
155 
166 

33  6 
349 
37.0 
38-8 
399 
597 
389 
37.3 
350 
22.6 
194 
17.1 
14.8 
126 
11.7 
109 

ly 

13.7 
16  3 
18  9 
314 
33.1 

9M 

'^ 

336 
334 
335 

31.S 

IGo 
Hi 

12.3 
13  5 
13.1 
13.3 

13  1 
133 
10  7 

90 
7.8 
67 
66 
69 

U9 
11.6 
ISO 

14  6 
16.8 
174 

31.6 
33.9 
26.3 
38.3 
39.5 
29.8 
30  3 
37.8 
36.1 
336 
310 
18.5 
169 
134 
133 
11.3 
10.8 
11.3 
13.8 
145 
17.9 
30  3 
SSB 

98^ 

31 

a 

25 
15 

\i 

13 
13 
13 
13 

13 
13 

It 

( 
( 

V. 
16 
16 
3( 
2S 

39 
39 
39 
38 
38 
34 
33 
19 
17 
15 
13 
11 
11 

12 

14 
16 
19 
31 

100 

1 
5 
2 

0 

7 
7 
3 
5 

i 
5 

; 

5 

6 
6 
6 

0 
4 
4 
5 
9 
7 
7 
8 
6 

3 

3 
5 

0 
3 

1 
0 

7 

! 

1. 

96 
8.3 

30 
19 
33 
3.0 
37 

10 

10.3 
9  1 
79 
67 
63 
4.2 
31 
34 
82 
3.0 
3.3 
SO 
33 
4.1 
6.1 
6.8 
66 
7.1 
74 

73 
70 

68 
83 
59 
54 
6.1 
48 
4  5 
4.3 
4.3 
4.0 
43 
44 
4.0 
SO 
fi.5 
8.1 
6.7 
76 
8.5 
9.6 
10.4 
11.0 
11.9 

13,3 
13  1 
11.0 
111 
102 

10 

-^1 

SO 

10.8 
9.8 
8.8 
7.6 
64 
50 
39 
39 
34 

35 
30 

46 

6.6 
6.1 
6.9 

7.6 

6.8 
6.6 
6.0 
67 

48 
4.6 
44 

43 
41 
41 

43 
45 

4.8 
6.1 
S7 

tl 

80 

88 
98 
10.4 

tS2 

111 

— 

11.3 
10.6 
9.4 
8.4 
7-3 
69 
4.8 
38 

li 

34 
34 

2.9 
35 
41 
6.0 

li 

7,0 
7.3 
7.4 
74 

li 

63 

68 

48 
4.6 
43 
4.3 
40 
40 
41 
43 
46 
60 
54 
6.0 
6.5 

0.1 
10  0 

i06 

119 
12.3 
120 
118 
11-3 

4 

: 
S 

: 
— 

;>_ 

A 
9 
0 

0 

a 

6 
S 

5 
.9 

.5 

.7 
1 
.8 
.8 
.4 
3 
.8 
.3 
.4 
4 

8 
4 
0 
4 
0 
7 
5 
3 
0 
1 
1 

6 

7 

e 
4 

B 

4 
4 
3 
8 
0 
8 
0 
9 
S 

r 

eo 

11.7 
11.3 

10-6 
98 
8.9 
7.6 
64 
66 
44 
3.4 
3-0 
37 
3,8 
3  1 
3.6 
4.S 
6-1 
6-8 
6.4 
7.1 
7-4 
7.4 
7.3 

66 
6-0 
5.6 
5.1 
4.8 
4.4 
4.3 
40 
4.0 
4.1 

4.9 
5.3 
6.S 
S-5 
7.1 
7-9 
8-7 
9.7 
10.3 
11.0 
11.4 
11.7 

M 

UM 
11.S 
10.8 
103 
03 

I 

51 
39 
S.4 
3.1 
3.9 
30 
3.S 
3-9 
4-7 
6-5 
6.1 
6-7 
7-1 
73 
73 
7,1 
70 
6.3 
5-9 
6-4 
4-8 
4.4 
4.3 
40 
39 
4.0 
40 
4.1 
4  1 
46 
B-l 
6-6 
61 
6-7 
T.6 

e.9 

8.9 
0.7 
105 
11.0 
11.4 
11-7 
118 

IT 

'i 

Hi 

lu! 

lOil 
H 

».lj 
lOl 

&) 
It 
U 

Si 
It 

1.1 

LI 
1« 
41 
il 
U 
tJ 
7.» 

71 
73 
6.1 
6.1 
U 
U 
6.1 
45 
U 
19 
1.* 
IJ 
tt 
4.1 
4.1 
4J 
64 
SJ 
U 
•3 
S.9 
7-T 

fi 

•J 

10-1 
11-0 
11.4 
11.1 

n 

TABLE  XXXI. 

Perturbations  produced  by  Iifart. 
AignmniU  11  and  IV. 


II. 

0 
an 

4U 
60 
BO 
100 
130 
140 
160 
180 
SOO 
SSO 
240 

280 
300 
330 
340 
36(1 
360 
400 
430 
440 
460 
480 
SOO 
520 
540 
560 
SSO 
600 
6!0 
640 
660 
680 
TOO 
T20 
740 

780 
900 
S20 
840 
860 
880 
900 

mo 

S40 
960 
980 
1000 

70 

11.5 
11.6 

10^5 
«,l 
SO 
T.O 
S9 
49 
3.S 
3.5 
3^ 
3.1 

43 

5.1 
58 
S5 

74 

7.5 
7.3 

«.e 
e.G 
«.o 

S.6 
50 
45 
43 

39 

3,8 
39 
4.1 
4.1 
43 

53 

6.8 
«.5 
6.9 
7.7 
8.4 
9.3 
99 
10.6 
110 

lis 

70 

80 
113 

uis 

«.6 
8.S 
7.9 
«..') 

46 
39 
3.3 
37 
42 

64 

a.7 

74 
6.S 
6.3 
5.7 

4.3 
4.0 
3.8 
37 

43 

h.\ 
S& 

e.i 

6.7 

87 
93 
10  1 

n.s 

60 

90 

1001  110 

120  1   130  <  140 

I5U 

160 

170 

180 

l«t|«)0 

11.0 
ILS 

10,5 
9.8 
93 
8.4 
7.2 
B.4 
53 

3.3 

3,7 
4.1 
4.6 
5.3 

6,0 
7,4 
7,4 
7,3 
6,9 
6.5 
6.0 
5.4 

44 

4,0 
3.8 

4.0 

47 
S,4 

5,8 
6,3 
6,9 

83 
8.8 

10  6 
11.0 

flO 

10.6 

110 
105 
10.« 
10. 1 

su 

6.8 
6.0 

4.1 
3S 
3.7 
40 

5,7 
6,3 
7.1 
70 
7.5 
7,4 
7.2 

S^S 
6.0 
4.6 

38 
36 
3,4 
3.6 

4.3 
4,6 

4,a 

5,6 
61 
6.S 

77 
8.4 
89 

10.6 
100 

10.1 

10.8 
11.0 
10,8 
10,6 

d;) 

8.5 
7,7 
6.7 
58 

4,5 
42 
3,9 

6!l 
6,7 

7^4 
75 
7,3 

4.6 
43 
39 
36 

as 

36 
38 

50 
58 

11 
74 

87 
9,1 

1 

9.9 

10  9 
10  7 
10,5 
10.2 

811 
8.3 
7.4 
6.4 
5.5 
4,9 
4  5 
4.4 

54 
60 
64 

7.4 
7a 
73 
7.5 
7.3 

b!3 
5.7 
6.0 

3^9 

3.7 

33 

3.5 
3.7 

47 
6,0 
63 

6,2 
6,4 

77 

87 
9,2 

120 

95 
S,7 
10.3 
10,4 
10,4 

10,3 

V, 

8.6 
7,9 
71 
6,3 
5.4 

4.7 
4,4 
45 

6,3 
6,8 

75 
7,1 
6,6 
6,0 

46 

as 

35 

33 

3,5 
37 

4,9 
5,2 
55 
64 

0,7 
7.3 

8^9 
»,5 

90 
91 
9.8 

103 
10.1 
9.9 
96 
8,D 
8.3 
7fi 
68 

6^5 
4,9 
4.7 
4.5 
4.8 
6,1 
5.6 
6.1 
6,7 
7.3 
7.5 
7.6 
7S 
73 
6,9 
6,6 
66 
4.9 
43 
39 
36 
3,2 
3£ 
3.S 
3,4 
3,8 

4.B 
49 
6,4 
5.8 
6.6 
*.9 
7.6 
8.0 

9!o 

Mil 

8.6 
91 
9,4 

10. 1 
10  0 
99 

94 
8!o 
7.9 
7.4 
6,6 
5,6 
54 
50 
fid 

!>\ 
55 
60 
fi.5 
7  1 

7^8 
7.7 
74 
7.1 
6.8 
6S 
53 
4.5 

4,1 

36 
3,3 
33 
3,0 

3^4 

3.9 
43 
4,9 
6.3 
6.7 
6,1 
6,6 
72 
7.8 
S.l 
8.6 

160 

8.3 
8.8 
9.3 
9,5 
97 

98 
9.7 
■9.6 
B.3 

1^,4 
76 
71 
6.2 
57 
5.4 
5,3 
51 

59 
6,3 
71 
7,6 
7,7 
78 
77 
7.4 
71 
6.6 
5.4 
5.0 
4,2 
3.7 
32 
33 
3.0 
3.0 

a!s 

4.1 

45 

50 
5.4 

6.0 

71 
7.4 
8.0 

16U 

8,1 
8.4 
9  I 

9.6 
9.6 
9.7 

93 
9,1 
8.6 

75 
G.S 
60 
58 

64 
65 
59 
6.3 

7.4 
7,6 

i\ 

6,9 
6,1 
6,2 
4,5 
3,8 
35 
30 
29 
S9 
S.9 

36 

4,2 
4,8 

5^6 
62 
65 
7,2 
7,6 
8.1 

170 

7.8 
8.1 

9,3 
94 

o'j) 

SO 
88 
8.4 
77 
7,1 
6,6 
6,0 
5,8 
66 

66 

73 
7.7 
7.6 

7^8 
75 
70 
6.6 
5.8 
6.0 

32 
38 

^.9 
3.3 
3,9 
44 
60 
6,4 
6,1 
6.5 
6,9 
7,3 
).4 

7  6 

T,9 
8,4 
8.7 

9.1 
93 

9S 

BO 
8.8 
84 

6.4 
60 
6,9 
5,7 
57 
5.8 
0.2 
fi.7 
71 

7,9 
8.2 
81 
7.9 
7.4 
fi.9 

53 
46 
38 
84 

2.7 

3.0 

3.6 

4!6 
53 
66 
6.3 
67 

7.0 

190 

74 

78 
S.S 

8,4 

88 
89 
89 

9.1 
9  1 

e.7 

8,5 

66 
63 
6,1 
58 
69 
6.1 
63 
67 
7  1 
7.4 
71 
8.3 
8,2 
81 
7,7 
74 

60 

49 

4,3 

36 
3.1 

S.S 
2,5 
3.7 
39 

3.1 
36 
43 
4.9 
64 
69 
0.6 
6.9 
7.4 

"aoo 

TABLE  ZZZL 


Perturbatioiu  frodueed  by  Man. 

Aigomuita  n  and  IV. 

IV. 


n.  1 

440 

460 

460 
1' 

470 

480 

480 

600 

510 

680 

680 

640 

560|iail] 

»• 

#/ 

0» 

n          m    \ 

0 

4.5 

5.3 

5.9 

6.6 

7.8 

8.0 

8.5 

8.0 

8.5 

10.0 

10.4 

10.7 

lU 

80 

8.8 

4.8 

4.9 

5.6 

6.3 

6.8 

7.6 

8.8 

8.8 

8.8 

8.7 

10.0 

lU 

40 

8.8 

8.7 

4.8 

4.8 

5.4 

5.8 

6.6 

7.8 

7.8 

8.4 

8.8 

8.4 

li 

60 

8.0 

3.2 

3.6 

4.0 

4.5 

5.1 

5.7 

6.8 

6.9 

7.5 

8.0 

8.6 

11 

80 

8.9 

8.1 

3.3 

8.5 

8.9 

4.4 

4.8 

5.4 

5.0 

6.5 

7.1 

7.7 

u 

100 

8.0 

8.1 

8.3 

3.5 

8.6 

8.8 

4.8 

4.8 

5.8 

5.9 

6.4 

6.8 

7.1 

180 

8.4 

8.3 

3.3 

3.4 

3.5 

8.6 

8.8 

4.8 

4.7 

5.1 

6.6 

6.0 

U 

140 

8.9 

8.8 

3.6 

3.6 

8.6 

8.7 

4.0 

4.0 

4.3 

4.6 

6.0 

64 

u 

160 

4.4 

4.3 

3.9 

4.1 

8.8 

8.7 

4.0 

4.1 

4.3 

4.5 

4.6 

48 

u 

180 

5.0 

4.8 

4.4 

4.3 

4.3 

4.3 

4.0 

4.1 

4.8 

4.4 

4.4 

47 

u 

800 

5.5 

5.3 

5.1 

4.8 

4.6 

4.5 

4.5 

4.4 

4.5 

4.5 

4.7 

46 

41 

880 

6.9 

5.7 

5.5 

5.3 

5.1 

4.9 

4.0 

4.8 

4.7 

4.8 

4.8 

48 

6.( 

840 

6.4 

6.3 

5.9 

5.8 

5.6 

5.4 

5.8 

5.8 

5.1 

5.1 

6.1 

6.8 

IS 

860 

6.7 

6.6 

6.4 

6.1 

6.0 

5.9 

5.8 

5.7 

5.6 

5.5 

6.4 

6.4 

%,< 

880 

6.9 

6.8 

6.7 

6.5 

6.8 

6.3 

6.1 

6.0 

6.0 

6.0 

6.8 

6J 

il 

800 

7.1 

7.0 

6.8 

6.8 

6.6 

6.5 

6.4 

6.8 

6.8 

6.8 

6.S 

6J 

&] 

880 

7.8 

7.1 

6.9 

6.8 

6.8 

6.7 

6.6 

6.5 

6.5 

6.5 

6.6 

6.6 

6J 

840 

6.9 

6.9 

7.0 

6.9 

6.0 

6.8 

6.7 

6.8 

6.7 

6.6 

6,7 

8J 

iJ 

860 

6.9 

6.8 

6.8 

6.8 

6.8 

6.7 

6.7 

6.6 

6.6 

6.8 

6^ 

8J 

6i 

880 

6.7 

6.5 

6.5 

6.6 

6.7 

6.6 

6.6 

6.7 

6.7 

6.7 

6.8 

6.8 

6i 

400 

6.4 

6.4 

6.8 

6.8 

6.4 

6.5 

6.5 

6.5 

6.6 

6.7 

6.7 

8J 

8i 

480 

6.0 

6.3 

6.3 

6.8 

6.3 

6.8 

0.8 

6.8 

6.8 

6.8 

6.6 

t.8 

1' 

440 

5.9 

5.9 

6.0 

6.0 

6.0 

6.0 

6.0 

6.1 

6.0 

6.1 

6.S 

8J 

%i 

460 

6.4 

6.6 

6.7 

6.8 

5.8 

5.8 

5.8 

5.8 

5.8 

5.8 

6-8 

6.0 

6u 

430 

63 

63 

66 

6.6 

6.6 

6.6 

6.6 

6.6 

6.4 

5.6 

5.7 

5.5 

6J 

600 

5.0 

6.0 

5.1 

6.2 

6.3 

6.3 

6.3 

6.2 

6.2 

5.3 

5.3 

5.4 

5.' 

620 

4.9 

4.9 

4.9 

4.8 

6.0 

6.1 

6.1 

6.1 

6.1 

6.1 

5.0 

5.0 

6. 

640 

4.8 

4.8 

4.7 

4.8 

4.8 

4.9 

4.9 

6.0 

4.9 

4.8 

4.8 

4.9 

41 

660 

4.7 

4.6 

4.6 

4.7 

4.7 

4.6 

4.7 

4.7 

4.7 

4.7 

4.6 

46 

4 

630 

4.9 

4.6 

45 

4.5 

4.6 

4.5 

4.4 

4.4 

4.5 

4.6 

4.5 

44 

4 

600 

5.1 

4.9 

4.6 

4.5 

4.4 

4.4 

4.4 

4.3 

43 

4.3 

4.3 

43 

4 

620 

6.3 

6.1 

4.9 

4.7 

4.6 

44 

4.3 

4.1 

4.2 

4.2 

4.3 

48 

4 

640 

6.8 

6.4 

5.2 

6.0 

4.7 

4.6 

4.4 

4.1 

4.1 

4.1 

4.8 

4.3 

41 

660 

6.4 

6.0 

5.7 

6.4 

6.0 

4.8 

4.7 

46 

4.3 

4.3 

4.3 

41 

41 

680 

7.1 

6.6 

6.2 

6.7 

6.4 

6.1 

4.9 

4.7 

4.6 

4.4 

4.8 

40 

81 

700 

7.8 

7.2 

6.8 

6.4 

6.0 

5.6 

6.3 

5.0 

4.7 

4.6 

4.6 

43 

4 

720 

66 

8.0 

7.6 

7.1 

6.6 

6.2 

6.7 

5.6 

6.2 

4.9 

4.6 

4.6 

4J 

740 

9.4 

9.0 

8.4 

8.0 

7.4 

6.9 

63 

6.0 

5.6 

5.3 

6.0 

47 

41 

760 

10.3 

9.7 

9.3 

8.6 

8.1 

7.6 

7.3 

6.5 

6.2 

6.8 

5.5 

5.8 

41 

780 

10.7 

10.6 

9.9 

9.6 

9.0 

8.6 

7.8 

7.4 

7.0 

6.4 

6.1 

5.7 

6J 

800 

11.0 

11.0 

10.6 

10.2 

9.9 

9.3 

8.8 

8.1 

7.7 

7.8 

6.7 

6.8 

hy 

820 

11.3 

11.1 

10.9 

10.6 

10.3 

10.0 

9.6 

9.1 

86 

7.9 

7.4 

7.0 

%i 

840 

11.2 

11.3 

11.2 

11.1 

11.0 

10.7 

10.2 

9.9 

9.4 

8.8 

8.8 

7.7 

7.J 

860 

10.9 

11.1 

11.4 

11.3 

11.3 

11.2 

10.7 

10.4 

9.9 

9.6 

8.8 

8.6 

7.! 

830 

10.4 

10.8 

11.0 

11.3 

11.2 

11.2 

11.2 

10.9 

10.6 

10.3 

8.8 

8.8 

81 

900 

9.7 

10.1 

10.6 

11.0 

11.2 

11.2 

11.2 

11.0 

10.9 

10.7 

10.8 

10.0 

%A 

920 

8.7 

93 

9.9 

10.3 

10.8 

11.0 

11.1 

11.2 

11.3 

11.0 

10.7 

10.4 

10.1 

940 

7.7 

82 

8.8 

95 

10.1 

10.4 

10.9 

11.0 

11.2 

11.3 

11.0 

10.7 

I6i 

960 

66 

7.3 

8.1 

86 

93 

9.8 

10.2 

10.6 

10.8 

11.1 

11.8 

10.8 

141 

980 

6.6 

62 

7.0 

7.7 

8.3 

8.9 

9.6 

10.0 

10.4 

10.6 

10.8 

II.O 

10.1 

1000 

4.5 
440 

5.2 
450 

6.9 
460 

6.6 
470 

7.3 
480 

8.0 
490 

8.5 
500 

9.0 
510 

9.5 
630 

10  0 
630 

10.4 

10.7 

16.1 

640 

668 

Ml 

TABLE  XXXI., 


Perturbations  produced  by  Mars. 

Ar^ments  II  and  lY. 

IV. 


&60 

670 
tf 

680 

590 

600 

610 

620 
/» 

630 

640 

650 

660 

670 

680 

t» 

ff 

// 

fi 

// 

10  9 

10.8 

10.6 

10.4 

10.3 

10.0 

9.7 

9.2 

8.9 

8.6 

8.1 

7.9 

7.7 

11.4 

10.6 

10.7 

10.6 

10.4 

10.2 

9.0 

9.7 

9.3 

9.0 

8.8 

8.5 

8.1 

9.8 

10.1 

10.4 

10.4 

10.6 

10.3 

10.2 

9.9 

9.6 

9.4 

9.1 

8.9 

8.5 

9.1 

9.4 

9.8 

10.2 

10.2 

10.3 

10.2 

10.1 

9.9 

9.6 

9.3 

9.0 

8.8 

8.2 

8.7 

9.0 

9.3 

9.6 

9.8 

100 

9.9 

9.8 

9.7 

9.5 

9.3 

9.1 

7.4 

7.9 

8.4 

8.7 

9.0 

9.4 

9.6 

9.7 

9.8 

9.7 

9.7 

9.5 

9.2 

6.6 

6.9 

7.6 

8.1 

8.3 

8.6 

9.0 

9.2 

9.4 

9.6 

0.5 

9.4 

9.8 

5.9 

6.3 

6.8 

7.2 

7.7 

8.0 

8.3 

8.7 

8.9 

9.1 

9.2 

9.3 

9.8 

6.3 

6.8 

6.0 

6.6 

6.9 

7.4 

7.7 

8.0 

8.4 

8.5 

8.8 

8.9 

9.0 

5.0 

5.2 

5.6 

6.0 

6.3 

6.7 

7.1 

72 

7.7 

8.1 

8.1 

8.4 

8.6 

4.8 

5.0 

6.3 

6.4 

6.8 

6.1 

6.6 

6.7 

7.1 

7.3 

7.7 

7.8 

8.0 

5.0 

5.0 

6.1 

6.3 

6.6 

6.7 

6.0 

6.3 

6.6 

6.8 

7.0 

7.3 

7.5 

5.2 

6.2 

6.3 

5.3 

6.4 

6.6 

6.7 

5.9 

6.1 

6.4 

6.6 

6.8 

7.1 

5.4 

6.5 

6.5 

6.6 

6.6 

5.5 

6.6 

6.7 

5.8 

6.0 

6.3 

6.4 

6.6 

5.8 

5.8 

6.8 

6.9 

6.8 

5.8 

6.8 

5.9 

5.9 

5.9 

6.0 

6.1 

6.8 

6.2 

6.1 

6.2 

6.1 

6.1 

6.1 

6.2 

6.1 

6.0 

5.9 

5.9 

6.0 

6.1 

6.6 

6.5 

6.6 

6.6 

6.6 

6.6 

6.6 

6.5 

6.5 

6.3 

6.1 

6.0 

6.0 

6.9 

6.9 

6.9 

7.0 

7.0 

6.9 

6.8 

6.9 

6.9 

6.8 

6.6 

6.5 

6.8 

6.9 

7.0 

7.2 

7.3 

7.3 

7.3 

7.4 

7.3 

7.3 

7.1 

7.1 

7.0 

6.7 

6.9 

7.0 

7.2 

7.4 

7.6 

7.6 

7.7 

7.7 

7.7 

7.6 

7.5 

7.4 

7.2 

1  6.8 

7.0 

7.1 

7.3 

7.6 

7.9 

8.0 

8.0 

8.1 

8.1 

8.1 

7.9 

7.8 

6.7 

6.9 

7.0 

7.2 

7.6 

7.8 

8.0 

8.2 

8.3 

8.4 

8.4 

8.5 

8.4 

6.4 

6.6 

6.9 

7.0 

7.3 

7.6 

7.9 

8.2 

8.4 

8.6 

8.8 

8.8 

8.9 

6.1 

6.2 

6.5 

6.9 

7.1 

7.2 

7.6 

8.0 

8.4 

8.7 

9.0 

9.1 

9.2 

5.8 

5.9 

6.0 

6.2 

6.7 

7.1 

7.2 

7.6 

7.9 

8.6 

8.9 

9.2 

9.8 

5.4 

5.6 

5.6 

5.9 

6.1 

6.4 

6.9 

7.2 

7.7 

7.9 

8.4 

9.0 

9.4 

5.1 

5.2 

5.2 

5.3 

5.6 

6.9 

6.3 

6.7 

7.0 

7.6 

8.0 

8.4 

9.0 

4.8 

4.8 

4.8 

6.0 

5.1 

5.4 

5.6 

6.0 

6.4 

6.7 

7.5 

8.1 

8.6 

4.6 

4.5 

4.5 

4.6 

4.7 

4.8 

5.0 

5.3 

5.8 

6.2 

6.6 

7.1 

7.8 

4.4 

4.3 

4.3 

4.3 

4.3 

4.3 

4.5 

4.7 

5.2 

5.5 

6.9 

6.4 

6.9 

4.3 

4.3 

4.2 

4.1 

4.0 

4.0 

4.1 

4.2 

4.5 

4.8 

5.1 

5.7 

6.2 

4.1 

4.0 

4.0 

3.9 

3.9 

3.8 

3.8 

8.8 

8.8 

4.0 

4.4 

4.9 

5.4 

4.0 

3.9 

4.0 

3.8 

3.8 

3.8 

3.7 

3.5 

3.5 

8.6 

8.8 

4.0 

4.5 

4.0 

4.0 

3.9 

38 

3.7 

3.5 

3.5 

3.4 

3.3 

S.S 

3.4 

8.6 

3.7 

3.9 

4.0 

3.9 

3.8 

3.6 

3.5 

3.4 

3.3 

3.2 

3.1 

3.1 

3.1 

8.1 

4.1 

3.9 

3.9 

3.9 

3.7 

3.6 

3.4 

3.3 

3.2 

3.0 

8.0 

8.0 

2.0 

4.3 

4.1 

4.0 

39 

3.8 

8.8 

3.5 

3.4 

3.1 

2.9 

?.9 

2.7 

2.7 

4,5 

4.2 

42 

4.2 

4.0 

8.7 

3.6 

3.4 

3.3 

3,0 

2.8 

2.6 

2.5 

4,9 

47 

4.5 

4.3 

4.2 

4.1 

3.8 

3.6 

3.3 

3.1 

2.9 

2.8 

2.5 

5,5 

6.1 

4.9 

4.5 

4.4 

4.3 

4.1 

3.9 

3.8 

3.4 

3.3 

8.0 

.  1.7 

5.8 

5.6 

5.2 

5.0 

4.6 

4.5 

4.4 

4.3 

4.1 

8.8 

3.5 

8.1 

2.8 

6.6 

6.1 

5.8 

5.5 

5.3 

5.0 

4.8 

4.6 

4,4 

4.2 

4.0 

8.6 

8.8 

7.3 

6.8 

6.5 

6.1 

6.7 

5.5 

5.2 

6.0 

4.7 

4.6 

4.8 

4.1 

8.8 

7.9 

7.5 

7.0 

6.7 

6.4 

5.9 

5.8 

5.4 

5.1 

5.0 

4.8 

4.6 

4.4 

8.7 

8.2 

7.8 

7.3 

6.9 

6.6 

6.3 

6.0 

5.7 

5.4 

5.2 

5.0 

4.T 

9.4 

9.0 

8.5 

8.0 

7.6 

7.2 

6.8 

6.6 

6.3 

5.9 

5.6 

5.4 

5.8 

10.1 

9.8 

9.2 

8.7 

8.3 

7.8 

7.4 

7.0 

6.7 

6.4 

6.0 

5J 

5.7 

10.5 

10.2 

9.8 

0.4 

8.8 

8.5 

8,0 

7.6 

7.3 

6.9 

6.6 

6.2 

61 

10.8 

10.5 

10.2 

10.0 

9.5 

9.1 

8.6 

8.2 

7.8 

7.5 

7.1 

6.8 

6.6 

10.9 

10.7 

10.3 

10.2 

9.9 

9.6 

9.2 

9.0 

8.5 

8.0 

7.7 

7.4 

78 

10.9 

10.8 
570 

10.6 
580 

10.4 
590 

10.3 
600 

10.0 
610 

9.7 
680 

9.2 
630 

8.9 
640 

8.5 

650 

8.1 

7.9 

7.7 
680 

560 

666 

670 

84 


TABLE  XXXL 


Perturbations  produced  by  Man* 

Arguments  II  and  IV. 

IV. 


n. 


0 

20 
40 
60 
80 
100 

120 
140 
160 
180 
200 

220 
240 
260 
280 
300 

320 
340 
360 
380 
400 

420 
440 
400 
4S0 
500 

520 
540 
560 
5S0 
600 

620 
610 
660 
680 
700 

720 
740 
760 
780 
800 

820 
840 
860 
880 
900 

920 
940 
960 
990 
1000 


440 


450 


/» 


4.5 
3.8 
32 
3.0 
2.9 
3.0 

3.4 
3.9 
4.4 

50 
5.5 

5.9 
6.4 
6.7 
6.9 
7.1 


7.2 
6.9 
6.9 
6.7 
6.4 

6.0 
5.9 
5.4 
53 
6.0 

4.9 
4.8 
4.7 
4.9 
5.1 

5.3 

5.8 
6.4 
7.1 
7.8 

66 

9.4 

10.3 

10.7 

11.0 

11.3 
11.2 
10.9 
10.4 
9.7 

8.7 
7.7 
65 
5.5 
4.5 

440 


460 


/470 


52 
43 
37 
3.2 
3.1 
3.1 

3.3 
3.8 
4.2 
4.8 
6.2 

5.7 
6.2 
6.6 
6.8 
7.0 

7.1 
6.9 
6.8 
6.5 
6.4 

62 
5.9 
5.5 
53 
5.0 

4.9 

4.8 
4.6 
4.6 
4.9 

5.1 
5.4 
6.0 
6.6 
7.2 

8.0 

9.0 

9.7 

10.5 

11.0 

11.1 
11.3 
11.1 
108 
10.1 

9.3 

8C 
73 
62 
6.2 


450 


5.9 
4.9 
42 
3.6 
33 
32 

3.3 
3.6 
3.9 
4.4 

6.1 

5.5 
5.9 
6.4 
6.7 
6.8 

6.9 
7.0 
6.8 
6.5 
6.3 

6.3 
6.0 
5.7 
5.6 
6.1 

49 
4.7 
4.6 
4.6 
4.6 

4.9 
5.2 
6.7 
6.2 
6.8 

7.6 
8.4 
9.3 
9.9 
10.6 

10.9 
11.2 
11.4 
11.0 
10.6 

9.9 

8.8 
8.1 
7.0 
6.9 


480 

490 

If 

It 

7.3 

8.0 

6.2 

6.9 

5.4 

5.9 

4  6 

5.1 

39 

4.4 

3.6 

3.8 

3.5 

3.6 

3.6 

3.7 

3.8 

3.7 

42 

4.2 

4.6 

4.5 

5.1 

4.9 

5.6 

5.4 

6.0 

5.9 

6.3 

6.2 

6.6 

6.5 

6.8 

6.7 

6.9 

6.8 

6.8 

6.7 

6.7 

6.6 

6.4 

6.5 

62 

6.2 

6.0 

6.0 

6.8 

58 

5.5 

5.6 

5.3 

53 

5.0 

5.1 

4.8 

4.9 

4.7 

4.6 

4.6 

4.5 

4.4 

4.4 

4.6 

44 

4.7 

4.6 

5.0 

4.8 

6.4 

5.1 

6.0 

5.6 

6.6 

6.2 
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13.2 

13.0 

12.8 

12.6 

140 

12.5 

12.8 

13.0 

13.1 

13.2 

13.2 

13.3 

13.2 

13.1 

13.0 

12.9 

12.8 

12.6 

160 

11.7 

12.0 

12.4 

12.6 

12.7 

12.8 

12.9 

12.9 

13.0 

12.9 

12.8 

12.7 

12.5 

180 

10.7 

11.1 

11.6 

11.9 

12.2 

12.3 

12.5 

12.5 

12.6 

12.7 

12.8 

12.6 

12.5 

200 

9.5 

10.0 

10.6 

11.0 

11.6 

11.7 

11.9 

12.2 

12.2 

12.3 

12.4 

12.3 

12.8 

230 

8.3 

8.8  9.5 

9.9 

10.4 

10.8 

11.3 

11.5 

11.8 

11.9 

12.0 

12.0 

12.0 

240 

7.2 

7.7,  8.2 

8.9 

9.4 

9.8 

10.3 

10.6 

11.0 

11.3 

11.5 

11.7 

11.8 

260 

6.1 

6.5  1  7.1 

7.6 

8.3 

8.8 

9.3 

9.7 

10.1 

10.5 

10.9 

11.0 

11.2 

280 

6.2 

5.5,  6.0 

6.5 

7.1 

7.6 

8.2 

8.7 

9.2 

9.6 

10.0 

10.4 

10.6 

800 

4.3 

4.7  5.1 

6.6 

6.1 

6.6 

7.1 

7.6 

8.1 

8.7 

9.1 

9.4 

9.9 

320 

3.6 

3.9  4.3 

4.0 

5.1 

5.4 

6.0 

6.6 

7.2 

7.7 

8.1 

8.5 

8.9 

340 

3.1 

3.3 

36 

38 

4.1 

4.5 

5.0 

5.4 

6.1 

6.6 

7.2 

7.6 

8.0 

360 

2.9 

3.0 

3.1 

3.3 

3.6 

3.8 

4.1 

4.5 

5.0 

5.5 

6.1 

6.6 

7.1 

380 

3.1 

2.8 

2.8 

2.7 

2.8 

2.9 

3.0 

3.2 

3.5 

4.1 

4.6 

5.0 

6.6 

400 

35 

3.1 

2.9 

2.9 

2.8 

2.8 

3.0 

3.1 

3.4 

3.8 

4.2 

47 

5.2 

420 

4.1 

Vc 

33 

3.1 

2.8 

2.7 

2.8 

2.9 

3.1 

3.2 

3.5 

8.8 

48 

440 

4.9 

44 

3.9 

34 

3.1 

2.7 

2.8 

2.7 

2.8 

3.1 

3.1 

8.2 

8.5 

460 
480 

6.3 

5.4,  4.8 

4.3 

3.7 

3.2 

2.9 

2.8 

28 

2.7 

2.7 

2.8 

8.2 

7.6 

6.7;  5  9 

5.2 

4.6 

4.1 

3.6 

3.1 

30 

2.8 

2.8 

2.6 

2.7 

500 

9.1 

8.11  7.2 

6.4 

5.7 

5.0 

4.4 

3.9 

34 

3.2 

8.1 

2.9 

2.7 

620 

10.7 

9.5  8.7 

7.7 

6.9 

6.1 

5.6 

4.8 

4.2 

3.8 

3.5 

3.2 

3.1 

540 

123 

11.1  10.2 

9.1 

8.4 

7.4 

6.6 

6.9 

6.3 

4.7 

4.1 

3.8 

8.5 

560 

14.0 

13.0 

11.9 

10.8 

9.9 

8.7 

7.9 

7.1 

6.4 

5.8 

5.2 

4.5 

41 

580 

15.7 

14.6 

13.() 

12.5 

11.4 

10.4 

9.3 

8.3 

7.7 

6.9 

6.2 

5.5 

5.0 

600 

17.0 

16.0  15.0 

14.0 

13.1 

12.0 

11.0 

10.1 

9.2 

8.2 

7.5 

6.7 

6.0 

620 

18.4 

17.4  16.5 

156 

14.7 

13.6 

12.6 

11.6 

10.7 

9.8 

9.0 

8.0 

7.8 

640 

19.5 

18.5  17.9 

17.0 

16.0 

16.1 

14.2 

13.1 

12.2 

11.3 

10.8 

9.4 

8.7 

660 

20.4 

19.71  18.9 

18.1 

17.4 

16.3 

16.6 

14  6 

13.7 

12.8 

11.9 

11.0 

10.1 

680 

21.2 

20.5  19.9 

19.1 

18.5 

17.6 

16.8 

16.0 

15.1 

14.2 

13.5 

12.5 

11.6 

700 

21.5 

21.0  20.6 

20.0 

19.3 

18.7 

18.0 

17.1 

16.5 

15.6 

14.7 

18.8 

18.0 

720 

21.G 

21.2121.0 

20  6 

20.0 

19.3 

18.9 

18.3 

17.6 

16.8 

16.1 

15.1 

148 

740 

21.5 

2I.2I2I.I 

20.8 

20.5 

20.0 

19.4 

189 

18.4 

17.7 

17.2 

16.8 

15.7 

760 

21.2 

21.0  1  21.0 

20.8 

20.7 

20.3 

20.0 

19.4 

19.0 

18.6 

17.9 

17.4 

16.7 

780 

20.7 

20.7 

20.7 

20.6 

20.6 

20.3 

20.2 

19.8 

19.4 

19.1 

18.7 

18.1 

17.6 

800 

20.1 

20.2  20.3 

* 

20.3 

20.4 

20.3 

iO.l 

19.9 

19.7 

19.3 

19.1 

18.7 

18.2 

820 

19.4 

19.5 

19.7 

19.8 

19.9  19.9 

199 

19.8 

19  8 

19.6 

19.2 

18.9 

18.7 

840 

18.6 

18.8 

18.9 

19.0 

19.2119.3 

19  4 

19.4 

19.4 

19.4 

19.4 

19.0 

18.9 

860 

17.9 

18.0 

18.3 

18.4 

18.6  18.7 

18.8 

18.9 

19.0 

19.1 

19.1 

19.0 

18.8 

880 

17.1 

17.2 

17.5 

17.6 

17.9 '  18.0 

18.2 

18.3 

18.5 

18.6 

18.6 

18.6 

18.7 

900 

16.5 

16.6 

16.8 

10.9 

17.1  ;  17.1 

1 

17.4 

17.5 

17.7 

17.9 

18.1 

18.2 

18.2 

920 

16.0 

16.0 

16.1 

16.2 

16.4  16.5 

16.7 

16.8 

17.0 

17.2 

17.4 

17.5 

17.7 

940 

15.6 

15.5 

15.6 

15.6 

15.7  15.8 

16.0 

16.1 

16  3 

16.5 

16.8 

16.8 

17.1 

960 

15.4 

15.3 

15.3 

16.2 

15.2  15.2 

15.3 

15.4 

15.6 

15.7 

15  9 

16.0 

16.8 

980 

16.1 

15.0 

15.0 

14.9 

14.9  14.8 

14.9 

14.9 

14.9 

15.0 

15.2 

15.3 

16.6 

1000 

15.0 
80 

14.8 

14.7 

14.7 
60 

14.6  14.5 

14.5 
90 

14.4 
100 

14.5 
110 

14.5 
120 

14.6 
180 

147 
140 

148 

40 

50 

70 

80 

150 

88 


TABLE  XXXI. 


TABLE  XXXE 


Perturbations  by  Mars, 
Ar^ments  II.  and  IV. 


IV. 


Perfs.  by  Jupiter 
Arg's.  U.  and  V. 
V. 


II. 


0 
30 
40 
60 
80 
100 

120 
140 
160 
180 
200 

220 
240 
260 
280 
300 

320 
340 
36U 
380 
400 

420 
440 
460 
480 
500 

520 
540 
560 
580 
600 

620 
640 
660 
680 
700 

720 
740 
760 
780 
800 

820 
840 
860 
880 
900 

920 
940 
960 
980 
1000 


920 


930 


22 
15 
1.0 
1.0 
1.3 
1.7 

2.4 
33 
42 
52 

6.1 

6.7 
7.2 
7.0 
7.7 
7.7 

7.4 
7.2 
7.1 
6.8 
64| 

58| 
6  5 
6.3 
6.0  I 
4.0  i 

4.8 
4.7 
4.6 
4.9 
63 

6.9 
6.6 
7.5 
8.6 


9.7 

10.8 
11.6 
12.1 
12.8 
12.9 

12.5 
12.0 
11.2 
10.1 
8.8 

7.4 
5.9 
4.6 
3.3 
2.2 


920 


3.0 
2.1 
1.4 
1.1 
1.1 
13 

20 
2.8 
3.6 
4G 
56 

6.3 
6.9 
7.5 
7.7 
7.7 

7.4 
7.2 
7.1 
0.9 
66 

5.9 
.5.6 
53 
5.0 
4.9 

4.8 
4.7 
4.5 
4.7 
4.9 

,5.5 
6.1 
6.8 
7.8 
8.9 

10.0 
11.0 
11.8 
12.3 
12.9 

12.7 
12.4 
11.8 
11.0 
9.8 

8.4 
7.1 
6.6 
4.2 
3.0 


940 

960 

f 

tf 

3.8 

48 

26 

34 

1.8 

2.5 

1.3 

1.8 

1.2 
1.2 

1.5 
2.3 
3.1 
40 
5.0 

58 
6.6 
7.1 
7  6 
77 

7.6 
7  3 
7.1 
70 
6.0 

62 
5.7 
54 
.5.0 
5.0 

48 
4.6 
4.5 
4.6 

4.8 

6.1 
6.6 
6.3 
7.3 
8.1 

9.3 
10.2 
11.3 
11.9 
12.5 

12.8 
12.6 
12.3 
11.5 
10.6 

9.3 
8.1 
6.7 
5.2 
3.8 


930  i  940 


1.4 
12 

1.4 
20 
2.6 
3.5 
4.4 

5.4 
6.1 
68 
73 
7.7 

7  7 
75 
7.2 
7.0 
0.7 

63 
58 
57 
.5.1 
5.0 

4.8 
40 
4.4 
4.5 
4.7 

4.8 
5.4 
6.9 
6.5 
7.6 

8.6 
'9.7 
10.6 
11.4 
12.1 

12.7 

12.8 
12.5 
12.1 
11.3 

10.2 
8.9 
7.7 
6.2 
4.8 


950 


960 


5.8 

4.4  j 
3.2  I 

2  3, 
1.6 
1.3 

1.4 
1.7 
2.1 

3  1 
39 

4.9 
66 
66 
7.1 
7.4 

7.6 
7.7 
7.2 
70 
6.7 

6.61 
60 
57 
.5  3 
5.0 

4.8 
46 
45 
4.4 
45 

46 
6.0 
6.5 
6.1 
7.0 

7.9 

8.9 

10.0 

10.9 1 

11.7i 

12.2! 
12.6, 
12.7. 

12.3  I 
11.8| 

11.0 
9.9 
8.7 
7.3 
5.8 


960 


970 

980 

ft 

// 

69 

7.8 

56 

6.6 

40 

5.2 

30 

37 

22 

2.7 

1.6 

2.0 

1.4 

1.7 

1.6 

1.5 

2.0 

1.7 

25 

20 

35 

2.8 

4  1 

39 

5:: 

4.8 

60 

66 

6.7 

63 

72 

7.0 

7  0 

73 

7.6 

7.6 

7.6 

7.6 

7.1 

7.3 

6.9 

7.0 

6.5 

67 

6.1 

6.3 

6  7 

59 

64 

5.5 

6.1 

62 

4.7 

4.9 

4.5 

4.6 

46 

4.6 

4.4 

4.4 

4.4 

4.4 

46 

4.4 

4.7 

4.6 

5.3 

4.1) 

5.6 

54 

6.3 

5  9 

72 

6.6 

8.2 

7.6 

93 

8.6 

10.2 

9.6 

11.2 

10.6 

11.9 

11.2 

12  4 

12.2 

12  5 

125 

12  6 

12.6 

12.2 

a  A 

11.6 

12.1 

10.7 

11.2 

9.4 

10.2 

8.2 

8.9 

6.9 

7.8 

970 

980 

990  1000  i    0    I    10  I  20  !  30 


1 


// 


8.4 

7.6 

6.0  i 

4.8 

3.6 

2.6 

1.9 
1.8 
1.7 
2.0 
2.7 

3.2 
42 
5.2 
5.9 
6.6 

7.1 
7.6 
7.6 
7.6 
7.1 


6.7 
6.5 
6.1 
5.6 
5.3 

6.0 
46 
4.5 
4.4 
4.3 

43 
4.5 

4.8 
6.1 
5.6 

6.1 
69 
7.9 
9.0 
9.8 

10.7 
11.5 
12.3 
12.4 
12.6 

12.2 

11.7 

10.9 

9.9 

8.7 


990 


9.6    15.3 


8.7 
7.1 
6.8 
45 
3.3 

2.4 
2.1 
19 
1.9 
2.9 

3.0 
37 

4.8 
55 
6.1 

6.9 
7.7 
7.5 
7.6 
7.3 

6.9 
6.5 
6.2 
6.8 
5.3 

5.1 
4.7 
44 

4.2 

4.1 

4.2 
4.3 
4.6 
4.8 
5.3 

5.8 
6.5 
7.3 
8.2 
9.2 

10.1 
10.9 

11.7 

12.3; 

12.4 

12.3 
12.1 
11.4 
10.6 
9.5 


14.9 
14.7 
14.4 
13.4 
13.2 

12.3 

11.3 

10.2 

9.1 

7.8 

68 
5.7 
4.8 
39 
3.4 

3.2 
32 
35 

4.5 
5.0 

6.1 

7.5 

9.0 

10.5 

12.3 

14  0 
15.6 
17.1 
18.6 
19.8 

20.8 
21.6 
22.1 
22.3 
23.2 

23.0 
31.6 
21.3 
30.4 
19.6 

18.8 
18.1 
17.4 
16.9 
16.3 

16.0 
15.8 
15.6 
15.8 

15.3 


15.r  15.0:150: 


149 
146 
14  4 
139 
134 

12.7 

11.8 

107 

96 

8.3 

7.2 
63 
5.3 
4.1 
35 

3.1 
30 
3.3 
4.0 
4.3 

62 
6.6 
7.9 
9.5 
11  3 

13.7 
14. '> 
lA  1 
I'iA 
19.0 

201 
20.9 
31.6 
22.0 
32.0 

31.9 
31.6 
21.1 
30.6 


14.7  US' 
14.6  115 
14.4 1  U 4, 
14.0  i  14!; 
13.6  13  7 1 


130 

12.1 
US 
10  1 1 10  7 1 

8.9i  ^y 


133 
12.5 
11.7: 


7.7 1 

6.6 

56 

4.7 

3.9 

3.4 

3.0 
29 
3.4 
38 

46 
58 
7.0 
85 
10.0 

11.7 
13.3 
15.1 
16.5 
17.9 

19.2 
20.2 
21.0 
31.6 
31.7 

31.7 
31.5 
31.1 
30.6 


19.8    19.9 


lOOOJ    0 


19.0 

18.3 
17.6 
16.9 
16.4 

16.9 
16.7 
16.4 
16.3 
16.1 


19.3 
18.4 
17.6 
16.9 
16.4 

16.9 
16.7 
16.3 
16.3 
16.0 


iO 


7i 
6.1 
it 
43 

S.« 

31 
19 
3.1 
3.5 

4.1 
4.9 
6.S 
7S 

9.1 

10.7 
12.3 
14.0 
15.7 
17.0 

184 
19.5 
20.4 
21.S 
21.5 

31.1 
31.5 
SIJ 
30.7 
30.1 

19.4 
IM 
17.9 
17.1 
16.5 

16.0 
15.1 
164 
161 
160 


TABLE  XXXII. 


Perturbations  produced  by  Jupiter. 

Arguments  II.  and  V. 

V. 


II. 

30 

40 

1  50 

eo 

70 

80 

1  90 

1 

100 

It 

,110 

1  120 

130  140 

160 

// 

//   // 

//  "  1  " 

^/ 

tr 

tf 

0 

15.0 

14  8  14.7 

14.7 

14.6  1 14.5 :  14.5 

14.4 

14.5 

14.5 

14.6 

14.7 

14.8 

20 

14.8 

14.7  14.6 

14.4 

14.4 

14.2 ,  14.2 

14.1 

14.1 

14.1 

14.1 

14.1 

14.3 

40 

14.5 

14.4 

14.4 

14.3  1  14.2 

14.1  13.9 

13.8 

13.8 

13.8 

13.8 

13.8 

13.7 

60 

14.4 

14.3114.3 

14.2 

14.1 

13.9  13.8 

13.6 

13.5 

13.5 

13.5 

13.4 

13.3 

80 

14.2 

14.2;  14.1 

14.5 

14.0 

13.8  13.7 

13.6 

13.4 

13.2 

13.1 

13.0 

13.1 

100 

13.7 

13.7 

13.9 

13.9 

13.8 

13.7  j  13.6 

13.5 

13.4 

13.2 

13.0 

12.8 

12.7 

120 

13.3 

13.4!  13.4 

13.5 

13.6 

13.5 

13.6 

13.3 

13.3 

13.2 

13.0 

12.8 

12.6 

140 

12.5 

128 

13.0 

13.1 

13.2 

13.2 

13.3 

13.2 

13.1 

13.0 

12.9 

12.8 

12.6 

160 

11.7 

12.0 

12.4 

12.6 

12.7 

12.8'  12.9 

129 

13.0 

12.9 

12.8 

12.7 

12.5 

180 

10.7 

11.1 

11.6 

11.9 

12.2 

12.3  12.5 

12.5 

12.6 

12.7 

12.8 

12.6 

12.» 

200 

9.5 

10.0 

lO.Gjll.O 

11.5 

11.7 

11.9 

12.2 

12.2 

12.3 

12.4 

12.3 

12.3 

220 

8.3 

8.8 

9.5 

9.9 

10.4 

10.8' 11.3 

11.5 

11.8 

11.9 

12.0 

12.0 

12.0 

240 

7.2 

7.71  8.2 

8.9 

9.4 

9.8 

10.3 

10.6 

11.0 

11.3 

11.5 

11.7 

11.8 

260 

6.1 

6.6'  7.1 

7.6 

8.3 

8.8 

9.3 

9.7 

10.1 

10.5 

10.9 

11.0 

11.2 

280 

5.2 

5.6,  6.0 

6.5 

7.1 

7.6 

8.2 

8.7 

9.2 

9.6 

10.0 

10.4 

10.6 

300 

4.3 

4.7 

5.1 

6.5 

6.1 

6.6 

7.1 

7.0 

8.1 

8.7 

9.1 

9.4 

9.9 

320 

3.6 

3.9  4.3 

4.6 

5.1 

5.4 

6.0 

6.6 

7.2 

7.7 

8.1 

8.6 

8.9 

340 

3.1 

3.3 

35 

38 

4.1 

4.5 

5.0 

5.4 

6.1 

6.6 

7.2 

7.6 

8.0 

360 

2.9 

3.0 

3.1 

3.3 

3.6 

3.8 

4.1 

4.5 

5.0 

5.5 

6.1 

6.6 

7.1 

380 

3.1 

2.8  2.8 

2.7 

2.8 

2.9 

3.0 

3.2 

3.6 

4.1 

4.6 

5.0 

6.6 

400 

36 

3.1   2.9 

2.9 

2.8 

2.8 

3.0 

3.1 

3.4 

3.8 

4.2 

4.7 

5.8 

420 

4.1 

\g\   3.3 

3.1 

2.8 

2.7 

2.8 

2.9 

3.1 

3.2 

3.5 

3.8 

4.8 

440 

4.9 

4.4  3.9 

34 

3  1 

2.7 

2.8 

2.7 

2.8 

3.1 

3.1 

8.2 

3.6 

460 

6.3 

5.4 1  4  8 

4.3 

3.7 

3.2 

2.9 

2.8 

28 

2.7 

2.7 

2.8 

3.2 

480 

7.6 

6.7  5  9 

5.2 

4.6 

4.1 

3.6 

3.1 

30 

2.8 

2.8 

2.6 

2.7 

600 

9.1 

8.1 1  7.2 

6.4 

5.7 

5.0 

4.4 

3.9 

3.4 

3.2 

3.1 

2.9 

2.7 

620 

10.7 

9.5 j  8.7 

7.7 

69 

6.1 

5.5 

4.8 

4.2 

3.8 

3.5 

3.2 

3.1 

640 

123 

11.1  10.2   0.1 

8.4 

7.4 

6.6 

5.9 

63 

4.7 

4.1 

3.8 

3.5 

560 

14.0 

13.0 

11.9  10.8 

9.9 

8.7 

7.9 

7.1 

6.4 

5.8 

5.2 

4.5 

4.1 

580 

15.7 

14.5 

13.6;  12.5 

11.4 

10.4 

9.3 

8.3 

7.7 

6.9 

6.2 

5.5 

6.0 

600 

17.0 

16.0  15.0  i  14  0 

13.1 

12.0 

11.0 

10.1 

9.2 

8.2 

7.5 

6.7 

6.0 

620 

18.4 

17.4  16.5  15.5 

14.7 

13.6 

12.6 

11.6 

10.7 

9.8 

9.0 

8.0 

7.3 

640 

19.5 

18.5  17.J)  17.0 

16.0 

15.1 

14.2 

13.1 

122 

11.3 

10.8 

9.4 

8.7 

660 

204 

19.7  18.0  18.1 

17.4 

16.3 

15.6 

14  6 

137 

12.8 

11.9 

11.0 

10.1 

680 

21.2 

20.5  10.9 

19.1 

18.5 

17.6 

16.8 

16.0 

15.1 

14.2 

13.5 

12.5 

11.6 

700 

21.6 

21.0  20.6,20  0 

19.3 

18.7 

18.0 

17.1 

16.5 

15.6 

14.7 

18.8 

13.0 

720 

21.0 

21.2 

21.0  20  5 

20.0 

19.3 

18.9 

18.3 

17.5 

16.8 

16.1 

15.1 

14.3 

740 

21.5 

21.2  21.1  1  20.8 

20.5 

20.0 

19.4 

189 

18.4 

17.7 

17.2 

16.8 

16.7 

760 

21.2 

21.0,21.0120.8 

20.7 ;  20.3 

20.0 

19.4 

19.0 

18.6 

17.9 

17.4 

16.7 

780 

20.7 

20.7  20.7  20.6  20.6  i 

20.3 

•-:()2 

19.8 

19.4 

19.1 

18.7 

18.1 

17.6 

800 

20.1 

20.2  20.3  20.3 

1 

20.4 

20.3 

•-:o.i 

19.9 

19.7 

19.3 

19.1 

18.7 

18.3 

820 

19.4 

19.5  19.7 

198 

19.9  19  9 

19  9 

19.8 

198 

19.6 

19.2 

18.9 

18.7 

840 

18.G 

18.8 

18.9  19.0 

19.2  19.3 

v.w 

19.4 

19.4 

19.4 

19.4 

19.0 

18.9 

860 

17.9 

18.0 

18.3  18.4 

18.6  18.7 

18.8 

18.9 

19.0 

19.1 

19.1 

19.0 

18.8 

880 

17.1 

17.2 

17.5  17.6 

17.9  18.0 

18.2 

18.3 

185 

18.6 

18.6 

18.6 

18.7 

900 

16.5 

16.6 

16.8 

lO.y 

17.1  17.1 

17.4 

17.5 

17.7 

17.9 

18.1 

18.2 

18.2 

920 

16.0 

16.0 

16.r  16.2 

16.4  16.6,16.7 

16.8 

17.0 

17.2 

17.4 

17.5 

17.7 

940 

15.6 

15.5.15.6.  15.G  15.7  15.8 

16.0 

16.1 

16  3 

16.5 

16.8 

16.8 

17.1 

960 

15.4 

15.3  15.3  15.2 

15.2  16.2 

15.3 

15.4 

15.6 

15.7 

15  9 

16.0 

16.3 

980 

15.1 

15.0  15.0  14.9 

14.9  14.8 

14.9 

14.9 

14.9 

15.0 

15.2 

15.3 

15.6 

1000 

15.0 

14.8  14.7 

14.7 

14.6  14.5 

14.5 

14.4 

14.5 

14.5 

14.6 

14.7 

14.8 

30 

40   50 

60 

70   80 

90 

100 

110 

120 

130 

140 

160 

TABLE  TTTII. 

Perfur&otioRi  produced  by  Jvpiter. 
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140 
160 
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SOO 
330 
340 
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390 
300 
330 
340 
3fi0 
380 
400 
430 
440 
460 
480 
600 
5S0 
540 
660 
660 
600 
630 
8*0 
660 
6B0 
700 

740 
780 
780 
BOO 
BtO 
8*0 
860 

eso 

900 
»30 
ft40 
960 
980 
1000 

160  1  160 

170 

ISO 

190 

BOOj    310 

320|330 

3401  2601360 

no 

ns 

ITl' 
1(4' 
IGt 
lil 

lit 

lie 
iti 

1].B 
tlj 
ILI 

lie 

1«.S 

iti 

lOJ 

t6T 
lU 
IM 
M 

!:! 

8.0 
7.3 
t\ 
67 
S.1 
45 
M 
4,0 

4I> 

44 

t> 

68 

6E 
7.T 

Hi 
lt( 
1)1 

MS 
1S9 

14.: 

17S 

IT  J 
17* 
17) 
IIJ 

no 

U.B 
143 
13.T 
13,3 
13.1 
13  7 
1S,6 
1J,6 

ia.fi 

14,6 
1S.3 
13,0 

lis 

11.5 

loe 

9.9 

8.0 
7-1 
66 
62 
43 
3.6 
33 

a.7 
%i 

3  1 
3.6 

50 

7.3 

8.7 

11,G 

U.3 
ifi? 
167 

I7_0 
18.3 
18,7 

ie.9 
i8.e 

18.7 
18.2 

t7.-r 
in 

16  3 
IfiS 

14,8 

ISO 

14,3 
13,7 
13.2 
13.0 

13.7 
13.5 
134 
13  3 
13.3 

133 

13.0 
11.8 
11.5 
10.8 
10.1 
04 
85 
7.fi 
03 
66 
4.S 
3.9 
3.3 
3S 
2.7 
3.S 
3.3 
3.8 
46 
5.4 
fi.6 
7.8 
9.3 
10.8 
13  1 
13.5 
14.9 
15.9 
17.0 

ir.e 

19.3 

18.7 
18.7 
18.5 
18  2 

17,B 
17.1 

ts.s 

15.7 
15  0 

153 
14.6 
13,9 
13,4 
13.0 
18,7 
13,5 
12.4 
13  3 
1S.2 

ia.3 
13.1 
119 

11.6 

105 
9.7 
*1 
fl.O 
6.8 
63 
53 
44 
3.8 
32 

s.a 

29 
31 

3,6 

s'l 

7.3 
8.6 
100 
11.5 

12,8 
14.3 
15.5 
16.4 
17.3 
180 
164 
IS  6 
18.6 

180 

17.4 
16.8 

153 

15.6 
H.8 
14.1 
13.6 
13.0 
12.6 
12,4 
13.3 
U.1 
13.1 
13.0 
130 
lis 

ii.a 

11.3 
16.S 
10  1 
S.3 

e.4 

73 

6.6 

4:^) 
4  1 
3,6 
3  1 
30 
3.0 
3.3 
40 
46 

6.6 
7.7 
9.3 
10  7 
13.1 
13.4 
14.7 
15,7 
16.8 
1)6 
18  2 
18.4 
18.6 
1S.3 
19.0 
17-6 
lfi.9 
16.3 
165 

15.8 
14,11 
14.3 
136 
13.1 
13.7 
13,3 
12.1 
13.1 
lis 
11-9 
11.8 
11.8 
11.6 
11,2 
10,9 
104 
96 
9,9 
7.8 
7.0 
62 
54 
4.5 
3fl 
34 
3.1 
30 
32 
36 
43 
5.1 
6.1 
7.3 
8.5 
99 
11-3 
12.7 
139 

16  1 
163 
170 
17,7 
183 
183 
183 
18  1 

17  fi 
17  1 
16.6 
158 

15.9 
15  2 
14.6 
13-8 
13.1 
13.6 
U-S 
ISO 
11,9 
11.9 
11.7 

li,6 
ll.S 
113 
ilO 

105 
9fl 
9.2 
9.3 
7.5 

6  7 
4.9 
43 
36 
33 
3.0 
33 
36 
3S 
46 
5S 
6.6 
75 
9,0 
10  G 
12  0 
133 
14  6 
160 
166 
17,3 
17.9 
le.S 
18.1 

177 
17.3 
16.7 
16.3 

16.5 
14.8 
14.1 
133 
13.9 
1S.3 
13.0 
11.9 
ll.t 

11.7 
11.6 
11.6 
11.3 
113 
ll-l 
10,7 
10.3 
9.5 
8.9 
7.9 
7.1 
6.3 
5.4 

40 
35 
33 
3.3 
3.3 

43 

?:? 

73 

98 
136 

16.0 
16.S 
17.4 
18.0 

18.6 
17.8 
!74 

163 

16S 
16  0 

ua 

135 
12,9 
IS.3 

14.0 
11.9 

US 

11.6 

ll.S 
11.4 

11.0 

lo.a 

10.3 
9.8 
9,3 
9.4 
7.4 
6.7 
B.7 
50 
44 
39 
35 
33 
32 
3,5 
40 
4.7 
5.9 
fl.7 
7,8 
9.1 
10  8 
11.8 
13,3 
14.3 
15,3 
16,3 
171 
17.7 
18.D 
18,0 
17.9 
17.5 
17-0 
16.3 

10.7 
15.9 
153 
14.6 
13  9 
13,1 
12.6 
12-1 
11,8 
11.6 
11.4 
11-4 
11  3 
11.3 
11.2 
11  0 
108 
10  5 
10.1 
97 
8.8 
79 
7.1 
63 
64 
48 
4,3 
3.7 
35 
34 
3,6 
39 
4.4 
63 
6,3 
7,4 
9.7 
9,7 
ll.S 
13,6 
13,7 
1*9 
15.8 
16,7 
174 
17.8 
18.0 
17.9 
17.6 
17.2 
16,7 

17.0 
16-3 
16  6 
148 
14  1 
13.4 
13.8 
12.1 
11.8 
11.5 
II.3 
11.3 
ll.S 
11.3 
11.2 
11.0 
10.8 
10  8 
103 
100 
9.1 
94 
76 
67 
59 
5.2 
4.7 
4.1 
37 
35 

3S 
4.S 

i'k 

89 
8,0 
93 
10  5 
119 
13.1 
14.3 
15  3 
1«3 
17.1 
17.6 
17,8 
18.0 
17  8 
17  3 
17.0 

166 
158 
15  1 
144 
137 
13-0 
IS-3 
11.9 

n,B 

11.3 
IL3 

ll.l 
11. 1 
1 1-0 
10.8 
1«6 
10.4 
100 
94 
8,7 
7.9 
7  3 
S3 
6.7 

■40 
37 
37 
3.9 

4^6 
6.5 
6.3 
7.6 
8-9 
10.0 
11.3 
13.6 
137 
U-& 
1&9 

16  6 

17  3 
17.7 
17  8 
17  9 
17.6 
17.1 

17J 

16  9 

165 

14.5 

Hfl 

133 
11^5 

13.0 
117 
11,3 
111 
111 
ll.fi 
lit 
HI 
lOS 
107 
10.6 
lO,I 
9.7 
9  1 
84 
77 
68 
5.9 
6,4 
4.7 
43 

38 
39 
4.0 
45 
6,S 
60 

i\ 
9.3 

109 

13.0 
13.1 

14.4 
I&4 

163 
170 
I7« 
178 
18  0 
177 

160'  IMJ 

170 

180 

190 

300 

310 

230 

330I34O 

350 

3«a 
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Perturbations  produced  by  JupUer. 

Arguments  II.  and  V 
V 


a 

970  1  SSO 

1 

|290 

300 

310 

320 

330    340 

360 

360 

370 

880 

890 

•  # 

// 

/• 

// 

// 

// 

// 

// 

/» 

" 

tf 

»r 

tr 

0 

17.6 

17.6 

17.7 

17.8 

17.9 

17.9 

18.0 

18.0 

17.9 

17.7 

17.6 

17.6 

17.6 

so 

17.1 

17.3 

17.6 

17.6 

17.8 

17.8 

18.0 

18.1 

18.1 

18.1 

18.0 

18.0 

18.0 

40 

16.4 

16.8 

16.9 

17.2 

17.6 

17.7 

17.9 

18.1 

18.3 

18.3 

18.4 

18.4 

18.6 

60 

16.8 

16.0 

16.4 

16.7 

16.9 

17.8 

17.6 

17.9 

18.2 

18.3 

18.6 

18.6 

18.7 

80 

16.1 

16.4 

16.7 

16.1 

16.4 

16.7 

17.0 

17.5 

17.8 

18.0 

18.3 

18.6 

18.8 

100 

14.2 

14.6 

16.1 

16.0 

16.8 

16.1 

16.6 

17.0 

17.2 

17.5 

17.9 

18.3 

18.7 

ISO 

18.6 

13.7 

14.2 

14.5 

16.0 

16.4 

16.8 

16.2 

16.7 

17.1 

17.3 

17.9 

18.8 

140 

12.8 

13.1 

13.3 

13.7 

14.2 

14.4 

15.1 

16.5 

16.9 

16.8 

16.8 

17.3 

17.7 

100 

12.2 

12.4 

12.6 

12.9 

13.4 

13.8 

14.1 

14.6 

16.2 

16.5 

16.0 

16.6 

17.1 

180 

11.8 

11.9 

12.1 

12.8 

12.6 

12.8 

13.3 

13.7 

14.4 

14.7 

16.2 

16.7 

16.8 

300 

11.6 

11.6 

11.6 

11.7 

12.0 

12.1 

12.6 

13.0 

18.4 

13.8 

14.3 

14.7 

16.6 

S20 

11.1 

11.1 

11.2 

11.3 

11.6 

11.7 

11.9 

12.3 

12.7 

13.0 

13.6 

14.0 

14.6 

S40 

11.0 

10.9 

10.9 

11.0 

11.2 

11.3 

11.5 

11.8 

12.1 

12.3 

12.8 

13.2 

13.8 

SOO 

10.9 

10.8 

10.8 

10.8 

10.9 

10.9 

11.1 

11.3 

11.4 

11.6 

12.0 

12.3 

13.0 

S80 

10.9 

10.8 

10.7 

10.6 

10.7 

10.6 

10.8 

11.0 

11.2 

11.3 

11.6 

11.8 

18.3 

800 

10.9 

10.8 

10.7 

10.6 

10.6 

10.5 

10.6 

10.7 

10.8 

10.9 

11.1 

11.4 

11.8 

390 

109 

10.7 

10.7 

10.6 

10.6 

10.5 

10.5 

10.6 

10.7 

10.6 

10.7 

11.0 

11.9 

840 

10.7 

10.7 

10.6 

10.5 

10.6 

10.4 

10.5 

10.5 

10.6 

10.6 

10.6 

10.7 

10.8 

360 

10.6 

10.6 

10.6 

10.5 

10.6 

10.4 

10.4 

10.4 

10.4 

10.3 

10.5 

10.6 

10.8 

380 

10.2 

10.3 

103 

10.3 

10.4 

103 

10.4 

10.4 

10.4 

10.3 

10.3 

10.4 

10.6 

400 

9.9 

10.0 

10.0 

10.2 

10.3 

10.2 

10.2 

10.3 

10.4 

10.3 

10.3 

10.3 

10.6 

4S0 

9.4 

9.6 

9.8 

9.9 

10.1 

10.2 

10.1 

10.2 

10.2 

10.2 

10.3 

10.3 

10.4 

440 

8.7 

9.0 

9.2 

9.4 

9.7 

9.8 

10.0 

10.1 

10.2 

10.1 

10.1 

10.2 

10.4 

460 

80 

84 

8.6 

8.8 

9.1 

9.3 

9.6 

9.9 

10.1 

10.0 

10.0 

10.2 

10.3 

480 

73 

7.6 

79 

8.4 

8.7 

8.9 

9.1 

9.4 

9.6 

9.7 

9.8 

10.0 

10.1 

600 

6.4 

6.9 

7.2 

7.6 

8.0 

8.3 

8.6 

8.9 

9.2 

9.4 

9.6 

9.7 

9.9 

620 

6.7 

6.1 

66 

6.9 

7.3 

7.6 

7.9 

8.3 

8.6 

8.9 

9.1 

9.4 

9.7 

640 

6.1 

6.4 

6.8 

6.2 

6.7 

70 

7.4 

7.7 

8.0 

8.3 

8.6 

8.9 

9.9 

660 

4.6 

49 

5.1 

6.5 

6.0 

63 

67 

7.2 

7.5 

7.7 

8.0 

8.3 

8.7 

680 

4.2 

4.4 

4.8 

5.0 

6.3 

5.7 

6.1 

6.0 

6.9 

7.1 

7.4 

77 

8.1 

600 

40 

4.2 

4.3 

4.7 

4.9 

5.2 

5.6 

6.0 

6.3 

6.5 

6.8 

7.2 

7.6 

6S0 

4.0 

4.0 

4.1 

4.3 

4.7 

48 

6.1 

•6.6 

6.8 

61 

6.4 

6.7 

7.0 

640 

4.1 

4.1 

4.2 

4.2 

4.4 

4.6 

4.8 

6.1 

5.4 

6.6 

6.9 

6.3 

6.6 

660 

44 

43 

4.3 

43 

4.6 

45 

4.7 

4.9 

6.1 

6.3 

6.6 

6.8 

6.9 

6n0 

4.9 

4.9 

4.7 

4.6 

4.7 

46 

4.6 

4.8 

6.0 

6.1 

6.3 

6.6 

6.8 

100 

6.8 

6.4 

6.2 

6.1 

6.0 

4.9 

4.9 

4.9 

6.1 

6.2 

6.3 

6.4 

6.6 

730 

6.6 

6.2 

6.9 

6.7 

6.6 

66 

6.4 

5.3 

6.3 

6.3 

6.3 

6.4 

6.6 

740 

7.7 

7.2 

68 

66 

6.4 

6.1 

6.0 

5.9 

5.8 

6.7 

6.6 

6.6 

6.7 

760 

9.0 

8.2 

79 

7.6 

7.2 

6.9 

6.7 

6.5 

63 

6.1 

6.9 

6.9 

6.0 

780 

10.2 

9.7 

9.1 

8.4 

8.2 

7.7 

7.6 

7.4 

7.2 

6.9 

6.6 

6.6 

66 

800 

11.6 

11.0 

10.4 

9.8 

9.4 

8.7 

8.6 

8.3 

8.0 

7.7 

7.6 

7.8 

7.1 

890 

12.6 

12.1 

11.7 

11.2 

10.6 

10.1 

9.7 

9.2 

9.1 

8.6 

8.3 

8.1 

7.9 

84) 

138 

13.2 

12.8 

12.3 

11.9 

11.8 

10.9 

10.6 

10.2 

9.6 

9.4 

9.1 

8.9 

860 

16.0 

14.4 

13.8 

13.6 

13.1 

12.6 

12.1 

11.7 

11.2 

10.7 

10.4 

10.1 

10.0 

880 

16.9 

16.4 

16.0 

14.4 

14.2 

13.7 

18.4 

12  9 

12.5 

12.0 

11.6 

113 

11.1 

900 

16.7 

16.4 

16.9 

16.6 

16.2 

14.8 

14.4 

14.1 

13.7 

13.2 

12.8 

12.4 

19.9 

990 

17.3 

17.1 

16.8 

16.6 

16.2 

16.7 

16.6 

16.2 

14.8 

14  3 

14.0 

13.6 

13.3 

940 

17.7 

17.6 

17.8 

17.1 

16.9 

16.6 

16.3 

16.1 

16.0 

16.6 

16.0 

14.7 

14.6 

960 

17.9 

17.8 

17.6 

17.6 

17.4 

17.2 

17.0 

16.9 

16.8 

16.4 

16.9 

16.8 

16.6 

980 

17.9 

17.8 

17.8 

17.8 

17.8 

17.8 

17.6 

17.6 

17.3 

17.2 

17.0 

16.8 

16.6 

1000 

17.6 

17.7 

17.7 

17.8 

17.9 

17.9 

18.0 

18.0 

17.9 

17.7 

17.6 

17.6 

17.6 

370 

280 

290 

.300 

310 

330 

|880 

340 

860 

360 

870    380 

800 

T 


a 
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Perturbations  produced  by  Jupiur. 

Arguments  II.  and  V. 

V. 


II. 

390 

400 

410 

420 

430 

440 

460 

460 

470 

480 

480    §00 

(16 

0t 

ft 

// 

/» 

»f 

/« 

ff 

If 

»» 

ff 

/» 

0 

176 

171 

170 

16.7 

16.6 

16.3 

16.1 

16.8 

16.6 

16.1 

14.6 

14.3 

119 

so 

18.0 

18.1 

177 

175 

176 

17.2 

171 

16.8 

16.7 

16.3 

16.0 

16l6 

lis! 

40 

18.6 

18.6 

18.5 

18.4 

18.3 

18.1 

18.0 

178 

176 

178 

17.8 

16.8 

115 

60 

18.7 

18.9 

18.9 

18.9 

18.9 

18.7 

18.8 

18.6 

18.7 

18.4 

18.1 

17.9 

117 

80 

18.8 

18.9 

19.2 

193 

19.4 

19.3 

19.3 

19.3 

19.3 

19.3 

10.3 

18.9 

118 

100 

18.7 

18.9 

19.1 

19.4 

19.7 

19.8 

19.8   19.8 

1 

19.8 

19.8 

10.0 

10.7 

117 

120 

18.3 

18.6 

18.9 

19.2 

19.5 

19.8 

20.0 

20.1 

20.3 

30.3 

80.4 

80.4 

30.4 

140 

17.7 

18.2 

18.6 

18.9 

19.2 

19.6 

20.0  20.3 

20.6 

30.6 

80.7 

90.8 

Sli» 

160 

171 

176 

1179 

18.5 

19.0 

19.3 

19.8  20.2 

20.6 

30.6 

80.0 

31.1 

31.2 

180 

16.3 

16.8 

173 

179 

18.3 

18.8 

19.3 !  19.8 

20.3 

30.6 

30.9 

31.1 

31.4 

300 

16.5 

16.0 

16.5 

171 

177 

18.2 

18.6   19.1 

19.8 

30.3 

80.7 

31.6 '  31.4 

220 

14.5 

15.0 

15.6 

16.1 

16.9 

174 

18.0 

18.6 

19.0 

19.7 

80.8 

3a7'll.I 

240 

13.8 

14.2 

14.7 

15.2 

15.9 

16.6 

171    177 

18.4 

18.9 

10.6 

301 

917 

260 

13.0 

134 

13.9 

14.4 

15.0 

16.6 

16.3 

16.9 

176 

18.0 

10.6 

19.8 

310 

280 

12.2 

12.7 

13.0 

13.5 

14.2 

14.7 

16.3 

16.9 

16.7 

17.8 

17.8 

18.4 

111 

300 

11.8 

11.9 

12.4 

12  8 

13.3 

13.8 

14.4   14.9 

16.7 

16.3 

17.0 

17.6 

113 

820 

11.2 

11.5 

11.8 

12.2 

12.7 

13.0 

13.6 

14.1 

14.7 

16.3 

10.0 

16.1 

17.4 

340 

10.8 

11.2 

11.4 

11.6 

12.1 

12.4 

13.9 

134 

18.9 

14.4 

15.1 

15l7 

114 

360 

10.8 

10.8 

11.0 

11.2 

11.6 

11.9 

12.3 

12.6 

las 

ia.6 

14.3 

14J 

116 

380 

10.6 

106 

10.7 

109 

11.2 

11.4 

11.9 

12.2 

13.6 

13.9 

13.6 

13.9 

145 

400 

10.6 

10.5 

10.6 

10.6 

10.9 

11.1 

11.4 

11.8 

13.3 

13.6 

18u9 

13.3 

118 

420 

10.4 

10.4 

10.5 

10.6 

10.7 

10.9 

11.2   11.3 

11.7 

11.9 

18.4 

1X8 

113 

440 

104 

10.4 

10.4 

10.5 

10.7 

10.8 

10.9    1 1.1 

11.3 

11.6 

11.9 

1X2 

117 

460 

10.3 

10.4 

10.4 

104 

10.6 

10.6 

10.7 

109 

11.2 

11.3 

11.7 

11.9  ills 

480 

10.1 

10.3 

103 

104 

10.6 

10.6 

10.7 

10.8 

11.0 

11.8 

U.4 

11.7 

130 

600 

99 

10.0 

10.1 

10.2 

10.4 

10.5 

10.7 

10.8 

10.9 

11.0 

11.3 

11.3 

11.7 

520 

9.7 

9.8 

9.8 

10.0 

10.2 

103 

10.6 

10.6 

10.9 

10.8 

11.1 

11.3 

11.5 

640 

9.2 

9.4 

9.6 

9.8 

100 

10.2 

10.3 

10  4 

10.6 

10.7 

10.9 

11.1 

11.4 

660 

8.7 

89 

9.1 

93 

9.7 

98 

10.1 

10.3 

10.5 

10.6 

10.7 

108 

11.2 

680 

8.1 

85 

8.7 

8.7 

9.2 

9.4 

9.7 

9.9 

10.2 

10.4 

10.6 

10  7 

109- 

600 

76 

79 

8.2 

8.5 

8.8 

9.0 

9.3 

9.5 

9.8 

lO.O 

10.3 

10.6 

117 

620 

70 

73 

76 

79 

82 

8.5 

8.8 

9.0 

9.4 

9.6 

10.0 

101 

114 

640 

6.6 

6.8 

71 

74 

77 

79 

8.2 

8.6 

8.9 

9.1 

9.4 

9.7 

111 

660 

62 

6.4 

6.6 

6.9 

73 

7.6 

79 

8.1 

83 

8.6 

8.9 

9.8 

15 

680 

68 

6.1 

6.2 

6.5 

68 

7.0 

74 

76 

79 

8.1 

84 

8.7 

19 

700 

6.6 

5.8 

6.0 

6.2 

6.4 

6.6 

6.9 

71 

74 

7.6 

7.0 

83 

1ft 

720 

6.5 

6.6 

6.7 

5.9 

62 

6.3 

6.6 

6.8 

71 

7.8 

7.5 

77 

19 

740 

57 

6.7 

6.7 

58 

60 

6.1 

6.2 

64 

6.7 

6.0 

7.1 

73 

U 

760 

60 

6.0 

6.0 

6.0 

60 

6.1 

6.2 

63 

6.4 

6.6 

6.7 

6.8 

T.1 

780 

0.5 

63 

62 

6.2 

6.3 

6.3 

63 

63 

6.4 

6.4 

6.5 

6.7 

U 

800 

71 

70 

6.7 

6.6 

6.7 

6.6 

6.6 

6.4 

6.5 

6.6 

6.5 

6J 

17 

820 

79 

76 

75 

73 

72 

7.0 

70 

6.8 

6.8 

6.7 

6.6 

6.6 

17 

840 

8.9 

8.6 

83 

8.1 

78 

77 

76 

74 

73 

7.1 

7.0 

6J 

U 

860 

10.0 

9.7 

9.3 

9.0 

8.7 

8.4 

8.2 

8.1 

79 

7.7 

7.6 

7J 

TJ 

880 

11.1 

10.6 

104 

10.0 

9.7 

9.6 

9.2 

8.9 

8.7 

8.4 

a.8 

7J 

7.7 

900 

12.2 

11.8 

11.6 

11.0 

10.8 

10.5 

10.3 

9.9 

9.7 

9.4 

0.0 

6J 

U 

920 

133 

13.0 

12.6 

12.3 

12.1 

11.6 

11.3 

no 

10.6 
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lai 

8.7 

14 

940 

14.6 

14.1 

13.8 

13.5 

132 

12.8 

13.6 

11.9 

U.8 

11.8 

11.0 

lOT 

114 

960 

16.6 

16.3 

14.9 

14.0 

14.4 

14.0 

13.7 

ia3 

13.0 

18.5 

18.1 

IIJ 

lU 

960 

16.6 

16.3 

16.0 

16.7 

16.6 

16.2 

14.9 

14.6 

14.3 

18.8 

18.0 

ItO 

w 

1000 

17.6 

17.1 

170 

16.7 

ie;6 

10.8 

16.1 

1460 

16.8 

16.6 

15.1 

14.0 

lU 

ttf 

% 

M 

4i0 

470 

480 

400 

m  «•( 

TABLE  XXXIL 


a 


PeriufbaUons  produced  by  JupUer. 
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V. 


II. 

910 

890 

680 

540 

660 

660 

570 

680 

690 

600 

610 

630 

630 

•/            j        0^                     09 

ft 

//        #/        // 

// 

// 

#/ 

It 

0t 

»* 

0 

13.9   13.4   13.1 

13.7 

13.1    11.8   11.3 

10.8 

10.2 

9.9 

9.4 

8.9 

8.4 

so 

16.8    14.9;  14.4' 13.9 

13.5   13.1    13.5 

12.1 

11.5 

11.0 

10.4 

10.0 

9.4 

40 

16.6   16.3   16.7 

15.4 

150   143   13.8 

13.4 

13.8 

12  3 

11.7 

11.1 

10.6 

60 

17  7   17  3,17  0 

16.6 

16.1    168   15.3 

147 

14.3 

13.7 

13.0 

13.4 

11.8 

80 

18.8   18.6 

18.1 

17.9 

17.4   17.1    16.6 

16.2 

15.7 

15.1 

145 

139 

13.3 

100 

19.7   19.6 

19.3 

19.0 

18.8   18.4   17.9 

17.6 

17.0 

16.5 

16.0 

16.3 

14.7 

ISO 

90.4  803 

303 

200 

19.7   19  5   19.1 

18.8 

18.4 

18.0 

17.8 

16.8 

163 

140 

Sl.O  91.1 

31.0 

20.8 

30.7  20.4  20  2 

19.9 

196 

19.3 

18  8 

18  3 

17.7 

160 

81.S   S1.6 

SI. 6 

31.6 

21.5  21.3  21.2 

21.0 

20.6 

20.4 

20  1 

19.6 

19.1 

IRO 

SI. 4 

SI  .6 

31.8 

33.0 
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21.8 

21.6 

21.4 

21.1 

30.7 

303 

SOO 

SI  .4 

S1.7 

S1.9 

33.1 

22.3  33.5  22.5 

22.5 

224 

22.3 

22.1 

21.8 

31.6 

SSO 

Sl.l 

SI. 6 

31.8 

23.3 

22  5*22.8  23.1 

23.1 

22.9 

228 

22.9 

32.6 

336 

MO 

S0.7 

Sl.l 

S1.5 

31.9 

33.3  22.7  23.0 

23.3 

23.4 

23  5 

234 

23.3 

33.3 

160 

SOO 

S0.6 

Sl.O 

31.6 

22.0  22.4  22.8 

23.2 

23.5 

23  8 
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338 

239 
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19.1 

19.9 

30.4 

809 

21.5122.0  32.4 

230 

233 

23.7 

340 

24.1 

34.1 

800 

18.8 

19.0 

19.6 

30.3 

30.7 

31.3 

21.8 

22.3 

23.0 

234 

33.8 

24.1 

34.3 

8S0 

17.4 

16.9 

18.7 

19.4 

300 

306 

21.1 

21.8 

223 

22.9 

23  3 

237 

343 

840 

184 

17.0 

17« 

18.5 

19.2 

199 

20.4 

21.1 

21.6 

22.2 

33.8 

33.3 

23.7 

960 

166 

16  S 

16.7 

17.4 

18.2 

18  9 

19.5 

20.1 

208 

21.5 

33.0 

22.6 

33.3 

880 

14.6 

16  S 

16.9 

16.6 

17.1 

17.9 

18.6 

19.3 

19.8 

20.5 

31.1 

21.8 

33.6 

400 

18.8 

14.4 

14.9 

15.6 

16.2 

16.8 

17.0 

18.4 

19.1 

19.7 

20.3 

20.9 

31.6 

no 

183 

13.7 

14.3 

14.8 

15.3 

160 

16.5 

17.4 

18.0 

18.7 

19.4 

300 

30.6 

440 

1S.7 

18.1 

13.6 

14.1 

14.6 

15.3 

15.7 

16.4 

17.1 

17.8 

18.4 

18.9 

19.6 

460 

19.8 

1S.7 

13  0 

18.5 

13.9 

14.4 

15.0 

15.6 

16.1 

16.9 

17.5 

18.2 

18.7 

480 

ISO 

IS.S 

13.5 

13.0 

13.4 

13.9 

14.3 

14.8 

15.3 

15.9 

16.6 

17.3 

17.9 

800   11.7 

IS.O 

13.3 

13.6 

12.9 

13.3 

13.8 

14.3 

14.7 

15.2 

16.7 

16.4 

16.9 

980   11.6 

11.9 

13.0 

13.3 

12.6 

13.0 

13.2 

13.8 

14.2 

14.7 

16.1 

16.6 

16.3 

MO   11.4 

11.6 

11.9 

13.3 

12.4 

12.7 

12.9 

13.3 

13.7 

14.3 

14.6 

16.0 

154 

960   11.3 

11.4 

11.6 

11.9 

12.1 

12.4 

12.7 

13.1 

13.4 

13.8 

14.1 

14.5 

14.9 

880   10.9 

11.3 

11.4 

11.6 

11.9 

12.2 

12.4 

12.8 

18.1 

13  5 

13.8 

14.3 

14.6 

^00   10.7 

10.8 

11.1 

11.5 

11.7 

12.0 

12.2 

12.5 

12.8 

13.1 

13.4 

13.8 

14.3 

990   10.4 

10.7 

10.7 

11.1 

11.4 

11.6 

12.0 

12.3 

12.5 

13.9 

13.1 

134 

13.8 

1H0   10.1 

10.4 

10.6 

10.7 

11.0 

11.3 

11.6 

12.0 

12.3 

13.6 

12.9 

13.3 

13.5 

«90     9.6 

9.9 

10.3 

105 

10.6 

11.0 

11.3 

11.6 

11.9 

13.3 

12  6 

13.9 

13.3 

980     9.0 

9.8 

9.6 

10.0 

10.3 

10.5 

10.8 

11.3 

11.6 

11.9 

12.3 

13.4 

13.8 

700 

8.5 

8.9 

9.1 

9.5 

9.8 

10.1 

10.8 

10.7 

11.1 

11.4 

11.8 

13.1 

13.4 

790 

8.0 

8.8 

8.6 

9.0 

9.3 

9.6 

9.9 

10.2 

10.5 

10.9 

11.8 

11.7 

13.0 

740 

7.6 

7.8 

8.0 

8.8 

8.6 

9.9 

9.8 

9.7 

9.9 

10.4 

10.8 

11.1 

11.6 

760 

7.1 

78 

7.6 

79 

8.1 

8.4 

8.6 

9.1 

9.4 

9.7 

10.1 

10.5 

10.9 

780 

6.8 

7.0 

7.1 

7.8 

7.6 

7.9 

8.1 

8.5:   8.8 

9.2 

9.4 

9.8 

10.3 

800 

0.7 

6.8 

6.8 

7.0 

7.1 

7.3 

7.5 

7.8 

8.2 

8.6 

8.8 

9.1 

9.6 

889 

6.7 

6.8 

6.6 

6.8 

6.9 

7.0 

7.1 

7.4 

7.6 

7.9 

8.1 

8.4 

8.7 

940 

6.8 

6.8 

6.8 

6.8 

6.8 

6.9 

6.9 

7.1 

7.2 

7.4 

7.6 

7.9 

8.1 

800 

7.8 

7.1 

7.1 

7.0 

6.9 

6.9 

6.8 

6.8 

6.9 

7.1 

7.3 

7.8 

7.6 

880 

7.7 

7.6 

7.4 

7.3 

7.1 

7.0 

6.8 

6.8 

6.7 

6.8 

6.8 

7.0 

7.3 

900 

8.6 

8.3 

7.9 

7.7 

7.5 

7.3 

7.2 

7.1 

6.9 

6.9 

6.8 

6.8 

6.8 

999 

9.4 

9.S 

8.7 

8.4 

8.1 

7.9 

7.6 

7.4 

7.1 

7.0 

6.9 

6.8 

6.7 

940 

10.4 

10.0 

9.7 

9.4 

8.9 

8.6 

8.3 

8.1 

7.7 

7.4 

7.1 

6.9 

6.7 

989 

11.6 

11.3 

10.7 

104 

9.8 

9.5 

9.1 

88 

8.5 

8.1 

7.7 

7.4 

7.1 

989 

1917 

13.8 

11.8 

11.5 

11.1 

10.6 

10.0 

97 

92 

8.9 

8.5 

8.1 

7.7 

1990 

13.9 

13.4 

18.1 

13.7 

13.1 

11.8 

11.3 

10.8 

10.2 

9.9 

9.4 

8.9 

8.4 

[ 

010 

680 

630 

640 

650 

560 

570 

580 

hm 

600 

610 

62U 

630 

TABLE  XXXn. 


Pertwiaiions  produced  fry  Ji^iimr. 
ktgomitSLtM  II.  uA  ?. 
Y. 


n. 

6 

660 

*0 

8.4 

640 

650 

00 
7.7 

6601 

670 

660 

680 

760 

00 
6.6 

710 
6.6 

8.0 

»0 
7.6 

00 

6.9 

01 

6.7 

00 
6.5 

60 

6.4 

9.0 

8.4 

8.0 

7.5 

7.1 

6.9 

6.7 

6.4 

40 

10.5 

10.1 

6.4 

8.9 

8.6 

7.8 

7.4 

7.0 

6.6 

60 

11.8 

11.3 

10.6 

10.1 

9.8 

8.7 

8.6 

7.7 

7.6 

80 

18.6 

16.7 

12.0 

11.3  10.5 

9.9 

6.2 

8.7 

8.1 

100 
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16  6 
16  7 

3.4 

54 

8,6 

1S,1 

15.1 

16  7 

20 

3  5 

5  6 

BS 

124 

15.3 

16,8 

BS 

hH 

126 

154 

1B8 

M 

3  7 

6  0 

93 

1S.8 

15  6 

160 

13.0 

15,7 

16.9 

S8 

3fl 

63 

9,8 

13,2 

I5,S 

16.9 

30 

4.0 

6.6 

10.0 

13.5 

ISO 

16  9 

II. 

U 

0. 

XI. 

X. 

IX. 

ArR 

30 

31 

50 

50 

6,0 
49 
49 

50 
61 
61 

4.8 

6,2 

48 

6.4 

4.7 

5.3 

4.S 

56 

4.4 

5.6 

ao 

4,3 

5.6 

14 

4,0 
3S 

5.8 
58 

26 

3.8 

69 

36 

37 

60 

3V 

a  7 

59 

37 

5  9 

36 

37 

SB 

38 

3.8 

S,8 

40 

39 

57 

47 

4  1 

5  6 

44 

43 

56 

46 

45 

53 

4« 

4.8 

5.4 

50 

56 

no 

52 

54 

5  5 

48 

56 

5  7 

4  5 

68 

59 

44 

60 

61 

43 

69 

6* 

42 

64 

63 

4^6 

63 

68 

6.3 

4.1 

70 

fi3 

41 

7a 

62 

41 

74 

62 

4a 

76 

(\t\ 

4a 

78 

6  9 

4.3 

A(t 

58 

44 

46 

46 

46 

88 

53 

4.7 

48 

92 
94 
96 

5.1 
5.1 
60 

4,9 
4,9 
46 

98 

5.0     6.0  t 

100 

£.6     CO 

10 


TABLE  L. 
Evection. 


Argument.     Evection,   eorrected. 


O 


lU 


m« 


IV* 


V* 


!<3 


8 

9 

10 

11 
12 
13 
14 
15 

10 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 


0  30  00.0 

1  31  25.5 

2  32  50.9 

3  34  16.3 

4  35  41.6 

5  37    6.7 
85.1 

6  38  31.8  OA  Q 

7  89  66.7|2;» 


Diff.S<> 


rf 


85.5 
85.4 
85.4 
853 
85.1 


10  43.5 

11  56.7 
13    9.0 


Diff.2* 


»/ 


73.2 
72.3 

14  20.6  J^  5 

15  31.3  g^Q  Q 

16  41.1'***' 


41  21.4 

42  45.8 

44  10.1 

45  84  0 

46  57.7 

48  21.1 

49  44.1 
51    6.7 

82.2 

????•?  81.8 


84.4 
84.3 

,83.9 

83.7 
83.4 
83.0 
82.6 


53  50.7 

55  12.0 

56  32.9 

57  53.2 

59  13.0 


81.3 
80.9 
80.3 

!79.8 


0  32.3  78  7 
15l.0  78:i 

3  9.1  77.4 

4  26.5 

76.8 

5  43.3 

6  59.4 

8  14.9 

9  29.6 
10  43.5 


76.1 
75.5 
74.7 
73.9 


17  50.1 

18  58.2 

20  5.3 

21  11.5 

22  16.7 


69.0 

68.1 
67.1 
66.2 
65.2 


40  9.7 
,40  50.6 
4130.1 
42    8.3 

42  45.1 
143  20.6 

43  54.7 

44  27.4 

•44  58.8 

45  28.7 


DifL 


#* 


64.3 

63.2 
62.2 


45  57.3 


40.9 
39.5 
38.2 
36.8 
35.5 

34.1 

32.7 
31.4 
'29.9 
28.6 


2<» 


23  21.0 

24  24.2 

25  26.4  li; 

26  27.6°''* 

27  27.6 


28  26.6 

29  24.6 

30  21.4 

31  17.0 

32  11.5 

33  4.8 

33  57.0 

34  47.9 

35  37.7 

36  26.2 

37  13.4 

37  59.4 

38  44.2 

39  27.6 

40  9.7 


,27.2 
46  24.5  «.  « 


60.0 

69.0 

58.0 
66.8 
55.6 
54.5 

'53.3 

52.2 
50.9 
49.8 
48.5 

'47.2 

46.0 
44.8 
43.4 
42.1 


'47  14.5 
47  37.4 

47  58.8 

48  18.8 
48  37.4 

48  54.5 

49  10.1 
49  24.4 

49  37.1 
49  48.3 

49  58.1 

50  6.4 
50  13.3 

50  18.7 
50  22.6 
50  25.0 
50  26.0 
50  25.5 


22.9 
21.4 

20.0 

18.6 
17.1 
15.6 
14.3 

il2.7 

11.2 
9.8 
8.3 
6.9 

5.4 

3.9 
24 
1.0 


0.5 


50  25.5 
50  23.5 
50  20.1 
5015.2 
50  8.8 
50    1.0 

49  51.7 
49  41.0 
49  28.8 
4916.1 
49   0.2 

48  43.5 
48  25.6 
48  6.3 
47  45.5 
47  23.3 


Diff 


2.0 
3.4 
4.9 
6.4 
7.8 

9.3 

10.7 
12.2 
13.7 
14.9 

16.7 

17.9 
19.3 
20.8 
22.2 

23.5 
46  59.8  25  0 
46  34.8|nf.  o 
46  8.5*^^ 
45  40.7 
45  11.0 


20 


39  8.3 
38  24.9 
37  40.4 
36  64.6 
36  7.6 
35  19.5 


27.8 
29.1 


44  41.2i 
44    9.5| 


43  36.4 
43  1.9 
42  26.2 

41  49.2 
41  10.8 
40  31.2 
39  50  4 
39    8.8 


30.4 

31.7 
83.1 
134.5 
35.7 

37.0 

38.4 
39.6 
40.8 
42.1 


84  30.2 
33  39.7 
32  48.1 
31  55.4 
31     1.6 

30  6.7 
29  10.7 
28  13.7 
27  15.7 
26  16.6 

25  16.6 
24  15.6 
23  18.6 
22  10.7 
21    6.8 


Diff 


20  2.1 
18  56.4 
17  49.9 
16  42.6 
15  34.4 

14  25.6 
13  15.7 
12  5.2 
10  54.0 
9  42.0 


43.4 
44.5 
45.8 
47.0 
48.1 

49.3 

50.5 
51.6 
52.7 
53.8 

64.9 

56.0 
57.0 
58.0 
59.1 

60.0 

61.0 
62.0 
62.9 
63.9 


20 


9  42.0 
8  29.3 
7  16.0 
6  2.0 
4  47.4 
3  38.21 


717 
73.J 
74.0 
746 
TiJ' 


2  16.S 
0  59.9 


59  43.0 
58  25.6 
67    7.9 


55  49.2 


D£' 


75.9 

76.4 

76.9 
77.4  i 
78.9; 

79.4 
78i 


71.7 


64.7 

65.7 
66.6 
67.3 

68.S 

68.9 

69.8 
70-5 
71.2 
72.0 


53  11.0 
51  51.3^1 
50  81.fr 

48  IO.7U. 
47  49  9Sj  J 
46  28.8  ai  • 
45    7.5  J  7 

43  46.8  '*-^ 
I  81.9 

42  23.9mi 


815 


41    1.8 
39  89.5 

38 17.0  ;r: 

36  54.4,     • 
35  81.7' 


34 

32  45.9 
3123.0 
30    0.0 

1- 


^819! 


«.9 


TABLE  L. 
Evection. 


71 


Argument    Evection,  correctod. 


VI» 


VII* 


VIII» 


IX* 


X* 


XI* 


9 


Diff. 


0 
1 

8 
8 

4 


6 
7 
8 
9 
10 

11 
13 
13 
14 
15 

16 
17 
18 


30 
S8 
37 
25 
S4 
S3 

31 
30 
18 
17 
L6 

14 
13 
12 
10 
9 

8 
6 
6 


19  4 

20  2 

I 
|8l'   1 

33    0^ 
33  59 

24  67 

25  56 

656 

37  63 

38  52 
29,51 

39  50 


0.0 
87.0 
141 
513 
28.3 

5.6 

43.0 
20.5 
58.2 
36.1 
142 

535 
31.2 
10.1 
49.3 
28.8 

8.7 
49.0 
29.7 
10.8 
62.4 

34.4 

17.0 

0.1 

43.7 

27.8 

136 
680 
44.0 
80.7 
18.0 


</ 


83.0 
82.9 
82.9 
82.9 
82.7 

82.6 

82.5 
82.3 
82.1 
81.9 

81.7 

81.3 
81.1 
80.8 
80.5 

80.1 

79.7 
79.3 
78.9 

78.4 

78.0 

77.4 
76.9 
76.4 
75.9 

75.2 

74.6 
740 
78.8 
737 


Difi. 


'f 


I 


50  18.0 
49  6.0 
47  54.8 
46  44.3 
45  34.5 
44  25.6 

43  17.4 
42  10.) 
41  3.6 
39  57.9 
38  53.2 

37  49.3 
36  46.4 
35  44.4 
34  43.4 
33  43.4 

32  44.3 
31  46.3 
30  49.3 
29  53.3 
28  58.4 

28  46 
27  11.9 
26  20.3 
25  29.8 
24  40.5 

38  52.4 
23  5.4 
22  19.6 
21  35.1 
20  51.7 


ff 


72.0 
71.2 
70.5 
69.8 
68.9 

68.2 

873 
66.5 
65.7 
64.7 

63.9 

62.9 
62.0 
61.0 
60.0 

59.1 

58.0 
570 
56.0 
54.9 

53.8 

52.7 
51.6 
50.5 
49.3 

48.1 

47.0 
45.8 
44.5 
43.4 


20  51. 
20  9. 
19  28. 
18  49. 
18  10 
17  33 

16  53. 
16  23. 
15  50. 
15  18 
14  48. 

14  19. 
13  51. 
13  25. 
13  0. 
12  36. 

12  14 
1153. 
1134. 
11  16. 
10  59. 

10  44. 
10  31. 
10  19 
10  8 
9  59. 

9  51. 
9  44. 
9  39 
9  36 
0  34 

0^ 


I>iff.O<^ 


42.1 
40.8 
39.6 
38.4 
37.0 

35.7 

34.5 
33.1 
31.7 
30.4 

29.1 

27.8 
26.3 
25.0 
23.5 

22.2 

20.8 
19.3 
17.9 
16.7 

149 

13.7 

132 

10.7 

9.3 

7.8 

6.4 
49 
3.4 
30 


Diff.  Oo 


Diff. 


9  34.5 
9  34.0 
9  85.0 
9  37.4 
9  41.3 
9  46.7 

9  53.6 
10  1.9 
10  11.7 
10  22.9 
10  35.6 

10  49.9 

11  5.5 
1122.6 
1141.2 

12  13 

12  22.6 

12  45.5 

13  9.8 

13  35.5 

14  2.7 

14  31.3 

15  1.2 

15  32.6 

16  5.3 

16  39.4 

17  14.9 

17  51.7 

18  29.9 

19  9.4 
19  50.8 

0^ 


// 


0.5 
1.0 
2.4 
39 
5.4 

6.9 

8.3 

9.8 

11.2 

137 

143 

15.6 
171 
18.6 
20.0 

21.4 

22.9 
24.3 
25.7 
272 

28.6 

29.9 
31.4 
32.7 
34.1 

35.5 

36.8 
383 
39.5 
40.9 


19  50.3 

20  32.4 

21  15.8 

22  0.6 


// 


42.1 
43.4 
44.8 

22  46  6  ^'^ 
ti  2«  2  47.2 


23  33.8 

24  22.3 

25  131 

26  3.0 

26  55.2 

27  48.5 

28  43.0 

29  38.6 

30  35.4 
3133.4 

32  32.4 

33  32.4 

34  33.6 

35  35.8 

36  39.0 

37  43.3 

38  48.5 

39  54.7 

41  1.8 

42  9.9 

43  18.9 

44  28.7 

45  39.4 

46  51.0 

48  3.3 

49  16.5 


48.5 

49.8 
50.9 
52.2 
53.8 

54.5 

55.6 
56.8 
58.0 
59.0 

60.0 

61.2 
62.2 
63.2 
64.3 

65.2 

66.2 
671 
68.1 
69.0 

69.8 

70.7 
71.6 
72  3 
732 


Oo 


Difil 


49  16.5 

50  30.4 
5145.1! 
58   0.6 

54  16.7 

55  33.5 

56  50.9 

58  90 

59  277 

0  47.0 
2   6.8 

8  271 
4  48.0 
6  9.3 
731.1 
8  53.8 

10  15.9 
1188.9 

13  2.8 

14  26.0 

15  49.9 

17  142 

18  38.6 
20  8.8 
2128.2 
22  53.3 

24  18.4 

25  48.7 

27  9.1 

28  34.5 
30    0.0 

lo 


// 


73.9 
74.7 
75.5 
76.1 
76.8 

77.4 

78.1 
78.7 
79.8 
79.8 

80.8 

80.9 
81.3 
81.8 
82.2 

82.6 

83.0 
88.4 
88.7 

83.9 

I 

84.3 

84.4 
84.7 
84.9 
85.1 

85.1 

85.3 
85.4 
85.4 
85.5 


78 


TABLE  LI.     . 


Equation  of  MoorCs  Centre. 
Argument.     Anomaly  corrected. 


0  0 

30 

1  0 
30 


O 


0   0 

332 

7   ft 

1037 


S  0U10.3 
30  1742.7 


3  0  21  15 
80124  47 

4  0  28  19 


30 

5  0 

30 

6  0 
30 

7  0 
80 

8  0 
30 

9  0 
30 

10  0 

30 

11  0 
30 

12  0 
30 


3151 
35  23 

38  54 
4225 
45  56 
49  27. 
5258 

56  28. 
59  58. 


13  0 
30 

14  0 
30 


3  29. 

6  57 

1026 

1354 
17  22 
20  50 
24  17 
2744 

3110 
3435 
38  1 
4125 


!• 


Diff 

forlO 


10- 


I 


0 
6 
15  0  44  49  6 


70  9 
70  9 
7")  9 
70.8 
70.8 

70.8 

70.8 
70.7 
70.6 
70.6 

70.5 

70.4 
70  4 
70.3 
70.2 

70.1 

70.0 
69.9 
69.7 
69.6 

69.5 

69.3 
69.2 
69.1 
68.9 

68.7 

68.5 
•68.4 
168.2 
68.0 


8* 


!2057.9 
;2355.0 
26  52.2 
29  47.7 
32  42.0 

35  35.2 

3827.1 
41  18.0 
4i  7.6 
46  56.0 
4943.2 

52  29.1 

55  13.8 

5757.2 

0  39.3 

320.1 

5  59.7 

8  37.9 

11  14.8 

13  50.3 

1624.5 

18  57.3 
2128  8 
23  58.8 
26  27.5 
29  54.7 

3120  5 
3344.9 

36  7.9 
38  29  4 
4049.3 


Diff 
for  10. 


!!• 


12^ 


ir 


59.2 
58.9 
58.5 
58.1 
57.7 

57.3 

57.0 
56.5 
56.1 
55.7 

55.3 

54.9 
54.5 
54.0 
53.6 

53.2 

52.7 
52.3 

51.8 
51.4 

50.9 

50.6 
50.0 
49.6 
49.1 

48.6 

48.1 
47.7 
47.2 
46.6 


3843 
4014 
<4142 
43   9 


III» 


Diff 
forlO 


13' 


44  34 

45  58 

4720. 

48  40. 

49  58. 

51  15. 

52  30. 

5343 
5454. 

56  4 

57  12 
5818. 


6 
0 
7 
6 
9 
.4; 

2 

I 

3. 
7 
3 


59  22.9 
6 
5 
7 
0 


0  25.( 
126.i 

2  25. 

3  23.( 


418 
512 
6  4. 
654. 
743 

8  no. 

915 

9  58 

1040 

11  19 

13*^ 


30.1 
29.6 
29.0 
28.4 
27.8 

27.3 

26.7 
26.1 
25.5 
25.0 

24.4 

23.8 
23.2 
22.6 
22.1 

21.5 

20.9 
20.3 
19.7 
19.1 

18.6 

17.9 
17.4 
16.8 
16.2 

15.6 

15.0 

14.4 

13.8 

,13.3 


i  iv»  j     I  v» 


Diff  ,50 


Diff' 
fi>rlO 


9° 


Jbrll 


1735.2 
1720.9 
17  4.8 
1647.1, 
16  27.6 
16   6.5 

15  43.7 
1519.2 
1453.1 
14  25.2 
1355.8 


I 


1324.7 
12  51.9 
12  17.4 
1141.4 
11    3.7 

1024.3 
9  43.4 
9  0.8 
8  16.6 
7  30.8 

6  43.4 
5  54.4 
5  3.9 
411.7 
318.0 

2  22.7 
125.8 
0  27.4  „^ 
59  27.4  *" 


4 

5 
5 
6 

7. 

7 

8 
8 
9 
9 

10 


10 
11 
12 
12 

13 

13 

14 
14 
15 

15 

;i6 

16 
17 
17 

18 

19 
19 


58  25.9 


12^ 


20 


1620 
14  35. 
1248 
11  0 
I  911 
720. 

528 
335 
141 


5945 
6749. 

6551. 
63  52. 
15151 
'4960 
4747 

4643 
4338 
4132 
39  25 
37  17 

35  7. 
32  57. 
3046 
28  33. 
26  19. 

84   4 

2148 
1931 
1714 
1466 

ll'' 


8 
3 
5 

4 
1 
5 

7 
6 
.3 
% 


.9 
.4 
8 
1 
4 

6 

8 
9 
,1! 
2 


36.9  ««:*»i; 

S7.3 1  ill 

37.7  ^gfsM 

^*  80».l 

57.1 


39.3 


2737.8 


43.6 
43.9 
44.2 
44.6 

44.9 


^35.8i 
55S8  9^T 

4943.9g!^! 
,4645.8"" 


45.3 
466 
46.9 
46.3 


4347.3 

4048.4 
3749.1 
34  49  5 
3149  4 


8< 


1.5 

I 

59  6 
59.«  - 
599; 
609! 


TABLE  LI. 


Tl 


.  Equation  of  Maoris  Centre. 
Argument.      Anomaly  corrected. 


e    ' 
0  0 


1  0 


»0  50 


5349. 
43. 

S  0|4738! 

4433 


80 


3  0 
80 

4  0 
80 

5  0 

30 

6  0 
30 

7  0 


8  0 
30 

9  0 
SO 

10  0 


VI* 


0  0.0 


VII» 


DiffLo 
IforlO  * 


5654  6 


61.8 
61.8 

''61.8 
61.7 

61.8 


4188 
38  23 
3518 
32  13 
S9   8. 

36  3 
2358 
1954. 
1650. 
1345 

1041. 
738 
434 
131 

5837 


1 
0 
0 
0 
1 

4 
8 
3 
0 
8 

9 
0 

4 
.0 

78 


80  6584 

11    0  5833. 

80>4919. 


9 
2 
7 
18  0(4617.5 


80 

13  0 
30 

14  0 
80 

16  0 


4315.6 


4014. 
3712. 
8411. 
3110. 
3810. 


61.7 
61.7 
61.7 
61.6 

61.6 

61.5 
61.5 
61.4 
61.4 

61.3 

61.3 
61.2 
61.1 
61.1 

61.0 

60.9 
608 
607 
60.6 

60.5 

60.5 
60.3 
60.2 
60.1 


// 


131.1 


58  46.7 
56  3.0 
5320.0 
5037.7 
47  56.2 

4515.4 
4235.3 
39  56.0 
37 17.4 
3439.6 

32  2.7 
29  26.5 
2651.1 
24  16  6 
21  42.9 

1910.0 
16  3S.0 
14  6.9 
11366 
9    7.3 

6  38.9 
411.3 
144.7 


Diff 
forlO 


VIII* 


59  18.9 
56  54.2 

5430.4 
52  7.5 
4945.6 
4734.7 
45   4.8 


54.8 
54  6 
54  3 
54.1 
53  8 

53.6 

53.4 
53.1 
52.9 
52.(> 

52.3 

52.1 
51.8 
51.5 
51.2 

51.0 

50.7 
50.4 
50.1 
49.8 

49.5 

49.2 
48.9 
48.6 
48.2 

47.9 

47.6 
47.3 
47.0 
46.6 


V 


43  39. 
4155. 
4012. 
33  30. 
36  50. 
3511. 

33  33 
3157 
30  23 
28  49 
2716 

2546 
2416 
.22  48. 
2122 
19  56 

18  33 
1710 
1549 
14  30 
1312. 

1155. 
1040. 

9  27. 

8  15. 

7  4. 

555. 
447. 
341. 
837. 
134. 


Diff 
forlO 


34.7 
34.3 
33.8 
t3.4 
33.0 

33.6 

32.1 
31.6 
31.3 
30.7 

30.2 

29.8 
29  3 
289 

28.4 

27.9 

27.4 
27.0 
26  5 
26.U 

25.5 

25.0 
24.5 
24.0 
23.5 

23.1 

22.5 
22.0 
21.5 
21.0 


IX» 


// 


42  24.8 
4212.1 
42  1.2 
41  52.0 
4144.4 
4138.7 

4134.6 
41  32.2 
4131.6 

41  32.7 
4135.6 

4140.1 
4146.4 
4154.5 

42  4.3 
42 15.9 

42  39.3 

42  44.2 

43  1.1 

43  19.6 
4339.9 

44  3.0 
4435.9 
4451.5 

45  18.8 
4548.0 

46  18.9 

46  51.5 

47  36.0 

48  3.8 
4840.1 


X» 


Diffi 

farlO 


// 


4.3 
3.6 
3.1 
3.5 
1.9 

1.4 

0.8 
0.2 
0.4 
1.0 

1.5 

2.1 
2.7 
3.3 
3.9 

4.4 

5.0 
5.6 
6.2 
6.8 

7.4 

8.0 
8.5 
9.1 
9.7 

10.3 

10.9 
11.5 
12.1 
13.6 


31  16.4 
3348.5 
3433.3 

35  57.7 
27  34.8 
3913.7 

30  54.8 

32  36.3 
3420.2 

36  5.6 
3762.8 

3941.5 
41  32.0 
43  24.0 

4517.7 
47  12.9 

49  9.8 
51  8.3 
53  8.4 
5510.1 
57 13.3 

5918^ 
134.5 
3  32.4 
541.9 
752.9 

10  6.5 
12  19.5 
1435.1 
16  58.1 
19 10.7 


XI« 


Diff 
forlO 


// 


30.7 
31.8 
31.8 
33.4 
33.0 

33.5 

34.0 
34.6 
36.1 
36.7 

36.8 

36.8 
37.3 
37.9 
38.4 

39.0 

39.5 
40.0 
40.6 
41.1 

41.6 

43.1 
43.6 
43.3 

43.7 

44.3 

44.7 
45.3 
46.7 
46.8 


30 
43 
46 
48 
51 
64 


3.1 
0.8 
0.7 
1.7 
8.7 
6.7 


0  16.8 
381.8 
688.8 
936.8 

1846.7 
1665.6 
19  6.3 
8317.8 
8680.3 


3848.7 
31  67.8 
3618.9 
3838.7 
4146.8 

45  8.6 
4880.7 
51  39.6 
5469.1 
6819.81 

140.3 

6   1.9 

884.1 

1 1 46.9 

16 10.4 


Dur 

forlO 


ff 


69.6 
60.0 
60.3 
60.7 
61.0 

61.8 

61.7 
68.0 
68.8 
68.7 

68.0 

68.8 
68.6 
68.9 
64.8 

64.6 

64.7 
66.0 
66.8 
66.6 

66.8 

66.0 
66.8 
66.6 
66.7 

67.0 

ffr.3 
67.4 
67.6 
67J 


TABLE  LI. 


7« 


Eqtiotum  (f  MoorCs  Centre. 
Argument      Anomaly  corrected. 


PN  0  8514.1 
\  0  3980.9 


VI» 


Diff 
IforlO 


^  0    f   ff 

lU  •  88 10.6 
80  85 10.5 
II.  0  88 10.9 
801811.6 
17  0116 18.7 
18 14.3 

10 16.1 
718.3 
481.1 
184.8 


6887.8 

6581.9 
5886.4 
80!4841.4 
\  04646.9 
804863.9 


'4 

80 


4050.4 
6.5 


er 


J 


.8640.8 

I  ffi8850.0 

8K81   0.5 

87qi8n.5 

80]  15  83.3 

188  0  1885.6 
88    848.4 

180  0    7  3.0 

88   416.3 

01  181.1 


60.0 
59.9 
59.8 
59.6 
69.5 

59.4 

59.3 
59.1 
69.0 
88.8 

58.6 

6S.5 
58.3 

58.3 
58.0 

57.8 

57.6 
57.5 
57.3 
57.1 

66.9 

56.7 
56.5 
66.3 
56.1 

55.9 

65.7 
55.5 
55.3 
55.0 


VII» 


3^ 


ff 


45  4 

4345 
4038 
3811 
35  55 
3340 

3136 
3914 
37  3 
3463 
3343 

3034 
18  37 
16  31 
1416. 
1313. 

10  9. 
8  8. 
6  8. 
4  8. 
310. 

014 


8 
9 
.1 
3 
4 
6 

.9 
.3 

6 
.1 
7 

4 

3 
1 
3 

41 

7 
8 
0 
9 
9 


Diff 
^orlO 


vni» 


ff 


5818 
5034 
5431 
5339 

5048 
4859. 
4711. 
4524 
4339 

1^ 


46.3 
46.9 
45.6 
45.3 
44.9 

44.6 

44.3 
43.9 
43.5 
43.1 

43.8 

42.4 
42.0 
41.6 
41.3 

40.9 

40.5 
40.1 
39.7 
39.3 

38.9 
38.5 


3 

|i38.1 
187.7 

36.9 


36.4 
36.0 
35.6 
35.3 


// 


184.1 
033.6 


5933.6 
5834.3 
5737.3 
56  43.0 

5548.3 
5456.1 
54  5.6 
53  16.f) 
52  29.2 

5143.4 
5059.2 
50  16.6 
49  35.7 
48  56.3 

4818.6 
4743.6 
47  8.1 
46  35.3 

46   4.2] 

4534.8 
45  6.9 
4440.8 
4416.3 
43  53.5 

4333.4 
4313.9 
4355.3 
4339.1 
4334.8 


Diff 

forlO 


// 


20.5 
20.0 
19.5 
19.0 
18.4 

17.9 

17.4 
16.8 
16.3 
15.8 

15.3 

14.7 
14.3 
13.6 
13.1 

13.6 

12.0 
11.5 
10.9 
10.4 

9.8 

9.3 
8.7 
8.3 
7.6 

7.0 

6.5 
5.9 
5.4 

4.8 


IX» 


// 


4840.1 

49  19.9 

50  1.4 
5044.6 

51  39.7 
53  16.5 

53  5.1 
5355.4 
5447.5 
5541.3 
56  37.0 

5734.8 

58  33.5 

59  34.4 
037.1 
141.5 

347.7 
355.6 
5  5.3 
616.7 
7  29.8 

844.7 
10  1.3| 
1119.7 
1239.8 
14    1.6 

1525.1 
1650.4 
1817.3 
1946.0 
21  16.4 

1«» 


X» 


forlO  * 


ff 


13.3 
13.8 
14.4 
15.0 
15.6 

16.2 

16.8 
17.4 
17.9 
18.6 

19.1 

19.7 
20.3 
20.9 
21.5 

22.1 

22.6 
23.2 
23.8 
24.4 

25.0 

25.5 
26.1 
26.7 
27.3 

27.8 

28.4 
29.0 
29.6 
30.1 


Di6f 

[for  10 


// 


19 10.7 
3180.6 
3353.1 
36 15.1 
38  39.5 
31    5.3 


ff 


46.6 
47.3 
47.7 
48.1 
48.6 

49.1 
33  33.5  ^g  ^ 
86  1.3  RAn 
3831.3|^-^ 
41  3.7 
4335.6 


46  9.7 
4845.3 
5122.1 
54  0.3 
56  39.9 

59  30.7 


2   2.8 

446.2 

780.9 

10  16.8 

13  4.0 
1552.4 
1843.0 
3133.9 
2424.8 

37 18.0 
30  13.3 
33  7.8 
36  4.4 
39   3.1 

3° 


50.5 
50.9 

51.4 


51.8 
53.3 
53.7 
53.3 

53.6 

54.0 
54.5 
54.9 
55.3 

55.7 

56.1 
56.5 
57.0 
57.3 

57.7 

58.1 
58.5 
58.9 
59.3 


Xlt 


50 


/• 


15 10.4 
834.4 
31 59.0 
3534.3 
3849.8 
8316.0 

3543.71 
39  9.9 
43  37.5 
46  6.5 
4934.0 


53  8.8 
5631.9 


Diff 
forlO 


// 


68.0 
68.3 
68.4 
68.5 
68.7 

68.9 


0  1.6 
331.5 
7   1.8 

1083.8 
14  8.1 
1784.31 
31   5.5 
3437.0 

38  8.8 
3140.7 
3513.8 
3845.1 
43 17.3 

4549.7 
4933.2 
5354.8 
5687.^ 

0  OTO 


69.1 
69.3 
69.8 
69.6 

69.8 

69.7 
69.9 
70.0 
70.1 

70.3 

70.8 
70.4 
70.4 
70.5 

70.8 

70.8 
70.7 
70.71 
70.8 

70.8 

70.8 
70.9 
70.9 
70.0 


n 


TABLE  Ul. 
Variation. 


Argument.    Variation,  oonrected. 


0» 


I' 


n* 


ra» 


TV* 


Y» 


Fo 


0  38 


1 

3 
3 


8 
9 

10 

11 
12 
13 
U 
16 

16 
17 
18 
19 
90 

31 
33 
33 
34 
35 


39 
40 
41 
443 
44 

646 
7  46 
47 


48 
49 

51 
63 
63 
64 
65 

56 
57 
58 
59 

0 

1 
3 
3 
3 

4 


0.0 
13.3 
26.5 
39.5 
53.2 

4.5 

16.4 
37.7 
38.4 
48.3 
57.4 

5.6 
13.8 
18.9 
33.8 
37.5 

39.8 
80.7 
30.1 
28.0 


Diff.'l° 


Diff. 


24.2 

18.7 
11.4 
2.8 
51.2 
38.2 


36'  5 

37|  6 


33.1 

6.0 

381  6  46.7 

35.3 

1.5 


39    7 

8 


73.3 
73.3 
73.0 
72.7 
72.3 

71.9 

71.3 
70.7 
69.9 
69.1 

68.2 

67.2 
66.1 
64.9 
63.7 

62.3 

60.9 
59.4 
57.9 
56.2 

54.5 

52.7 
50.9 
48.9 
47.0 

44.9 

42.9 
40.7 
38.5 
36.3 


8    1.5 

8  35.5 

9  7.2 
9  36.51 

10    3.4 
10  27.9 


10  49.9 

11  9.4 
11  26.4 
11  40.9 

11  52.9 

12  2.2 
12  9.0 
18  13.2 
12  14.8 
12  13.9 

12  10.3 
12  4.** 
11  55.5 
11  44.2 
11  30.5 

11  14.1 
10  55.3 
10  34.0 
10  10.2 
9  44.0 

9  15.4 
8  44.5 
8  11.2 
7  35.7 
6  67.9 


34.0 
31.7 
i29.3 
26.9 
24.5 

22.0 

19.5 
17.0 
14.5 
12.0 

9.3 

6.8 
4.2 
1.6 
0.9 

3.6 

6.1 

8.7 

11.3 

13.7 

16.4 

18.8 
21.3 
23.8 
26.2 

28.6 

30.9 
33.3 
35.5 
37.8 


Diff.Oo 


6  57.9 
6  18.0, 
5  35.9 
4  51.7 
4  5.5 
3  17.3 


ff 


DiE 


Oo 


»/ 


39.9 
42.1 
44.2 
46.2 

48.2 

J50.1 


2  27.2'    ,  ^ 
1  36.3  ^1^ 

±L1:5,55.5 


58  49.0 

57  50.2 
56  50.0, 
55  48.3 
|54  45.2 
i53  40.9 


58.8 

60.2 
161.7 
63.1 
64.3 


52  35.3 
51  2S.5 
50  20.7 
49  11.9 
48    2.2 

46  51.7! 
45  40.5 
,44  28.6 
|43  16.1 
42    3.2 

:40  49.9 
39  36.2 
38  22.4 
37  8.4 
35  64.4 


0» 


65.6 

66.8 
67.8 
68.8 
69.7 

70.5 

71.2 
71.9 
172.5 
|72.9 

173.3 

73.7 
73.8 
74.0 
74.0 


35  54.4 
;34  40.4 
j33  26.6 
32  13.0 
-30  59.6 
29  46.7 

28  34.3 
27  22.4 
26  11.2 
25  0.7 
23  51.1 

22  42.3 
2134.5 
20  27.9 
19  22.3 
18  18.0 

17  15.0 
16  13.4 
15  13.2 
14  14.6 

il3  17.5 

I 

12  22.2 

1128.5 

10  36.7 

9  46.8 

I  8  58.8 


8  12.7 
7  28.7 
6  46.8 
6  7.1 
5  29.5 

Oo 


74. 
73. 
73. 
73. 
72. 

72. 

71. 
71. 
70. 
69. 

68 

67. 
66. 
65 
64 

63 

61 
60. 
58. 
57. 

55. 

53. 
51. 
49 
48 

46. 

44 
41. 
39 
37. 


.0 
.8 
.6 
.4 
.9 

.4 

.9 
.3 
5 
6 

8 

8 
6 
6 
3 

0 

6 
2 
6 
1 

3 

7 
8 
9 
0 

1 

0 
9 
7 
6 


529 
454 
421 
3  50 
322 
356 


.5 
2 
3 
6 
.3 
6 


333 
3  12 
il53 


37 
24 


1 
.1 


13 
6 
1  0 
0  67 
0  66 


0  59 

1  3 
1  11 
121. 
134. 


I 

.1 
7 
8 
5 

.7 
.6 
0 
0 
7 

0 
9 
5 
6 


149 
2  7 
;2  28 

2  51 
8  16. 

3  46 

4  15. 

4  48 

5  23 

6  1 


8 
.8 
3 

.4 
9 

0 
6 
5 
9 


Difi. 


0*» 


ff 


35.3 
32.9 
30.7 
28.3 
25.8 

23.4 


21.0 
18.4 
15.9 
13.3 

10.8 

8.3 
5.5 
3.0 
0.3 

2.3 

4.9 

7.6 

10.1 

12.8 

15.4 

180 
20.6 
23.1 
26.6 

28.1 

30.6 
32.9 
36.4 
37.7 


DiC 


6  1.6 
6  41.6 
733.9 


m 

:4isl 


8  64- 


i44J 


8550 


m 


943.7 


10  84.51 


nS7J 


:4&7 

508 


:m 


IS  310- 
1318.6 
1416.0 


Mi 
9Bi 

80.1 
16  l^^ai 

1731025 

i8  36j2r!; 

19  SSLl  ^l 

3O4O.7L9 

21  49.61^J 

22  59.6C! 
24  lOA^, 

73.Q 

36  35.9  n  g 

37  49.61^7 

30  19.7|lrg 

31  35.6 ' 
713 


85  319 


33  51.9 

34  6.6 
3535.6 
3648.7 
38  0.0 


70-71 

77.0 

n.i 

IT7J 


\fP 


TABLE  LII. 
Variation. 


n 


Argument.     Variation  corrected. 


VI» 


V1I» 


VIII* 


i 


0 
1 

3 

4 
6 


6 
7 


8 
9 


11 
13 
Id 
14 


*/ 


38  0.0 

39  17.3 

40  34.4 

41  51.4 
43  8.1 
4424.4 


4540.3 
4655.5 
\  48 10.2 
49  24.1 
10  5037.1 


51  49.2 
53  0.4 
5410.4 
5519.3 


1615626.9 

16  5733.1 

17  5838.0 

18  5941.3 
19*  043.0 
W   143.1 


SI 
S8 
33 
34 
85 

36 
37 


80 


341.4 
338.0 
432.7 
525.5 
616.3 

7  5.0 
751.6 
836.1 
918.4 
958.4 


Diff. 


77.3 

77.1 
77.0 
76.7 
76.3 

75.9 

75.2 
74.7 
73.9 
73.0 

72.1 

71.2 
70.0 
68.9 
67.6 

66.2 

64.9 
633 
61.7 
60.1 

58.3 

56.6 
54.7 
52.8 
50.8 

48.7 

46.6 
44.5 
42.3 
40.0 


9  58 

10  36. 

11  11. 
1144. 

12  15. 

12  43. 

13  8. 
1331. 
1352. 
1410. 
1425. 

1438. 
1448. 

14  56. 

15  1. 
15   3. 

15  3. 
15  0. 
1454. 
1446. 
14  35. 

1422 
14  6. 
13  47. 
13  26. 
13   3. 

12  37 
12  9. 
1138 
11  5 
10  30 

1^~ 


Diff. 


37.7 
35.4 
32.9 
30.6 
28.1 

25.6 

23.1 
20.5 
18.0 
16.4 

12.8 

10.1 
7.6 
4.9 
2.3 

0.3 

3.0 
6.5 

8.2 
10.8 

13.3 

15.9 
18.4 
21.0 
23.4 

25.8 

28.3 
30.7 
32.9 
35.3 


1030.5 
9  52.9 
913.2 
831.3 
747.3 
7    1.2 

6  13.2 
5  23.3 
431.5 
3  37.8 
242.5 

145.4 

0_46.8 

69  46.6 

68  46.0 

5742.0 

5637.7 
66  32.1 
64  26.5 
6317.7 
62   8.9 

60  69.3 
49  48.8 
48  37.6 
47  26.7 
46  13.3 

45  0  4 
4347.0 
4233.4 
41 19.6 
40   5.6 

0® 


IX' 


X» 


XI» 


Diff.  Oo 


i37.6 
39.7 
41.9 
44.0 
46.1 

48.0 

49.9 
51.8 
63.7 
56.3 

57.1 

58.6 
60.2 
61.6 
63.0 

64.3 

66.6 
66  6 
67.8 
68.8 

69.6 

70.6 
71.2 
71.9 
72.4 

72.9 

73.4 
73.6 
73.8 
74.0 


// 


Diff 


40  6.6 
3851.6 
3737.6 
3623.8 
36  10.1 
33  66.8 

32  43.9 
3131.4 
,3019.6 
29  8.3 
27  67.8 

26  48.1 
25  39.3 
24  31.6 
23  24.7 
2219.1 


74.0 
74.0 
73.8 
73.7 
73.3 

72.9 

725 
71.9 
71.2 
70.5 

69.7 


21  14.8 
2011.7 
19  10.0 
18  9.8 
1711.0 

1613.9 
15  18.4 
14  24.7 
13  32.8 
12  42.7 

1154.5 

11    8.3 

1024.1 

9  42.0 

9    2.1 

Oo 


68.8 
67.8 
06.8 
66.6 

64.3 

63.1 
61.7 
60.2 
68.8 

57.1 

65.6 
63.7 
61.9 
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MoorCs  Horary  Motion  in  Longitude, 

(Equations  of  the  second  order.) 
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2153 

2035 

1921 

1810 

1702 

1596 

1493 

1392 

1293 

1197 

84 

8395 

2271 

2161 

2033 

1919 

1808 

1700 

1594 

1491 

1390 

1291 

1196 

80 

8398 

2269 

2149 

2032 

1918 

1806 

1698 

1592 

1489 

1388 

1290 

1193 

86 

8391 

2267 

2147 

2030 

1916 

1805 

1696 

1591 

1487 

1387 

1288 

1192 

37 

2389 

2265 

2145 

2028 

1914 

1803 

1694 

1589 

1486 

1385 

1287 

1190 

88 

8387 

2263 

2143 

2026 

1912 

1801 

16U3 

1587 

1484 

1383 

1285 

1189 

30 

3384 

2261 

2141 

2024 

1910 

1799 

1691 

1585 

1482 

1382 

1283 

1187 

40 

S38S 

2269  2139 

2022 

1908 

1797 

1C89 

1584 

1481 

1380 

1282 

1186 

41 

8380 

2257 

2137 

2020 

1906 

1796 

1687 

1582 

1479 

1378 

1280 

1184 

4S 

8378 

2265 

2135 

2018 

1904 

1794 

1686 

1580 

1477 

1377 

1278 

1182 

48 

8876 

2263 

2133 

2016 

1903 

1792 

1684 

1578 

1476 

1375 

1277 

1181 

U 

8874 

8251 

2131 

2014 

1901 

1790 

1682 

1577 

1474 

1373 

1275 

1179 

40 

S87S 

8249 

2129 

2012 

1899 

1788 

1680 

1575 

1472 

1372 

1274 

1178 

46 

8870 

8247 

2127 

2010 

1897 

1786 

1678 

1573 

1470 

1370 

1272 

1176 

47 

8868 

8846 

2125 

2009 

1895 

1785 

1677 

1571 

1469 

1368 

1270 

1174 

48 

S866 

S343 

2123 

2007 

1893 

1783 

1675 

1570 

1467 

1367 

1269 

1178 

48 

8864 

8241 

2121 

2005 

1891 

1781 

1673 

1568 

1465 

1365 

1267 

1171 

00 

S86S 

8839 

2119 

2003 

1889 

1779 

1671 

1566 

1464 

1363 

1266 

1170 

01 

8860 

8837 

8117 

2001 

1888 

1777 

1670 

1566 

1463 

1362 

1264 

1168 

OS 

S807 

8836 

3115 

1999 

1886 

1775 

1668 

1563 

1460 

1360 

1262 

1167 

08 

8866 

8833 

2113 

1997 

1884 

1774 

1666 

1561 

1459  1359 

1261 

1166 

04 

3363 

8831 

2111 

1995 

1882 

1772 

1664 

1559 

1457  1367 

1269 

1163 

00 

8361 

8829 

2109 

1993 

1880 

1770 

1663 

1558 

1455 

1356 

1267 

1163 

00 

8349 

8827 

2107 

1991 

1878 

1768 

1661 

1556 

1454 

1354 

1266 

1160 

07 

8347 

8826 

8105 

1989 

1876 

1766 

1659 

1554 

1452 

1352 

1264 

1169 

08 

8846 

8883 

8103 

1987 

1875 

1765 

1657 

1552 

1460 

1360 

1263 

1167 

00 

8848 

8880 

SlOl 

1986 

1873 

1763 

1665 

1561 

1449 

1349 

1261 

1166 

00 

8841 

«tio 

3099  1984 

1871 

1761 

1664 

1549 

1447 

1347 

1249 

1164 

98  TABLB  LXXXOL 

AJbon'*  Horary  Motion  in  Latitude. 
Armenia.     Preceding  tquaiion,  tnd  Sum 

ofequauont  of  Horajy  Motion  in  Loagi- 

tude,  eicept  ihc  last  two. 


TABX.E  LZZn?. 

Moon'a  Bar.  MotimhlM 
(Equ«.  of  Mcoiid  odn.) 
Argoment.    Aif .  1  of  [jL 


Pnc 

•qu. 

0 

S.1 
1.9 

1.5 
13 
M 
0,9 
0-7 
OS 
0.3 
0.1 

0 

.» 

soo 

3O0 

400 

SOO 

800 

03 
0  4 
06 
08 
0.9 
1,1 

!:! 

TOO 

OD 
08 
03 
00 
0.9 

1.3 
18 
19 
30 

l.S 

i.e 

l.S 
M 

1  1 

0.8 

06 
0* 

100 

l.S 
1.4 
1.3 
l.:t 
13 
11 
1.0 
10 
09 
08 
07 

200 

IS 

l-O 

aoo 

09 
09 

400 

06 
07 

0,9 
1.0 
1.1 
1.3 
1.3 
1.4 
\b 

SOU 

lOU 

400    600 

800 

700 

BOO  0  86 

0  67 

0  4S 

0  39 

0  31   0.21 

),10   l).63 

,147 

[i™ 

).3I   0.S3 

0  04 

),S0  OB0 

;i4fi 

[P3B 

)  32  0  35 

1,30  0  BB 

J.bl 

).45 

(laa 

1.33  jo.a? 

0  31 

113 

1.40  0  03 

i.4M 

) 44   0  39 

).34  0  39  0  34 

117 

0.5O0.5O 

0  46 

0.43   0.38 

0.35  0.30  0.S7 

3.21 

0.60  047 

0  44 

0  43  0  38 

0  36  0.32  |0.S9 

0?6 

),70  0.44 

142 

).80  0  41 

J  40 

137  0  36 

11)0 

13ft 

jam 

1.38  |0  38 

1.<KI 

).3S 

3.36   0.37  [0.38 

I.IU 

0.34   0.38  0.38 

0.40  |0.43 

3.44   0  46 

i.ao 

o.aQ 

0  as  |fl  n4  'o  n? 

0  40  '0.44 

0  47  0,61 

I. ■SI} 

n-tn   ntT  (.■:t-i(HI  '0 -Irt 

149  0  66 

..■■^    u   :..   r,   ,,    ..  y:  „  ,7   o.^3  10691 

1.60 

iMl   ..■,      „v..   M.:,    „,,-,  „r,.M16!   0,73 

l.BU 

O.ir.ll.!!!  0.^   (1,37  |l)  45  055  (164  0.7B 

0    {lllll    :00    300    400    600 1  BOO    700 

TABLE  LXXXV. 

Moon't  Horary  Mution  in  Latitude. 

(EqualioDsof  Mcond   order.) 

Arguments.     PtEi^?ding  equation,  ■□<]  Sum 

of  egualJoDS  of  Hurary  Moliun  in  Longi- 

ludc,  except  the  last  two. 


Ill  0 


0  O.M 

fi  D.83 

10  0.76 

15  0.6a 

to  OSl 

tS  0  54 

0  0.47 


0  07.  : 

0.05!  : 

0-O4 

0.0*1 


0,04 
009 
007 
SO  0.09 
S6  O  IS 

IV  0|OI»! 

5  0.30 : 

10  0  34 1 
10  O.S9i 
SO  :0.3S 
SS   0.41 1 

V  0  0.47 

5  ;o-M  ■ 

10  0.61 
IG  0.68! 
30  0.76' 
S5  0.S3 

VI  0  O.W. 


1:1; 

19 

l.*)^!! 

I39| 

1.45; 

I.Sl 

1,56 

1,60: 

164  1 

IBR 

171 

17; 

17( 

1,7( 

176  a 

176 

a 

173 

a 

TABLE  LXXXVI. 
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Mean  New  Moons  and  Arguments^  in  January. 


Mean  New 

Yean. 

Moon  in. 
Janaary. 

I. 

II. 

III. 

IV. 

N. 

d.  k.    m. 

1821 

2  17  69 

0092 

7859 

80 

78 

823 

1822 

21  15  32 

0602 

7182 

78 

66 

930 

1823 

11  0  20 

0304 

5787 

61 

65 

963 

1824  B 

29  21  53 

0814 

5110 

59 

43 

060 

1825 

18  6  41 

0516 

3716 

42 

32 

083 

1826 

7  15  30 

0218 

2321 

25 

21 

106 

1827 

26  13  3 

0728 

1644 

24 

09 

213 

1828  B 

15  21  51 

0430 

0250 

07 

98 

236 

1829 

4  6  40 

0131 

8855 

90 

87 

257 

1830 

23  4  12 

0642 

8178 

88 

75 

365 

1831 

12  13  1 

0343 

6784 

71 

64 

387 

1832  B 

1  21  50 

0045 

5389 

54 

53 

409 

1833 

19  19  22 

0555 

4712 

53 

42 

517 

1834 

9  4  11 

0257 

3318 

36 

31 

639 

1835 

28  1  43 

0768 

2641 

34 

19 

647 

1836  B 

17  10  32 

04G9 

1246 

17 

08 

669 

1837 

5  19  20 

0171 

9852 

00 

97 

692 

1838 

24  16  53 

0681 

9175 

99 

85 

799 

1839 

14  1  42 

0383 

7780 

82 

74 

822 

1840  B 

3  10  30 

0085 

6386 

65 

63 

844 

1841 

21  8  3 

0595 

6709 

63 

51 

951 

1842 

10  16  51 

0297 

4314 

46 

40 

974 

1843 

29  14  24 

0807 

3637 

44 

28 

081 

1844  B 

18  23  13 

0509 

2243 

28 

17 

104 

1845 

7  8  1 

0211 

0848 

11 

06 

126 

1846 

26  5  34 

0721 

0171 

09 

94 

234 

1847 

15  14  22 

0423 

8777 

92 

84 

256 

1848  B 

4  23  11 

0125 

7382 

76 

73 

278 

1849 

22  20  43 

0635 

6705 

73 

61 

386 

1850 

12  6  32 

0337 

5311 

56 

60 

408 

1851 

1  14  21 

0038 

3916 

40 

39 

431 

1852  B 

20  11  53 

0549 

3239 

38 

27 

538 

1859 

8  20  42 

0251 

1845 

21 

16 

660 

1854 

27  18  14 

0761 

1168 

19 

04 

668 

1855 

17  3  3 

0463 

9773 

02 

93 

690 

1856  B 

6  11  51 

0164 

8379 

85 

82 

713 

1857 

84  9  24 

0675 

7702 

84 

70 

820 

1858 

13  18  13 

0376 

6307 

67 

59 

843 

1859 

3  3  1 

0078 

4913 

60 

48 

865 

1860  B 

t2  0  34 

0588)4286 

48 

36 

972 

100  TABLE  Lxxxrn. 

Mean  Lanatiatu  and  Changet  of  ths  ArgimtKlL 


Norn 

I. 

I[. 

III. 

rv. 

N. 

d.      h      m 

i 

14  IR  22 

404 

6369 

6S 

u 

43 

1 

£9  13  44 

BUg 

717 

16 

M 

85 

69     1  2B 

1617 

1434 

ii 

M 

170 

66  14   IS 

Blfil 

iS 

9T 

856 

118     -i  6G 

3334 

3869 

61 

«fi 

341 

147  IS  40 

4043 

3586 

7i 

flS 

436 

177     4  24 

4851 

4303 

92 

96 

611 

20e  17     8 

565!1 

6030 

7 

94 

696 

S36     6  M 

ClfiS 

32 

93 

682 

266  18  36 

7276 

64S4 

37 

93 

767 

10 

395     7  20 

sons 

7171 

S3 

91 

853 

11 

3E4  20     6 

6893 

7889 

68 

W 

937 

13 

354     a  49 

9703 

8606 

83 

H9 

33 

13 

383  21  33 

610 

9333 

B8 

as 
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TABLE  LXXXVBL 


Number  of  Days  from   the  commetKement  ^  the  yi 
to  the  first  of  each  month- 


MODtlu. 

Com. 

Bit. 

D.X.. 

D.y.. 

0 

0 

FebniuT 

31 

31 

Much  . 

09 

60 

^■. 

90 
ISO 

91 
131 

JOM        . 

161 

Ifil 

July       . 

181 

ISt 

Augtiit. 

S13 

SIS 

Stpumte 

S43 

S4« 

Oeubtr     . 

«7S 

S74 

Nmmbv 

S04 

■M 

fiMMlbn 

834 

S3S 

TABLE  LXXXIX 
Emotions  for  New  and  Full  Moon, 


" 

A-,. 

1 

10  10 
9  36 

5000 
BlOO 

4     5 

9     S 

5200 

3  49 

B  SB 

6300 

3  34 

7  65 

6400 
6500 

3  19 
3     4 

e  49 

5600 

2  49 

5700 

2  35 

5  *6 

5900 

fi  15 

5900 

2     8 

4  4fi 

6000 

1  55 

4  17 

6100 

1  42 

3  fifl 

8200 

1  31 

3  24 

6300 

1    19 

2  59 

6400 

I      9 

S  35 

6500 

0  69 

2  M 

6600 

0  50 

I  63 

6700 

0  42 

6800 

0  34 

1    18 

6900 

0  28 

1     S 

7000 

0  22 

0  ei 

7100 

0  40 
0  33 

7200 
7300 

0  11 

0  25 
0  21 

7400 
7500 

0  9 
0     8 

0  19 

7600 

0     8 

0  20 

7700 

0     9 

0  23 

7800 

0  11 

0  2a 

7900 

0  15 

0  36 

0  47 

SOOU 
8100 

0  19 
0  24 

0  69 

0  30 

8300 

0  37 

I  92 

8400 

0  45 

1  52 

8500 

0  53 

2  H 

8600 

S700 

3     4 

8800 

I  25 

3  as 

8900 

4     3 

9000 

1  49 

4  S4 

9100 

2     2 

5     7 

9200 

2  19 

6  41 

9300 

6  17 

0400 

2  45 

e  64 

9600 

3    0 

7  32 

9600 

3  16 

8  11 

B700 

3  33 

8  M 

9800 

3  48 

B  30 

ggoo 

4    i 

10  10 

10000 

4  30 

600 's  4 
600  j  5  55 
TOO  6  10 
800  , 6  24 


3600 
3700 
S800 


4600 
4000 

4700 


MtaHR^htAseensimu  and  Declimlims  rf  M  priiK^Fmi 
Start,  for  the  beginaing  vj  1S40l 


Stan'  Nune. 

MsB 

Rinht  Akch, 

AniVn 

I       Algtyai 

S.3 

0    6    0*31 

+    3.0776 

14  17  38.BSN 

-f  SOOtl 

1    0  46,7 

8309 

84  48  1T.8  N 

19JS 

3      F(Aa.n, 

3.3 

1     3  10.38 

10.1969 

83  97  B1.86N 

\%m 

4      AeWw 

1  81  44.88 

S.S36I 

68    8    6.1SS 

— i8.4n 

G    tAnitu 

3 

1  58    &.04 

8.8467 

89  48  11.S1N 

4-17.4116 

e    aCeti 

9.3 

a  fiS  fiS.34 

+   8.1387 

3  87  30.0914 

+  145C1 

7   .Penei 

S.3 

3  IS  65,97 

4.»80 

49  17    8.74  N 

13ST1 

S       A^hatm 

I 

4  38  44,77 

a.4S«4 

16  10  66.es  N 

7.94t 

0       Cpffia 

I 

6    4  62  07 

4.4066 

4S  49  4S  81  N 

4.7W 

10    n,gd 

1 

6    e  61  09 

S.6783 

8  S3  39.30  S 

—  4.6M 

11   (ST.uri 

3 

S  la  10  96 

+   3-7820 

8S37  68.20N 

+   3.S86 

IS    yOrioni* 

3 

6  19  33,1 

3.310 

6  11  66.3   N 

+   382 

13    aColumlHUt 

% 

6  33  61.63 

8  1688 

34    9  47.41  S 

—  8.391 

U   ■Orioni* 

1 

6  48  30.71 

3,3480 

7SS  17.14  N 

+    1.191 

IB      ConcTM* 

6  SO  24.18 

1.8378 

6S  38  38,48  8 

1.778 

16      Sirnw 

1 

6  39     6.78 

+    8.6458 

16  30    4.7SS 

+    4.44S 

17      Cuter 

3 

7  S4  23.09 

8.8673 

39  13  68.89  N 

—  7.206 

18      iVflcym 

l.S 

7  30  66.63 

3.1448 

6  37  489SN 

8730 

19      PoUkx 

S 

7  3B  31.07 

3.6840 

88  84  36-67  N 

8.107 

SO    aHjdn* 

3 

9  19  43,67 

3.9900 

7  68    4.83S 

+  16  341 

SL       JlttuJut 

1 

9  69  60.93 

+   3.SW0 

18  44  48,70  N 

—  17,»S6 

SS    aUnuHajOTU 

1.1 

10  63  47.98 

38077 

63  88  48.93  N 

19.211 

SS  fLconli 

8.3 

11  40  63.69 

3.0660 

16  38    1.16  N 

t9.9es 

S4  iflVirgini, 

3.4 

11  4S  31.4 

8.134 

3  40    SB   N 

1998 

26   yUrweM.jori. 

S 

11  46  32,93 

8,1914 

64  36    4S7N 

20.014 

36aSCmci3 

3 

13  !7  43  7 

+    3358 

63  12  47.   OS 

+  19.99 

37       Spiftt 

1 

13  16  46  36 

10   IB  24.39S 

18  94S 

98    eCe.>l.i]ri 

3 

13  67  ISO 

3  4D1 

35  34  41  9    .S 

17  499 

39    oDraranx 

3,4 

14     0     28 

65     a  32.1    N 

—  17  37 

30       ^rcfuiu 

14     8  31,96 

S7335 

20    1     7.67  N 

18  956 

31>2CeiitauTi 

1 

14  ■»  47.84 

+    4  008fi 

60   10     6  34S 

+  16  15S 

33aZLJhn.f 

3 

14  43     2.44 

3.308S 

15  32  18  26  5 

15356 

33    fi  i;r.»e  Minori. 

3 

14  51   14.66 

—   O.S787 

74  48  34.18  N 

—  14  71S 

34,!n™eM[™.tiB 

34 

IS  SI      1.3 

—   0,179 

74  34  Hi    N 

12  81 

3S   .CoranacBoreali. 

3 

16  37  54,87 

+    2,6277 

•m  16  27,71  N 

1S361 

39    flSerppntib 

S.3 

15  30  S3  43 

+    2  9386 

8  6G     2.80  N 

—  11.770 

37   flScprpii 

S 

IS  59     8.68 

3.4729 

19  21  38  83  8 

+  10  330 

3B       ^,.Mr» 

1 

18  19  36  4B 

3.0635 

36     4  13,13  S 

8  519 

39    .HercuHi 

17     7  SI  30 

2.7317 

14  34  4143N 

—   4  576 

40    'Ophiuchl 

3 

17  3T  30.56 

2.7734 

IS  40  68.85 N 

41    JUrsuiMirwri. 

3 

18  S3  5B48 

—  19.2073 

86  35  a8  89N 

+   3  161 

43      Vifo. 

1 

18  31  31.19 

+    2.0118 

38  38  16.85  N 

3742 

43      AUaiT 

1 

IB  43  88.61 

2.93S5 

8  27    0  =1  N 

8.701 

44«aC«prici«iu 

3 

20     9  10.34 

3.3323 

13    S    5  67S 

— 10-705 

*6    -Cygni 

1 

SO  35  68.80 

2.0416 

44  42  41  S8N 

+  13.614 

46    dAquuii 

a 

21  67  33.93 

+    30835 

1     6  38,O0S 

—  17.358 

47       Fmalhtat 

1 

28  48  47,67 

3  3114 

30  28    4.91  S 

19.098 

48   flP««i 

9 

23  66     1.1 

3.878 

37  13     1.7  N 

+  19.256 

49       JKaria* 

3 

22  69  47  75 

2B771 

14  SO  46.93  N 

19  896 

SO   .Andromedie 

' 

34     0     7  73 

3  0704 

38  IS  37.06  N 

30.066 
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Constants  for  the  Aberration  and  Nutation  in  Right  Ascension 
and  Declination  of  the  Stars  in  the  preceding  Catalogue 


I 

Aberration. 

Nutation.          1 

^ 

M 

0 

N 

r 

M' 

0' 

N' 

1 

•  o  / 

1 

M      O   ' 

9     O   ' 

g     o  / 

'  1 

8  88  47 

0.10871 

7  27  12 

0.9657 

6  8  24 

0.0300 

5  28  30 

0.8381 

t 

8  18  39 

0.1830 

6  19  12 

1.0740 

6  19  53 

0.0838 

5  10  8 

0.8496 

8 

8  13  61 

1.6526, 

5  16  57 

1.3052 

8  16  7 

1.3427 

5  10  82 

0.8493 

4 

8  6  20 

0.3801 

10  26  46 

1.2798 

4  10  12 

0.0775 

6  0  31 

0.8629 

6 

7  88  86 

0.1397 

7  0  2 

0.8972 

6  11  1 

0.0695 

4  22  63 

0.8765 

6 

7  14  11 

0.1149 

8  23  8 

0.8678 

6  1  26 

0.0322 

4  8  16 

0.9078 

7 

7  9  30 

0.3020 

5  3  5 

1.0630 

6  18  13 

0.1849 

4  3  47 

0.9179 

8 

6  81  43 

0.1447 

7  23  12 

0.5760 

6  3  27 

0.0726 

3  17  64 

0.9502 

9 

6  IS  51 

02875 

3  25  37 

0.9112 

6  5  46 

0.1830 

8  10  29 

0.9605 

10 

6  IS  20 

0.1356 

9  3  42 

1.0300 

5  28  47 

1.9966 

3  10  4 

0.9608 

11 

6  10  13 

0.1873 

4  19  21 

03917 

6  2  52 

0.1008 

3  8  19 

0.9626 

IS 

6  10  6 

0.1340 

8  26  4 

0.78.51 

6  0  40  0.0441 

3  8  14 

0.9626 

18 

6  6  6 

0.2145 

9  4  24 

1.2348 

5  26  18  1.8750 

3  4  57 

0.9648 

14 

6  8  13 

01361 

8  28  23 

0.7521 

6  0  15  0.0481 

8  2  37 

0.9657 

16 

6  85  22 

0.3491 

8  25  53 

1.2960 

6  8  46 

1.6679 

2  26  15 

0.9657 

16 

6  21  21 

0.1501  i 

8  25  51 

1.1162 

6  1  51 

1.9658 

2  22  58 

0.9636 

17 

5  10  40 

0.2010 

1  2  17 

0.6620 

5  24  2 

0.1257 

2  14  6 

0.9535 

18 

5  9  6 

0.1297! 

9  6  54 

0.8071 

5  28  47 

0.0414 

2  12  47 

0.9513 

18 

6  8  2 

0.1829 

0  14  32 

0.60.52 

5  24  2 

0.1114 

2  11  53 

0.9499 

SO 

4  12  39 

0.11581 

8  17  31 

0.9967 

6  3  41 

0.0081 

1  18  37 

0.9007 

SI 

4  2  22 

0.1162 ! 

10  3  47 

0.8457 

5  23  47 

0.0480 

1  7  59 

0.8782 

S8 

8  16  7 

0.43661 

0  3  28 

1.2394 

4  18  58 

0.2407 

0  21  67 

0.8520 

S8 

8  6  21 

0.1117; 

10  6  20 

0.9621 

5  20  56 

0.0344 

0  6  35 

0.8898 

S4 

8  4  57 

0.0958; 

9  6  51 

0.9075 

6  28  25 

0.0253 

0  6  5 

0.8390 

S6 

8  4  8 

0.3229 

1 

11  17  28 

1.2298 

4  21  46 

0.1465 

0  6  5 

0.8388 

S6 

S  85  19 

0.4261 ' 

6  8  5 

1.2585 

7  16  2 

0.2089 

11  84  14 

0.8390 

S7 

S  9  22 

0.1066 

8  3  31 

0.8862 

6  5  51 

0.0154 

11  5  6 

0.8559 

S8 

1  88  40 

0.1942 

6  7  12 

1.0176 

6  17  31 

0.1062 

:  10  23  8 

0.8760 

S9 

1  87  53 

0.4824! 

10  23  28 

1.2995 

3  25  50 

0.1090 

10  22  16 

0.8777 

80 

1  25  46 

0.1336| 

9  28  18 

1.0974 

6  18  49 

1.9937 

10  20  1 

0.8822 

81 

1  SO  32 

0.4123; 

6  7  54 

1.1820 

6  29  6 

0.2460 

10  14  36 

0.8937 

88 

1  17  26 

0.1273' 

7  18  24 

0.6923 

6  6  29 

0.0593 

10  11  28 

0.9006 

88 

1  14  42 

0.6961 

10  15  5 

1.3087 

2  26  45 

0.2235 

10  8  47 

0.9066 

84 

1  7  20;  0.6386 

10  7  33 

1.3087 

2  27  7 

0.0960 

10  1  45 

0.9225 

86 

1  6  45  0.1704 

9  22  28 

1.1785 

5  17  18 

T.9510 

10  0  18 

0.9257 

86 

1  3  43  0.1237 

9  8  22 

0.9994 

5  27  30 

0.00.58 

9  28  26 

0.9298 

87 

0  28  58  0.1485 

7  4  4 

0.6237 

6  5  20 

0.0795 

9  24  12 

0.9386 

88 

0  S3  24  0.1728 

5  27  59 

0.5816 

6  5  49 

0.1029 

9  19  21 

0.9478 

80 

0  12  13,0.1451 

9  5  25 

1.0962 

5  27  45 

1.9742 

9  9  58 

0.9610 

40 

0  7  34,0.1427 

9  3  4 

1.0786 

5  28  48 

1.9803 

9  6  9 

0.9642 

41 

11  23  47 

1.3571 

8  22  49 

1.2821 

11  19  31 

08257 

8  24  57 

0.9650 

4S 

11  22  50 

0.2393 

8  24  29 

1.2.546 

6  5  31 

1.8436 

8  24  10 

0.9644 

48 

11  6  15!  0.1309 

8  22  59 

1.0237 

f>  2  IGIT.9988 

8  10  21 

0.9472 

44 

11  0  2 

0.1341 

9  29  33 

0.6901 

5  26  VZ 

0.0609 

8  4  55 

0.9368 

46 

10  23  29 

0.2668 

8  0  39 

1.2634 

6  28  32 

1.9042 

7  29  0 

0.9242 

46 

10  2  57 

0.1057 

9  2  31 

0.8988 

5  29  26 

0.0264 

7  8  37 

0.8794 

47 

9  19  26 

0.1638 

11  7  34 

1.0271 

5  13  8 

0.076.5 

6  23  30  1 0.8540 

48 

9  17  29 

0.1491 

7  17  0 

1.1171 

6  17  2 

0.0162 

6  21  13, 0.8611 

49 

9  17  17 

0.1120 

8  2  5 

1.0138 

6  8  23 

0.0157 

6  20  58  0.8508 

60 

9  0  610.1495 

7  6  42 11.0785 

6  17  20 

0.0444 

6  0  8  O8380 

TABLB  XCn.. 


Afnm  Longitudes  and  Latitudes  q/*  $omf  of  thaprineifJtk 
Start  for  the  beginning  of  1840,  with  their  Antmai  rsnrii 


AMd     I 


Sun-  Nune. 

Mig 

Longitade, 

Aimuil 

AMNd 

' 

.AiiMii 

1     5  35  27  6 

60  377 

9  67  40.0  N 

«■;. 

Ald<b>ni> 

3     7  33     CD 

60,310 

6  S8  88.0  S 

se 

2  19  37  IT.8 

60,302 

33  61  44.4  N 

—  0.M 

a.H 

3  26   19  30.1 

47,959 

06    4  fi9.5  N 

■foil 

Sirio* 

3  11  5S  32,9 

49,488 

39  34     4,3  S 

+  OJU 

Cinopu. 

a  IS  44  B9  6 

49.366 

75  50  67,6  S 

+  0*51 

3  31     0  22.0 

IB  .503 

6  40  SO.X  N 

Rtga\ja 

4  37  36  13  3 

49.946 

0  37  3B.SN 

+  0« 

8  21  36  S9.S 

50.086 

3     2  29.7  S 

+  O.IT 

6  32     0     4,7 

50.711 

30  ei    17,5  N 

+  0J1. 

AnMtei 

8     7  31  462 

50,130 

4  33  51,6  S 

4  0.UI 

Allur 

12 

9  39  31     6,9 

60.795 

38  18  37.3  N 

■)-0.M| 

Fom.lh.ut 

U      1  36  S3.U 

60.695 

21     6  49.7  S 

Achemu 

60.346 

17    6  17.3  S 

-O.I« 

.Peg..i             2 

H  21    16  34,7 

60.113 

10  34  40.9  N 

+9.sy 

TABLE  added  to  TABLE  XC. 


Mean  Right  Ascensions  and  Declinations  of  Polaris  and  t  Tkm 
Minoris  for  1830,  1840,  1850,  and  1860. 


Slue. 

feuv 

Right  Ak. 

Am,.V«. 

DecliMtion. 

A>«.Tu. 

PolMi. 

jUnieMiMrix 

1830 
1S40 
1850 
1860 
1830 
1840 
IB60 
1860 

0  69  30.76 

1  2  10.33 
I     S     039 
I     8     1.79 

18  37     6.13 
18  23  63  03 
IB  20  4021 
18   17  36.77 

+  15,478 
16.470 
17.567 

18.784 
—  19.1B7 
19  341 
19.305 
19.360 

88  24    8.82 
88  27  22.43 
88  30  35.40 
98  33  47.64 
86  35     6.70 
96  35  27,93 
86  35  47,36 
98  33     3.97 

+  19»n 
19.309 
19.240 
19.61 
-(-    iM 
3.085 
1.806 
l.I3> 

L 


TABLE  XCIII. 

105 

Second  Difference*. 

BonnAMiauu^ 

r 

9' 

3- 

• 

^ 

«' 

4. 

8-     *• 

10' 

IV 

»       M 

0      0 
0  10 
0  M 

19    0 
11  « 
11  40 

0.0 
04 
0,8 

00 
0.8 

1.6 

0.0 
13 
3.4 

3 

0 

6 

a 

0.0 
4'l 

0.0 

S.4 
49 

OS 

5.7 

it.o 

33 

6,5 

0,0 
3.7 
7.3 

00 
41 

61 

0.0 

4.6 
8,9 

0  30 

0  40 
0  M 

11  80 
11  SO 
11  10 

i.a 

!1 

3.1 

36 

47 
6.8 

4 
6 
7 

8 
3 

8 

60 
7.9 
9.7 

7.a 

«,4 

11,6 

a.4 
U.O 
13.6 

9.a 

13,8 
155 

10.6 
14.S 
lt.4 

ISO 
167 
19.4 

13.2 

17.3 
314 

1     0 
1  10 
1  SO 

11     0 

10  so 

10  40 

S3 

so 

3.0 

4.6 
6.8 

69 

69 

9 

i 

13]3 
14.6 

13,8 
16.8 
17.8 

160 
18.4 

30.7 

ai'i 

23,7 

S0.6 

33.7 

36.7 

as 

29,6 

S5.S 
39.0 
33.6 

1  SO 
1  40 
1  60 

10  80 
10  to 
10  10 

3.3 

6.6 
7! 
7.8 

e.e 

10.8 

13 

U 
15 

1 
4 
6 

18.4 
17.9 
19.4 

10,7 

ai,3 

333 

33.0 

:5.i 

37,3 

36  3 

38.7 
31.0 

39.5 
33.3 

34.9 

33,6 
35-9 
38,8 

86.1 

89.5 
43.7 

3     0 

t  ID 
S  30 

10    0 
160 
»40 

4.9 
44 

4.7 

s.a 

9.4 

IS.6 
133 
U.1 

la 

7 

20.S 
S>.3 
33.5 

25  0 
26.6 

29,3 
31,1 
33,9 

33.3 
36.6 
376 

37.6 
400 
43.3 

41,7 
444 
47-0 

46.8 
48.8 
61.7 

t  30 

140 

S  60 

B  SO 
»  M 
9  10 

6!l 
6.4 

9.9 

10.4 
108 

148 

16.6 
1B.2 

19.8 
30  7 
316 

24.7 
S5.9 
37.1 

39.7 
31,1 
33  6 

346 
363 

37.9 

3S.6 
41,6 
43.3 

48  7 
48.7 

49.C 
51.B 
54.1 

64.4 
67,0 
69.6 

a  0 

S  10 
S30 

»    0 
8  60 

8  40 

6.0 
6.8 

6.0 

lU 
11.7 
ISO 

16.9 
17.6 
18.1 

33.5 
233 
24.1 

28.1 
29.1 
30,1 

360 
30  1 

39.4 

40.6 

45,0 

60,6 
524 

64.2 

663 

58,3 
60.3 

61.9 
64,1 
66,3 

S30 

340 
3C0 

8  80 
8  Ml 
B  10 

6i 

fi.6 

13  4 
137 
130 

18.6 
19.1 
19.6 

34.8 

36.6 
26.1 

31.0 
31.8 

372 
382 
39.1 

43.4  ^49.6 

44.6  ise.o 

45.7  j5a.2 

568 
573 

58,7 

030 
63.7 
66  3 

G3,3 
70,0 
71.7 

4    0 
4  10 
4  >0 

8    0 
J  60 
740 

6.7 
68 
09 

18.a 
13  6 
138 

30.0 
30.4 
20.8 

37  2 

37.7 

34!o 
346 

40  0 

40.8 
41.5 

46.7  153,3 

47,fl  54.4 
48,4  ,55.4 

80,0 
Bl.2 
838 

66.7 
68.0 
69.3 

73,8 
74.8 

76.1 

4  SO 
4  40 
4  60 

7  30 
7  90 
7  10 

7.0 
7.8 

14.1 
14.3 

14.4 

31.1 
31.4 
31.6 

381 

38.6 

353 
356 
36.1 

42  1 
42.8 
43.3 

49,2 
49.9 
50,i5 

■'^6.2 
570 
57,7 

63,3 

84.3 
84,8 

70.8 
71.8 
72.3 

77,3 

78,4 
79,4 

fi    0 
6  10 
6S0 

7    0 
6  60 
840 

7.3 
7* 
7.4 

ue 

14.7 
11.8 

SI. 9 
S3.1 
S3.3 

29.4 
29.6 

366 

38  8 
37.0 

43,8 
44.1 
444 

51.0 
61-6 
SI. 9 

58,3 
68.8 
69.3 

65,6 
60,3 
66,7 

7X9 
73-6 

74.1 

803 

80,0 
81,5 

•  80 

640 
6  60 
0    0 

030 
6  20 
0  10 
6    0 

7.4 

7.6 
7.6 
7.6 

U9 
160 

15.0 
16.0 

aa.3 

224 
326 

S3.6 

29.8 
29.9 
30.0 
30.0 

37  3 
374 

3T.S 
37.5 

44,7 
448 

45,0 
46,0 

62.1   69.  B 
53.3  59.6 
62.b  60.0 

&2,£  60,0 

67.0 
873 

67-4 
67^ 

74.6 
74.8 
74.9 
76.0 

81.9 

83.S 
89.4 
8S.5 

TABLE  XCIIL 

Second  Differ, 


HoiD.4Min;10' 

SO" 

0.0 
0.4 

0.0 
03 
06 

60" 
0  0 

I" 

r' 

3" 

•■' 

*"l 

•••rri'- 

1 

0    0 
0  10 
010 

13     0  0  0 
11  SO  0.1 
11  40  0.1 

00 
01 
0.3 

0.0 
0.0 

0.0 

•'  1  - 1  ••  1  "  1  •■  1  •  1  - 1  ^ 

oo'ooooio.o'ooio.o  otu 
no  00,0.0  00  ooioo  ei  u 

0.0  OU^O.l    0.1   O.I|Bl  «.l,b 

030 
0  40 

11  3o:oa,04 

11    10   0  3  0  6 

OS 

0.9 
1.0 

0.9 

1,0 
1.3 

AO 

0.0 
O-O 

0.0:0.1  0.1  0.1  oi'oi  Di;ti 
0  1  0.1  Ai'oi  03IOS  Die 

OlOljO  I   OS  O.seS  039 

1     0 
1   10 
I  « 

11     0  04   08    1.! 
10  50   0  4   0  9    13 

10  40   OB  1.0    l.fi 

1.6 

1-B 
SO 

00 
00 
0.0 

0  t 
0] 
U.I 

01 
Dl 

ni 

0.3  O.X  10.3 '0.3  01  0)1 
Oj2I02'03|C3  04  01 
03  O.2IO3I03  •)*  01 

1  90 
1  «« 
1  60 

10  3005   1  1 

10  aoloei  1.1 

10  10   OS   1.3 

l.fi 
1.8 
IB 

1.3 
24 

26 

0.1 
01 
0.1 

0.1 

01 
0.1 

oa 

03 
0-3 

02   0.3''03  04  Ol'-I 
Oj«|03|U  4   04  Oi  ". 
*.3'03   0  4;O.S  J)iiit 

S    0 
t  10 

S  SO 

10     0 
9  60 
9  40 

0.7' 1.4 
0.7   l-S 
0.8   l.S 

31 

S.2 
2  8 

28 

3.0 
31 

oil 

01 

0  1 
0.1 
03 

)2 

0.3 

03 
0.3 

03 

0  3  0  4  OSjOSlW  ' 
0.4  0.4  OSkllU 
0.4  OsI0S,0.6jm| 

3  30 
S  40 
t  SO 

B  30 
920 

9  10 

D.B  i.e 

0  9   1,7 

0.9   1.8 

86 
2.6 
97 

33 
35 
36 

ei 
01 
0.1 

0.S 

0.3 

o.a 

03 
0.3 
0.3 

03 
0  3 
04 

0  4  0.5  oeioi) 

041«.5  06  611 
OB    0.510607 

" 

3    0 
3  10 
S  30 

9    0 

e  60 

8  40 

0.9  1.9,3.8 

38 
40 

60 

0.1 
0! 
0,1 

Oa  0  3 

02  0  3 
0.3  0  3 

^>4!05 
0.4    0  6 
0  4  05 

00  07  otI 

0.6  O7I0.I 

cg  otIoi 

u 
u 
u 

3  3D 
3  40 
3  50 

8  30 
8  SO 
8  10 

i.oa.i  31 

1.1  3.1.38 

1.1,3.3   3.3 

4.1 
43 
4.3 

53 

6.4 

0.1 
0.1 
01 

0^2  tta 

0.3,0.3 

0.4 '  01 

0.4    0..^ 

e.4|o.s 

0  6  07le.S 
0  6   07  08 
t.7  0  8  09 

4    0 
4  10 
4  SO 

8     0 
T  60 
7  W 

i.i'a.a'aa 

l.llS.813.4 

1.3  3.3  3£ 

44 
46 

4.6 

60 
57 

6.e 

lOI 

iUl 
0  1 

03 
02 
02 

03|04lo6 
0  3   Ofi    0.6 
O.SjO^IO.e 

0-.   0,8   0  9 
0  7  18   OJ 
0  7   0.t|0.9 

4  30 

4  40 
4  60 

7  SO 
7  10 

i.sUa 

1.3  3.4 

1.3J1{.4 

35 

3.e 

3.fl 

4t 

4.8 
4.8 

hi 

6.1 

01 
0.1 

on 

03 

On 

0  4  0  6  '  0.6 
04   OS1O6 
0  4  0.6  |oe 

0  7   O8:09 
0  7   08    19 
07    08    10 

" 

B     0 
6  10 
fi  30 

7     0 
B  50 
6  40 

1.3 
l.S 
l.S 

3.4 

2.5 
2.6 

37 
37 

4.9 

49 
4.9 

e.i 
fl.i 

9.1 

01 

0.1 
0.1 

0  2 
03 

0.4  o.eoe.'O.'T' 

0*106    0  6    07 

114  06!oeio,7 

0.9   1.0 
0  9  l.S 
0-9  1-0 

fi  30 
B  40 
6  SO 
<    0 

6  30'l  a 
e  30   13 
6  10    l.S 

«  0  i.a 

15 
36 
36 

3.e 

37 
37 
37 
36 

SO 
SO 
60 

s.o 

63 
63 

6.3 

01 
0) 

0.1 
0.1 

03 
Oi 
0.2 
0.3 

0.4  ftR   0.6 '0.7 
0.410.6106107 
0.4 '0.6106  07 
O.4IO.5I0.6   O.T 

0  y  1.0 

0.9  1-e 

0  9  1» 

0.91  1.0 
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imeaftei 

TimetftM 

10" 

ao" 

SO" 

4(1" 

1' 

s 

a' 

« 

ft- 

mi^ht. 

midnighl. 

+ 

- 

.. 

" 

- 

" 

" 

.. 

_ 

IHt 

0  0 

Oil 

(Ill 

13h.  Oai. 

■    M 

li  J 

0-J 

0  4 

<lh 

0  7 

11     30 

(I.I 

Hi 

n-i 

11      0 

u  t 

II  u 

1  ■* 

11 

U.l 

0.9 

0.4 

0.^5 

09 

1,4 

2.3 

10      0 

1    M 

0,1 

fl? 

03 

<it 

Oft 

10 

11 

^4 

9    30 

111 

«a 

0  4 

n.'t 

(10 

1  4 

13 

9      0 

8    90 

01 

»-i 

<i:i 

Hi 

114 

OH 

Ifl 

^S 

8     30 

O.l 

il.-i 

v: 

0.3 

04 

or 

1.9 

8      0 

on 

01 

(\^. 

ft? 

03 

on 

(Ifl 

1  ^ 

■  n 

7    30 

0(1 

III 

04 

lO 

7      0 

no 

ni 

*\  1 

0  4 

CO 

on 

0.0 

0.0  o.o 

OO 

0  0 

0(1 

no 

B      0 

+ 

1 

— 

TABLE  XCV. 
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Time  >(l>i 

'nmetfttir 

noon  or 

HO" 

I- 

midnight. 

i-idnight. 

h.    m- 

■■ 

•' 

.. 

b.    m. 

0      0 

00 

(10 

00 

0  0 

0  0    0.0 

on 

13      0 

0    30 

111 

(n 

0  1 

0.3  1  0.4 

Oli 

11     30 

1      0 

0  1 

(II 

0  3 

0.4  10.8 

14 

11      0 

1     30 

lit 

o:i 

0  4 

1  1 

10    30 

S      0 

01 

0.3 

04 

05 

07 

15 

£.3 

10      0 

01 

p3 

(14 

Of) 

(Ifl 

18 

0  3 

(in 

ot 

71 

S    80 

0  4 

on 

1  1 

VH 

S4 

8    30 

*      0 

0.4 

OS 

08 

l.U 

1-2 

i.5 

3.7 

8      0 

4    90 

04 

07 

on 

1  ] 

13 

ar. 

311 

7    30 

5      0 

Of. 

117 

OH 

14 

2T 

4i 

117 

OH 

!'<! 

14 

U 

«      « 

."1 

J? 

0.7 

UH 

I-U 

1.4 

3J 

4.S 

6      0 

108 
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0 


2 


6U 


o 

1 

2 
3 

4 
6 

6 
7 
8 
9 
10 

11 
13 
13 
14 
16 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 

45 

46 
47 

48 
49 
50 

51 
58 
63 
54 
65 

66 
67 
68 
59 
£0 


3 
3 
3 
2 

2 

2 
2 
2 
2 
2. 

2, 
2. 
2. 
2. 
2 

2. 

2. 

2. 

2. 
o 

2 
2 
2. 
2 
2. 

2 

2. 

2 
o 

2 

2 

2 
o 

2 
2 

2 
1. 
1. 
1. 
1 

1. 
1 
1 
1 
1 

1 
1 
1 
1 
1 

1 
1 
1 
1 
1 

1 
1 
1 
1 
1, 


5563 
2553 
0792 
9542 

7782 
7112 
6532 
6021 
5563 

5149 
4771 
4421 
4102 
3802 

3522 
3259 
3010 
2775 
2553 
2341 
2139 
1946 
1761 
1584 
1413 
1249 
1091 
()9:)9 
079U 

0649 
0512 
0378 
0248 
0122 

0000 

9881 

9765 

9652, 

9542 

9435 
9331 
9228 
9128 
9031 

8935 
8842 
8751 
8661 
8573 

8487 
8403 
6320 
8239 
8159 
8081 
8004 
7929 
7855 
7782 


.7782 
.7710 
.7639 
.7570 
.7501 
.7434 

.7368 
.7302 
.7238 
.7175 
.7112| 

.70501 
69901 
6930. 
6871  i 
6812: 

6755 ! 

6698 

6642 

6587 

6532 

6478 

6425 

6372 

6320 

6269 

6218 
6168 
6118 
6069 
6021 

5973 
5925 

.5878 
5832 
5786 

5740 
5695 
5651 
5607 
55G3 

5520 
5477 
5435 
.5393 
.5351 

.5310 
.5269 
.5229 
.5189 
.5149 

5110 
5071 
5032' 
.4994 
4956 ' 

4918 

4881 

4844, 

4808' 

4771 


12U 

.477T 
.4735 
4699 
.4664 
.4629 
.4594 

.4559 
.4525 
.4491 
.4457 
.4424 

.4390 
.4357 
.4325 
.4292 
.4260 

.4228 
4196 
4165 

4i:)3 

4102 
4071 
4040 
4010 
3979 
3949 

3919 
.3890 
.3860 
3831 
.3802 

3773 
3745 
3716 

3688 
3660 

3632 
3604 
3r)70 
3549 

3495 
3468 
3441 
3415 
.3388 

.3862 
:)336 
.3310 
.3284 
.3259 

.3233 
3208 
3183 
3158 
3133 
3108 
3083 
3059 
3034 
3010 


180 


240 


3010 
2986 
2962 
2939 
2915 
2891 

2868 
2845 
2821 
2798 
2775 

2753 
2730 
2707 
2685 
2663 

2640 
2618 
2596 
2574 
2553 
2531 
2510 
2488 
2467 
2445 

2424 
2403 
2382 
2362 
2341 

2320 
2300 
2279 
2259 
2239 

2218 
2198 
2178 
2159 
2139 

2119 
2099 
2080 
2061 
2041 

2022 
2003 
1984 
1965 
1946 

1927 

1908 

18891 

18711 

1852, 

1834  i 

1816 

1797' 

1779] 

17611 


5  I   6 


300  i  360 


1761 
1743 
1725 
1707 
1689 
1671 

1654 
1636 
1619 
1601 
1584 

1566 
1549 
1532 
1515 
1498 

1481 
1464 
1447 
1430 
1413 

1397 
1380 
1363 
1347 
1331 

1314 
1298 
1282 
1266 
1249, 

1233  1 
1217: 
1201  • 
118b' 
1170' 

1154! 
11381 
1123' 
1107. 
1091 

1076 
1061  I 
1045; 
1030' 
1016 

0999 
0984 
0969 
0954 
0939 

0924 
0909 
0894 
0880 
0865 

0850 
0835 
0821 
0806 
0792 


.07921 
.0777! 
.07631 
.0749  I 
.0734 , 
.0720 

.0706 
.0692 
.0678 
.0663 
.0649 

.0635 
.0621 
.0608 
.0594 
.0580 

.0566 
.0552 
.0539 
.0525 
.0512 
.0498 
.0484 
.0471 
.0458 
.0444 

0431 
.0418 
.0404 
.0391 
.0378 

.0365 
0352 
.0339 
.0326 
0313 

OSOO 
.0287 
0274 
.0261 
.0248 

.0235 
.0223 
.0210 
0197 
.0185 

.0172 
.0160 
.0147 
.0135 
.0122 

.0110 

.0098 

.0085; 

.00731 

.0061 

.0049 
.0036 
0024 
.0012 
0000 


1.0000 
9988 
9976 
9964 
9952 
9940 

9928 
9916 
9906 
9893 
9881 

9869 
9858 
9846 
9834 
9823 
9811 
9800 
9788 
9777 
9765 

9754 
9742 
9731 
9720 
9708 

9697 
9686 
9675 
9664 
9652 

9641 
9630 
9619 
9608 
9597 


T 


420  .  480 


9331 
9320 
9310 
9300 
9289 
9279 

9S69 
9259 
9249 
9338 
9328 

9218 
9208 
9198 
9188 
9178 

9168  I  8606 

9158 

9148 

9138 

9128 


8751 
8742 
8733 
8724 
8716 
8706 

8697 
8688 
8679 
8670 
8661 

i8652 

'8643 

8635 

8626 

8617 


8599 
8591 


9119 
9109 
9099 
9089 
9079 

9070 
9060 
9050 
9041 
9031 


18582 
8573 

8565 
8556 
'8547 
8539 
8530 

8622 
8613 
8504 
8496 
8487 


T 


640 


9021    8479 


8476 
8462] 
8453 
8446 

8437 
8428 
8420 
8411 
8403 


8386 

8378 

{8370 

8381 


9012 
9002 
8992 
8983 

8973 
8964 
8954 
8945 
8935 

8926 
8917 
51907 
8998 

ftAHQ 
OOQo 

8879 
8870 

8861 
8851 
8843 
8833 
8824 
8814 
8805 
8796 

8787  8371 
8778   836S 
8769 
8760 


8»1 
BSSI 
»15 
8107 
6199 

8191 
8189 
8175 
8167 
8159 

815S 
8144 
6199 
6199 
6190 

8119 
8104 
8097 
8089 
8081 

8079 

8066; 
8056! 
8050 
8043| 

8035 
80S7 
80SO 
8019 
8004 

799T 
7969 
7981 
7974 
7966 

7959 
7951 
7944 
7936 
79S9 


8396  7991 


7914 
7906 
7899 
7891 
83SS'7884 
8345  78n 
7869 


7856 

7947 

7846! 


18820 

6313 
8304 
8396 

7899 
8379  1819 

7811 
7809 
7799 
8347:7789 
875118339  7789 
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// 


600     t)60     720  !  780  >  840 


15i       13       14 


7368 
7361 
7354 
7348 
7341 
7336 

7328 
7322 
7316 
7309 
7302 


87 ! 7622 
38  {7516 
89  I  7508 

40  j  7501 

41  7494 


4S 
48 
44 
4) 

46 

47 
48 
49 
50 

51 
52 
53 
54 

55 


7488 
7481 
7474 
7467 

7461 
7454 
7447 
7441 
7434 

7427 
7421 
7414 
7407 
7401 

7394 
7387 
7381 
7374 


56 
57 
56 
59 
60(7368 


7232 
7225 
7219 
7212 
7206 

7200 
7193 
7187 
7181 
7176 

7168 
7162 
7156 
7149 
7143 

7137 
7131 
7124 
7118 
7112 

7106 
7100 
7093 
7087 
7081 

7075 
7069 
7063 
7057 
7060 

7044 
7038 
7032 
7026 
7020 

7014 
7008 
7002 
6996 
6990 


6990 
1 6984 
6978 
C972 
6966 
6960 

6964 

;6948 

^6942 

6936 

6030 

6024 
6918 

,6912 
6906 

,6900 

'  6894 
6888 

'  6882 
6877 

:6871 
6866 
6859 
6863 
6847 

;684l 

6836 

J6824 
6818 
6812 

6807 

6801 

.6796 

6789 

6784 

6778 

6772 

6766 

16761 

;6766 

6749 
16743 
6738 
6732 
6726 

6721 
6716 
6709 
6704 
6698 

6692 
6687 
6681 
6676 
6670 

6664 
6669 
6653 
6648 
6642 


6642 ' 

6637  i 

6631 

6626 

6620 

6614 

66091 
6603 1 
6598 
6692 
6587 

65^1 
6576 
6570 
6566 
6559 

6654 
65-18 
; 6643  I 
6538 
6532 
6527 

6521 ; 

6516  I 

6510 

6505 

6500 
6-194 : 

'  6489 
6484 

:6478 

I  6473 
;  6467 
,  6462 
:  6457 
'6451 

6446 

'6441 

'  6435 

6430 

6425 

"6420 

I  6414 

6409 

6404 

6398 

6393 
6388 
6383 
6377 
6372 

6367 
6362 
6357 
6351 
6346 

6341  j 

6336 

6331 

6326 

6320 


15 


6320 

6315  j 

6310; 

6305 
6300 
6294 

6289 
6284 
6279 ' 
6274 
6269 : 

6264 
6259 
6254 
6248 
6243 

6238 
6233 
0229 
b'>23 
6218 

6213 
6208  I 
6203 ' 
6108 
6193 

6188, 
6183' 
61781 
6173 

6168; 

6163 

6158 

6153, 

6148 

6143 

6i:iH 

6133 

6128, 

6123! 

6118; 

6113 
6108 
6103 
6099 
6094 

6089 
6084  I 
6079 ! 
6074 
6069 

6064 
6059 
6055 
6050 
()045 , 

6040 : 

6036' 
6030 
6026 
6021 


900 

ooTi 

6016 
6011 
0006 
6001 
5997 

5992 
5987 
5082 
5977 
5973 

5968 
5963 
5958 
5954 
5949 

5944 
5939 
5935 
5930 
5925 

5920 
5916 
5911 
5906 
5902 

5897 
5892 
58K8 
5883 
5878 

5H74 
5869 
5864 
5S60 
5855 

5.S50 
5S46 
5841 
5S36 
5832 

5827 
5K23 
5818 
5813 
5809 
5H04 
5800 
5795 
5790 
5';8r) 

5781 
5777 
5772 
5768 
5763 

5758 
5754 
6749 
6746 
6740 


16 


960 


17 


1020 


5740 
6736 
5731 
5727 
5722 
5718 

5713 
5709 
5704 
5700 
5695 

5691 

:  5686 

'  5682 

5677 

5673 

;  5669 
5664 
5660 
5655 
5651 

5646 
5642 
5637 
5633 
5629 

5624 
6620 
5615 
5611 
5607 

5602 
5598 
5594 
5589 
5585 

5580 
5576 
5572 
5567 
5563 

5559 
555-1 
5550 
5546 
5541 

5537 
5533 
5528 
55-4 
'  5520 

;  5516 
5511 
5507 
5503 
5498 

5494 
6490 
5486 
5481 
5477 


5177 

I  5473 

;  5-169 

■  5464 

5460 

5456 

5452 
;  5447 
5443 
6439 
6435 

5430 
.  5426 
'  5422 
:5418 
I  6414 

.  5409 

'  6405 

;  6401 

5397 

5393 

5389 


18 
1080 
6229 

19 

1140 

4994 

6226 

4990 

5221 

4986 

5217 

4983 

5213 

4979 

5209 

4975 

5206 

4971 

5201 

4967 

5197 

4964 

5193 

4960 

5189 

4956 

6186 

1 

4952 

20 


1200 

4771 
4768 
4764 


21 


1260 


4559 
4556 
4552 
4760 :  4549 
4757  4546 


5384 


!  5380 
5376 
5372 

;  6368 
6364 
5359 
6355 
5351 

5347 
5313 
5339 
5335 
5331 

5326 
5322 
5318 
5314 
5310 

5306 

I  5302 

5298 

5294 

j  5290 

5286 
5281 
5277 
5273 
5269 

j  5265 
5261 

1  5257 
5:;53 
5249 

5245 
5241 
5237 
5233 
5229 


5181 
6177 
5173 
5169 

6166 
6161 
5157 
6153 
5149 

6145 
5141 
6137 
5133 
5129 
5125 
6122 
6118 
6114 
6110 

5106 
5102 
5098 
5094 
5090 

5086 

5082 

',  5079 

:  5076 

.5071 

;5067 

5063 

5059 

6055 

!6061 

6048 
6044 
5040 
5036 
1 5032 

I  5028 
5025 
5021 
5017 
6013 
5009 
6006 
6002 
4998 
4994 


14949 
4946 

:4941 
4937 

4933 
I  4930 

4926 
I  4922 

4918 

4915 
4911 
4907 
;4903 
4900 

4896 

4892 

14889 

;  4886 

'4881 

4877 
4874 
4S70 
4866; 
4863 1 

48691 
4855  j 
4852 
4848 
4844 

4841 
4837 
I  4833 
4830 
4826 

'4822 
14819 
14816 
14811 
,4808 

!4804 

'4800 

4797 

4793 

4789' 

4786 ' 

4782 

4778 

4775 

4771 


4753 

4750 
4746 
4742 
4739 
4735 

4732 
4728 
4724 
4721 
4717 

4714 
4710 
4707 
4703 
4699 

4696 
4692 
4689 
4685 
4682 

4678 

4675 

4671 

4668 

4664 

4660 
4667 
4663 
4660 
4646 

4643 
4639 
4636 
4632 
4629 

4625 
4622 
4618 
4615 
4611 

4608 
4604 
4601 
4597 
4694 

4690 
4587 
4684 
4680 
4677 

4573 
4670 
4566 
4563 
4559 


4542 

4539 
4585 
4532 
4528 
4525 

4522 
451^ 
4515 
4511 
4508 

4505 
4501 
4498 
4494 
4491 


4488 
4484 
4481 
4477 
4474 

4471 
4467 
4464 

4460 
4457 

4454 
4450 
4447 
4444 

4440 

4437 
4434 
4430 
4427 
4424 

4420 
4417 
4414 
4410 
4407 

4404 
4400 
4397 
4394 
4390 

4387 
4384 
4380 
4377 
4374 

4370 
4367 
4364 
4361 
4857 


no 
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'   / 

1  22 

23 

24 

25 

2ii 

27 

28 

29 

30 
1800 
8010 

1860 

rsr 

libO 

"~il320 

1380 

1440 

1500  1560 
3803 1  3632 

1630 

1680 

1740 

1930 

014357 

4164 

3979 

8468 

3810 

3168 

2868  S7S0 

85116 

1  4354  4161 

3976 

3799 1  3629 

8466 

8807 

3156 

3008 

3866;27«8 

2594 

2  4351  4158 

3973 

3796  3626 

3463 

3305 

3153 

8005 

2863  2725 

8593 

3  4347  4155 

3370 

379313623 

3460 

3302 

3150 

8003 

2861  !  2723 

8590 

4^4344  4152 

3967 

3731  3621 

3457 

3300 

3148 

3001 

2859 ;  2721 

8588 

5  4341;  4149 

3364 

3788.3618 

3454 

3297 13145 

3998 

2856  2719 

8585 

6  4338  4145 

3961 

3785  3615 

3452 

3294 

3143 

3996 

2854  2716 

8583 

7,4334 

4142 

39:>8 

3782,3612 

3449 

3393 

3140  2993 

2853 ;  2714 

8581 

8 '4331 

4139 

3955 

3779  3610 

3446 

3389 

3138 

8991 

2849 

2712 

2579 

9  433814136 

3353 

3776 

3607 

3444 

3387  3135 

3989  i  3847 

2710 

2577 

10]  4325  14133 

3943 

3773  3604 

3441 

3284  3133 

1 

3986  3845  2707 

2574 

11 '43211 4130 

3346 

3770 :  3601 

3438 

3282  3130 

3984 

2842  2705 

2573 

12  4318  4127 

3343 

3768  3598 

3436 

3279 

3128 

3981 

2840 

2703 

2570 

13  4315  4134 

3940 

3765  3596 

3433 

3376 

3135 

3979 

2833 

2701 

2568 

14  4311,;  4120 

3337 

3762 

3593 

3431 

3374 

3133 

3977 

2835.2698 

2566 

15  4308 

4117 

3934 

3759 

3590 

3438 

3371 

3130 

3974  3833  j 

2696 

2564 

16  430514114 

3931 

3756  j  3587 

3425 

3369  31 18;  3972 '3831 

2694 

3561 

17  4302:4111 

3928 

3753 :  3385  j  3423 

3366!  31 15 

3969  ,  3838  j  2693 

2559 

18  429814108 

3925 

3750  3582 

3420 

3364  3113 

3967  j  3836 

2689 

2557 

19  4295 

4105 

3932 

3747 .  3579 

3417 

3361  3110 

3965  3834 

2687 

2555 

to  14292 

4102 

3919 

3745 

3576 

34ir 

3359 

3108 

3963 

2821 

2885 

2553 

21 1 4389 

4099 

3917 

3742 

3574 

3412 

3356 

3105 

3960 

2819 

2683 

2551 

33  4385 

4096 

3914 

3739 

3571 

3409 

3358 

3103 

3958 

2817 

2681 

2548 

23  4282 

4092 

3911 

3736 

3568 

3407 

3351 

3101 

3955 

2815 

2678 

8546 

24 ' 4279 

_  1 

4089 

3908 

3733 

3565 

3404 

3348 

8098 

3958 

2812 

2676 

8544 

25 

4376 

4086 

3905 

3730 

3563 

3401 

3346 

3096 

3960 

2810 

3674 

8643 

26 

4273 

4083 

3902 

3727 

3560 

3309 

3343 

3093 

3948 

2808 

2672 

8640 

27 

4269 

4080 

3899 

3725 

3557 

3396 

3341 

3091 

3946 

2805 

2669 

8538 

28 

4266 

4077 

3896 

3723 

3555 

3393 

3338 

3088 

3948 

2803 

2667 

8535 

29 ! 4263 

1 

4074 

3893 

3719 

3552 

3391 

3336 

3086 

3941 

2801 

2665 

8533 

30 . 4260 

4071 

3890 

3716 

3549 

3388 

3333 

3083 

3939 

2798  2663 

8631 

31! 4256 

4068 

3887 

3713 

3546 

33S6 

3331 

3081 

3936 

2796 

2660 

2529 

32  4253 

4065 

3884 

3710 

3544 

3383 

3238  3078 

3934 

2794 

2658 

2527 

33 ; 4250 

4062 

3881 

3708 

3541 

3380 

3335 

3076 

3931 

2792 

2656 

3535 

34  4247 

4059 

3878 

3705 

3538 

3378 

3333 

3073 

3939 

2789 

2654 

3528 

35  4244 

4055 

3875 

3702 

3535 

3375 

3330 

3071 

3937 

2787 

2652 

3530 

36  4240 

1 

4052 

3872 

3699 

3533  3372 

3218 

3069 

2924 

2785 

2649 

2618 

37  4237 

4049 

3869 

3696 

3530 

3370 

3216 

3066 

2922 

2782 

2647 

2616 

38  j  4334 

4046 

3866 

3693 

3527 

3367 

3213 

3064 

2920 

2780 

2645 

2614 

39  4331 

^   1 

4043 

3863 

3691 

3525 

3365 

3210 

3061 

2917 

2778 

2643 

2513 

40 

4328 

4040 

3860 

3688 

3522 

3362 

3208 

3059 

2915 

2776 

2640 

3510 

41 

4224 

4037 

3857 

3635 

3519 

3359 

3205 

3056 

2912 

2773 

2638 

2507 

42 

4321 

4034 

3855 

3682 

3516 

3357 

3203 

3054 

2910 

2771 

2636 

8505 

43 

4218 

4031 

3852 

3679 

3514 

3354 

3200 

3053 

2908 

2769 

2634 

2508 

44 

4215 

4038 

3849 

3677 

3511 

3351 

3198 

3049 

2905 

2766 

2638 

2601 

45 

4212 

4035 

3846 

3674 

3508 

3349 

3196 

3047 

2903 

2764 

2689 

8499 

46 

4209 

4032 

3843 

3671 

3506 

3346 

3193 

3044 

2901 

2762 

2687 

8497 

47 

4205 

4019 

3840 

3668 

3503 

3344 

3190 

3043 

2898 

2760 

2685 

8194 

48 

4202 

4016 

3887 

3665 

3500 

3341 

3188 

3039 

2896 

2757 

2683 

8492 

49 

4199 

4013 

3834 

3663 

3497 

3338 

3186 

3037 

2894 

2756 

2681 

3490 

60 

4196 

4010 

3831 

8660 

3495 

3336 

3183 

8034 

2891 

2763 

2618 

8486 

51 

4193 

4007 

3828 

8657 

3492 

3333 

8180 

3033 

2889 

2750 

2616 

8486 

52  4189 

1 

4004 

3825 

8654 

8489 

3331 

3178 

3030 

2887 

8748 

2614 

8464 

53 

4186 

4001 

3S22 

3651 

3487 

3328 

3175 

3037 

2884 

2746 

8618 

8481 

54 

4183 

3998 

3820  3649.3484 

3325 

3173 

3036 

2882 

2744 

8610 

8480 

55 

4180 

3995 

3817  3646 

3481 

3323 

3170 

8033 

2880 

2741 

8607 

3477 

56 

4177 

3991 

3814 

3643 

3479 

3320 

3168 

8030 

2877 

2739 

8606 

3475 

67 

4174 

3988 

8811 

3640 

3476 

8318 

3165 

8018 

2875 

»737  2603 

3473 

68 

4171 

3985 

3808 

3687 

3473 

8315 

3163 

8016 

2878 

S735|S601 

3471 

69 

4167 

3983 

3805 

8636  8471 

8318 

8160 

8018 

2870 

8733 

8699 

3488 

60  41641 

3979  88031 

8633  8468 

8310 

3168 

3010 

3868 

3730 

8686 

3417 
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34 

S040 
2467 

3d 
1^100 

t^341 

36  1 

37 
2:.20 

2099 

38 
2280 
1»U4 

39 
2340 
"l871 

40  1 
2400 
1761 

41 

2460 
1654 

42 
2520 
1549 

43  1 
2£.80 

44 
*^640 

45 

3160 

27  JO 
1249 

:;218 

1447 

1347 

1 

2466 

3339 

2216  S098 

1062 

1869 

1759 

1G52 

1547 

1445 

1345 

1248 

£ 

8462 

3337 

2S14|S096 

1960 

1867 

1767 

1650 

1646 

1443 

1344 

1246 

8 

8460 

3335 

2212  2094 

1978 

1865 

1755 

1648 

1644 

1442 

1342 

1245 

4 

2468 

2333 

2210 

2092 

1976 

1863 

1754 

1647 

1542 

1440 

1340 

1248 

5 

3466 

2381 

2208 

2090 

1974 

1662 

1752 

1645 

1540 

1438 

1339 

1241 

6 

3464 

2328 

2206 

2088 

1972 

1860 

1750 

1643 

1539 

1437' 1337 

1240 

7 

8453 

2326 

2204 

2086 

1970 

1658 

1748 

164 1 

1537  1435 

1335 

1238 

8 

2450 

2324 

2202 

2084 

1968 

1856 

1746 

1640 

1535 

1433 

1334 

1237 

9 

2448 

2322 

2200 

2082 

1967 

1854 

1745 

1638 

1634 

1432 

1332 

1235 

10 

2446 

2320 

2198 

2080 

1965 

1852 

1743 

1636 

1532 

1430 

1331 

1233 

11 

2443 

2318 

2196 

2078 

1963 

1850 

1741 

1634 

1530 

1428 

1329 

1233 

IS 

2441 

2316 

2194 

2076 

1961 

1849 

1739 

1633 

1528 

1427 

1327 

1230 

13 

2439 

2314 

2192 

2074 

1959 

1847 

1737 

1631 

1527 

1425 

1326 

1239 

14 

2487 

2312 

2190 

2072 

1957 

1645 

1736 

1629 

1526 

1423 

1324 

1387 

16 

2486 

2310 

2188 

2070 

1955 

1843 

1734 

1627 

1523 

1422 

1322 

1225 

16 

2433 

2308 

2186 

2068 

1953 

1841 

1732 

1626 

1522 

1420 

1321 

1224 

17 

2431 

2306 

2184 

2066 

1951 

1839 

1730 

1624 

1520 

1418 

1319 

1223 

18 

2429 

2304 

2182 

2064 

1950 

1838 

1728 

1622 

1618 

1417 

1317 

1221 

19 

2426 

2302 

2180 

2062 

1948 

1836 

1727 

1620 

1516 

1416 

1316 

1219 

SO 

2424 

2300 

2178 

2061 

1946 

1834 

1725 

1619 

1616 

1413 

1314 

1217 

31 

2422 

2298 

2176 

2059 

1944 

1832 

1723 

1617 

1513 

1412 

1313 

1216 

n 

2420 

2296 

2174 

2057 

1942 

1830 

1721 

1615 

1511 

1410 

1311 

1214 

S3 

2418 

2294 

2172 

2055 

1940 

1828 

1719 

1613 

1510 

1408 

1309 

1213 

S4 

2416 

2291 

2170 

2053 

1938 

1827 

1718 

1612 

1608 

1407 

1308 

1211 

S6 

2414 

2289 

2169 

2051 

1936 

1825 

1716 

1610 

1506 

1405 

1306 

1209 

S6 

2412 

2287 

2167 

2049 

1934 

1823 

1714 

1608 

1604 

1403 

1304 

1208 

S7 

2410 

2285 

2165 

2047 

1933 

1821 

1712 

1606 

1503 

1402 

1303 

1206 

28 

2408 

2283 

2163 

2045 

1931 

1819 

1711 

1605 

1501 

1400 

1301 

1205 

S9 

2405 

2281 

2161 

2043 

1929 

1817 

1709 

1603 

1499 

1398 

1300 

1203 

30 

2408 

2279 

2159 

2041 

1927 

1S16 

1707 

1601 

1498 

1397 

1298 

1201 

81 

2401 

2277 

2157 

2039 

1925 

1814 

1705 

1599 

1496 

1395 

1296 

1200 

83 

2399 

2275 

2155 

2037 

1923 

1812 

1703 

1598 

1494 

1393 

1296 

1198 

33 

2397 

2273 

2153 

2035 

1921 

1810 

1702 

1596 

1493 

1392 

1293 

1197 

84 

3395 

2271 

2151 

2033 

1919 

1808 

1700 

1594 

1491 

1390 

1291 

1196 

86 

3393 

2269 

2149 

2032 

1918 

1806 

1698 

1592 

1489 

1388 

1290 

1193 

36 

3391 

2267 

2147 

2030 

1916 

1805 

1696 

1591 

1487 

1387 

1288 

1192 

87 

3389 

2265 

2145 

2028 

1914 

1803 

1694 

1689 

1486 

1385 

1287 

1190 

88 

3387 

2263 

2143 

2026 

1912 

1801 

1GU3 

1587 

1484 

1383 

1285 

1189 

30 

3884 

2261 

2141 

2024 

1910 

1799 

1691 

1685 

1462 

1382 

1283 

1187 

40 

3383 

2259  2139 

■ 

2022 

1908 

1797 

1G89 

1584 

1481 

1380 

1282 

1186 

41 

8380 

2257 

2137 

2020 

1906 

1795 

1687 

1582 

1479 

1378 

1280 

1184 

43 

3378 

2255 

2135 

2018 

1904 

1794 

1686 

1580 

1477 

1377 

1278 

1182 

48 

8876 

2253 

2133 

2016 

1903 

1792 

1684 

1578 

1476 

1375 

1277 

1181 

44 

3874 

2251 

2131 

2014 

1901 

1790 

1682 

1577 

1474 

1373 

1275 

1179 

46 

3873 

2249 

2129 

2012 

1899 

1788 

1680 

1575 

1472 

1372 

1274 

1178 

46 

3870 

2247 

2127 

2010 

1897 

1786 

1678 

1573 

1470 

1370 

1272 

1176 

47 

3868 

2345 

2125 

2009 

1895 

1785 

1677 

1671 

1469 

1368 

1270 

1174 

48 

3866 

3343 

2123 

2007 

1893 

1783 

1676 

1670 

1467 

1367 

1260 

1173 

48 

3864 

3341 

2121 

2005 

1691 

1781 

1673 

1568 

1466 

1365 

1267 

1171 

60 

3863 

3339 

2119 

2003 

1889 

1779 

1671 

1666 

1464 

1363 

1266 

1170 

61 

3869 

3337 

2117 

2001 

1888 

1777 

1670 

1665 

1462 

1362 

1264 

1168 

63 

3867 

8335 

2115 

1999 

1886 

1775 

1668 

1663 

1460 

1360 

1262 

1167 

68 

3355 

2233 

2113 

1997 

1884 

1774 

1666 

1661 

1459 

1359 

1261 

1165 

64 

8358 

2231 

2111 

1995 

1882 

1772 

1664 

1559 

1457 

1357 

1269 

1163 

66 

3851 

2229 

2109 

1993 

1880 

1770 

1663 

1558 

1455 

1355 

1267 

1162 

66 

3849 

2227 

2107 

1991 

1878 

1768 

1661 

1556  1454 

1354 

1266 

1160 

67 

3347 

2225 

2105 

1989 

1876 

1766 

1659 

1554 : 1452 

1352 

1264 

1159 

60 

3846 

2223 

2103 

1987 

1875 

1765 

1657 

1662 ! 1460 

1350 

1253 

1157 

68 

S848 

3330 

3101 

1986 

1873 

1763 

1655 

1651 

1449 

1349 

1251 

1156 

60 

3841 

3318 

2099 

1984 

1871 

1761 

1654 

1649 

1447 

1347 

1249 

1154 

J     I 


112 
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27G0  'JS20!  USHO 


o: 

1  i 

2 

3 

4 

A 

6. 

?; 

8 

9 

10: 

11 

12 

13 

14' 

15 

16 

17 

18 

19! 

30 

21  I 
32. 

33: 

241 
25 

26 

27 

28. 

29 

30 

31 
32 
33 

35; 

36; 
37 
38 
39  > 
40 

41 
42 
43 
44 
45 

46 
47 
48 
49 
60 

51 
52 
53 
64 
65 

66 
67 
68 
69 


1 


1IA4 
1152 
1151 
1149 
1148 
1146 

1145 
1143 
1141 
1140 
1138 

1137 
1135 
1134 
1132 
1130 

1129 
1127 
1120 
1124 
1123 

1121 
1119 
1118 
1116 
1115 

1113 
1112 
1110 
1109 
1107 

1105 
1104 
1102 
1101 
1099 

1098 
1096 
1095 
1093 
1091 

1090 
1088 
1087 
1085 
1084 

1082 

1081 

1070 

1078 

1076 

1074 

1073 

1071 

1070 

1068 

1067 
1085 
1064 
1069 
1061 


umi 

1051* 
1057 
105G 
1054 
1053 

1051 
1050 
104M 
1047 
1045 

1014 
104U 
1041 
1030 
10:J7 

1036 
1034 
103:) 
103I 
1030 

102M 
l0-.»7 
1025 
10\»4 
1022 

1021 
1019 
1018 
1010 
1015 

1013 
1012 
1010 
1008 
1007 
1005 
1(H)4 
1002 
1001 
0999 
099S 
0996 
0995 
0993 
0992 

0990 
0989 
0987 
0986 
0984 

0983 
0981 
0980 
0978 
0977 
0975 
0974 
0972 
0971 
0969 


I 

.  OIHJM 

!  091)0 

'  0111)5 

091)3 

O90'2 

0900 

;  0'j:>fj 

09:»7 

1 09r>o 

0951 
0953 

I  ()<»:)] 

|09')<l 
:OfMs 
,0947 


,  0945 
0914 
0H42 
OiMI 
0939 
(>93s 

09:J5 

093-2 
0930 
09-29 
09-27 
09'2() 
09'24 

09-23 
09-21 
09-20 
09  IS 
01117 

0915 

0914 

1091 -2 

I  09 11 

:  0909 

:  090S 
j  0900 


0905 
0903 
0902 

<»900 ; 
0899  ! 
0897. 
0896  '■ 
0894  j 

0893 ; 
0891  , 
0890  i 

OMMS  j 

0887  I 
0885 
0884' 
0883 
0881 
1 0880 


4'J      5n 

2940   30IU) 

Th«<0  079-2 
Os;s   0790 

(»>"i7  o'isy 
os;:.  o";s7 
(H74  ojsr, 

OM7-2    07 s.-) 

0S71  {r,<'.\ 
o-iiiy  07S-2 

OSiiS    {^Hii 

(wr,ri  0779 

(M;')  0777 

OS(i:j  0770 

0^0-2  0774 

iNfiO  0773 

<N.-»9  077-2 

0sr)7  0770 

(k:.0  0709 

0»^.V)  0707 

OM.V)  0700 

0««:)-2  0704 

O-S.'iiJ  0703 

(Hl'.»  1170-2 

o*<r<  o;»io 

(WIO  07o!» 
(KM  07r)7 
0«<43    0750 

(W41    07:)4 

Oslo  ()7:,:j 
os:is  07:>i 
os:j7  07  .'lO 

0S3")    07  19 

0h:J4  0747 
0S33   07  10 

os:n   0714 

Os:JO  0743 
os-js   (1741 

0'*-27  07  10 
lN-2:,  07  3'. i 
Ovji    ()7:i7 

0«*-2-2  O'lAV, 

Os-21  0734 

OHM)  (i;n:) 

OS  IS  0731 

OS  10  0730 

OS  1ft  07-29 

0814  07-27 

«S1'2  07-20 

0811  07-24 

0SO9  07-23 

OSOS  0721 

OSOfi  07-20 

0S05  0719 

0S03  0717 

OsO-2  0710 

OSOI  0714 

07  99  07 13 

079S  0711 

0790  0710 

0795  0709 

0793  0707 
0792  ^070« 


51 
3000 

0700 
0701 
0703 
070-2 
07  00 
00iJi» 

0097 
OO'M) 
Ofi'.l  1 
0093 
00;i'2 

OfilH) 

o»;s;i 

00s  7 

ooso 

(KJS.-) 
O0s:j 

OOs-2 

ooso 

0070 
O07s 

(»070 
0075 
01)73 
t»07-2 
0070 

0009 

000  S 

or.fw; 

OOfi/j 
001)3 

000-: 

000 1 

O0/)9 
OOas 

OOnO 

(h;.V) 

0051 
(Hi  .",-2 

oii.'>  1 

(UilO 
00  w 

O047 
OOl'i 
0044 
064-2 

0041 
0040 
003S 
0037 
0035 

0034 
0033  ! 
00:)l 
0030 
00-2S 

00-27 
00*20 
00-24 
00-23 
Ofi2l 


3120 

002  r 

0020 
0019 
(HJ17 
00  IB 
0015 

0013 
001*2 
OOlO 
OOO;) 
OOOS 

OliOO 

ot'iiir> 
o»;o3 

oi;o'2 

0001 

<»:»99 
o.vjs 

O.V.M'i 
O.VC) 

O.VM 

O.V.1-2 
O.')!!  1 
0590 
05SS 

o:)s7 
or»s;i 
o.'is.; 
o:>s:i 
OAs  [ 
O.")S0 

0579 
057  7 
057  0 
0574 
0573 

(»57-2 
(»570 
05ii;» 
<i5iN 
05iii; 

(»5j".5 

(»50:j 

050-2 
050] 
0559 
0558 
Ooo  I 
0555 
0554 
055-2 
0551 
0550 
05  IS 

0517 
0510 

0544 
0543 
0511 
0540 
0539 


5J_ 

31S0 

i»5:j!) 
05:n 

0530 
05:J5 
053M 
l»53-2 
05:u 
05-21) 
05-2S 
CJ5-20 
05-25 

(»5-24 
05-22 
05-21 
05*20 
05 1  s 

(»517 
(15  ir, 
051  1 
051:J 

(K5I-2 

05  lit 
050'.» 
0507 
0500 
0505 

0503 
t)5tl-J 
0501 
01«*9 
Oltis 

0197 
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